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TEOPHUJA XAOCA

1. YBOJ

Teopnja xaoca je jeqHa o1 Hajy30y I/bUBH]HX 1 HAj3arOHETHNJUX HAYIHIX
00JIacTH KO0ja ce MojaBuiia 1 MpolBjeTalla Y MOCIheABUX TPUAECETaK FOJUHA.
Omna je ucTakia UHTEPIUCIUILIMHAPHY TPUPOTY MpobaemMa Ha PPOHTY HAyKe.
MHore 011 HOBUX HJIgja O Xa0Cy M0jaBUJIE Cy C€ HE3aBHCHO je/IHa O] APYyTe U
MPaKTUYHO UCTOBPEMEHO Y Pa3IUUUTHM objacTuma. MeToze Teopuje xaoca
yuuie ¢y y BehiHy Hay9HHUX JUCIHMIUTAHA. Xa0C MOXE JJOBECTHU JI0 TYOUTKa
YeCTHIIa y aKIleJIepaTopuMa WK A0 TyOuTKa OpoJoBa Ha y30ypKaHOM MOpY.

Hanpenak Teopuje xaoca omoryhuie cy Kako ancTpakTHE MaTeMaTH4YKe
uzeje, Tako U JoOpo CMUIIJbEHU EKCIIEPUMEHTH, a HaJacBe MojaBa padyHapa.
Xaoc je Hayka 3a 100a KoMIjyTepa.

TpaaumonanHo, y aHaiuMa Xaoca UMa IyHO TeOMeTpHje U IMyHO CIIUKA.
YoOuyajeHu »aproH 0 XaoCy HAarume TeOMETPHjCKUM MIpeacTaBama. 1o cy
(a3HU IPOCTOPH, OPOUTE CEATACTE TAUKE, TOKOBH U MPECIHKABAKA , U3BOPH
Y TIOHOPH.

On 1983. rogune, kana je Chua KOHCTpyHCao CBOje YyBEHO KOJIO, Ta JI0
JlaHac, XaOTHYHA KOJIa M 3allaKeHU HHTEPECAaHTHH (DEHOMEHH XaoTHYHE JHHA-
MUKE 3a0KYIUbY]y XXy HE caMo MHXKemepa, Beh 1 mmpe HaydHe JaBHOCTH.
|EEE nmy6nmkammja (Procedings of the IEEE) mocsehyje CHGI_II/IjaJ'IHI/I 0poj xao-
TUYHHUM cucTeMuMa y aBrycty 1987. rogune. Llumb oBor 6poja je 61o 1a uH-
(hopmmIIIe HIKEIbEPE M LIMPY JABHOCT O MOTryhHOCTH jaBibara XaOTHYHOT
MOHAIIaka y KOJIMMAa U CUCTeMUMa. Y TO Bpujeme, BehuHa HHxemepa Cy CKell-
TUYHO Y HEPAJI0 MPUXBATUIIM TAKBO Yy THO MOHAIIAKE Y KOJIMMA U CUCTEMUMA
Koja qu3ajaupajy. Taj cienujaaau 6poj je yTUIa0 Ha POMjEeHEe OHOCAa MHOTHX
WHXEmepa MpeMa Xaocy U mberoBoj npupoan. O Taga, MHOTH paIoBH O Xao-
THYHUM cucteMuMa cy objaBbenn y |EEE Transactions on Circuits and Sys-
tems u npyruM MHXEHEepCKUM myOiuKamujama. 3anakeHo je€ XaoTHYHO
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MOHAIIIak-€ Y HOBUM KoJIuMa U cuctemuma. Melytum, BehrnHa uctpaxubada cBOjy
naxmwy (oKycHpajy Ha TO Kako n30jehr XxaoTHYHO noHamame. Taa joir Hema Hy
TOBOpa O CHHXPOHHU3ALIU]H WIIM KOHTPOJIM XaOTHYHUX CUCTEMa, HUTH O TIPUMje-
Hama. Y oktoopy 1993. rogune | EEE Transactions on Circuits and Systems apy-
' crienyjaiHg 0poj mocBehyje XaoTUYHUM KOJIMMAa M CUCTeMuMa. Y TO BpUjeMe
Beh 1mocToje HOBE HJIeje U TeKIbEe HCTPaKMBava: MOTEHIIMjaTHA yIoTpeda Bpiio
crnenupUIHUX U HEOOMYHUX OCOOMHA XaOTUYHOT IOHAIAka 3a pjellaBame
MHKEHEPCKUX MpodIieMa Kao IITO Cy KOMYHHUKAIIH]je, aCOIIUjaTUBHE MEMOpU]E U
npobnemu koHTpone. Tpehu crienmjamau 6poj | EEE Transactions on Circuitsand
Systemsy oktobpy 1997. ronune nocsehyjy CHHXpOHU3AIU]H U KOHTPOJIU Xa-
oTUYHHUX cucteMa. Beh mocroju Benmku 0poj Moryhux HOBUX aruidKalyja Xao-
THaHHEX cucTeMa. YerBpru crierjarau 0poj | EEE Transactions on Circuits and
Systemsy neuemopy 2000. mocBehyje mpuMjeHH Xaoca y HEKOXEPEHTHUM KO-
MYHHUKAIIMOHUM CHCTEMHUMa U yOp30 3aTuM et 0poj y aeuemopy 2001. Tako-
he, mpumMjeHn xaoca y MOJIEPHUM KOMYHHUKaIijama. TOKOM MpOTEKIIOr BpeMe-
Ha MHOT'a Ca3Hamba 0 XaOTUYHOj TMHAMUIIY CTEKJIa Cy U CAOMIITHIIA HCTPAKHBATha
IIMPOM CBHjeTa. Y eKCIepHMEHTHMA U CUMYJIalljamMa 3armakxeH! Cy XaoTHYHU
¢denomenn. Mehytum, Teopujcka 0CHOBA jOIII HHj€ 3a/10BOJbEeHA. Te0pHjCKH pe-
3yJTaTH O PHCYCTBY HIIH OCYCTBY Xaoca Cy o Hajehe BpHjeTHOCTH He caMo
KaJ[ KeJIMMOo n30jehn Xxaoc Hero U 'y HOBUM o0JiacTuMa z[ma]HHpaH)a xaoca y
TEXHUYKHUM CPEICTBUMA U HHXECHEPCKUM CUCTEMHUMA. 3aTO je CBaKW HOBH Ha-
YYHO-TEOPH]JCKHU METO/T KOjH Jiaje BHIlIe HH(popMaIja 100poI01Iao.
Xaoc, o0acT HayKe joIll yBH]JEK Y HacTajarmy U jOIll YBHjEK Yy MOJIETY, TMO-
JpKaHa yHOTpe60M padyHapa, Hallllla e IPHPOJHO y M300py ayTopa 3a 0Baj
pan. HakoH yBoia HaBeleHH Cy OCHOBHH [TOJMOBH J€TEPMUHUCTUYKOT Xa0ca
Kao U OCHOBHU €JIEMEHTH Ipareher amapaTta HEONXOIHOT 3a H3y4YaBame Xao-
ca. 3aTuM je naxxma rnocsehena Chua-maom Koy koje je HajmpocTHja mapa-
JUrMa 3a pasMarpame HeNepuoauuHuX (peHOMeHa y HeTMHEeapHUM KOJIHUMa.
YerBpTH 110 je mocBeheH MaTeMaTHYKOM J0Ka3y XaOTHYHOT MTOHAIIaka-11-
Tamy KOje je JOII HepHujelIeHo. Y IeTOM JIujeiry roBopH ce o Mmoryhoj ymotpe-
O xaoTHMUHUX cucTtema. byayhu npobiemMu u 3akibydIM JaTU Cy Ha caMOM
Kpajy paja, a 3a bbuMa U CIHCcaK yIoTpHujeObeHe TuTepaType.

2. OCHOBHHU I[1IOJMOBH

W3pa3 xaoc o3HauaBa HeypeheHO WM HeperyIapHO CTame WM KPeTame
HEKOT cucTeMa. JleTepMUHUCTHYKY Xaoc O03HauaBa HeypeheHo (anepuomamny-
HO) KpeTame M3a3BaHO ACTEPMUHUCTUYKHM JHHAMUYKHM 3aKOHHMA, OJIHO-
CHO HEKOM YHaIpHje]] 331aH0M TaqHo aeduHucanom mnpoueaypom [3]. Otyna
U 1y0oku Gpriio30(cKku ca3HajHU CMHUCAO, TIOPE] OYUTIICTHUX TEXHOIOMIKUX
UMILUTHKAIMja y TIO3HABamby IpeJiacka y Xaoc: u3riena, HauMme, mapajaokca-
HO, aJli je Ta4YyHO JIa ONIITENO3HATH JICTEPMUHUCTUYKHI 3aKOHU (pHU3HKe, Kao
mro cy Newton-osu 3axonu win Navier-Stokes-ose jenHaunHe, MOTY Ja H3a-
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30BY KOJI HEKMX CHCTeMa IOCIIHje TOBOJLHO AyTOr BpeMeHa HeperyapHo U He-
npeABUTBHBO KpeTame. [Ipu Tome Huje pujed o 10% Mosiekyia Koju 3aXTHjeBa-
Jy CTaTUCTUYKE METO/I€ ONMCHUBaKa, HUTH O CHCTEMIMA ca IIyMoM, Beh o Kpaj-
b€ JeIHOCTABHUM CHCTEMHUMA Ca jeIHUM WM HEKOJIMKO CTETIeHH CI1000/e.

JMHAMUYKY CUCTEMU

Pasmarpamo ycrajbeHa KpeTamba NHMHAMUYKUX CHCTeMa 3ajaara nmomohy
0oOMYHMX nudepeHINjaTHIX jeJHAYNHA:

dx

— = F(x(t

X~ F (1) m
WM TOMONY UTEPAaTUBHUX MTPECINKABAbA:

X = F(x)) )

raje je X Bektop u3 (hasHor mpocropa KM, m>1. To cy cucremu ca KOHTH-
HYHPAHOM HJIM TUCKPETHOM BpeMeHCKOM 3aBucHomhy. [Ipu Tome npumjehy-
jeMo na y jenHayuHu (1) Hema eKCIUTMIMTHE BPEMEHCKE 3aBUCHOCTH — PHjed
je o ayroHoMHUM audepenijaraum jeanadnaama [1], [2], [3], [4]. HeayTo-
HOMHH CUCTEMH MOTY C€ CXBaTHTH Kao CIEIHjalIaH Cly4yaj ayTOHOMHHX YKO-
JIMKO ce BpujeMe JeduHuIIe Kao HOBa MPOM]jEeHIbMBA, a Opoj jeTHaYrHA TPO-
mupu ca t =1. MehyTum 1 HeayTOHOMHHM CUCTEMH U TPECIUKaBamba UMajy
CBOjHX OCOOCHOCTH KOj€ 3aXTH]j€Bajy aHAIU3Yy, HE3aBHCHO OJ OMIITE TEOPH]je
ayTOHOMHUX JIMHaMUYKuX cucrema. Oynkuuje F (x) win | (Xn) HEJIMHEApHEe
¢yHkuuje cBor aprymenta. HeypeheHo min xaoTUuHO KpeTame MOXKe HacTa-
TH CaMO KO/ HEJTMHEAPHUX THHAMUYKAX CHCTEMa [1], [2], [3], [4].

Pjememe jennaunne (1) ca moueTHUM yCcIoBOM X, XEt)— (X, ), rexe-
pute TpajekTopujy nudepenunjanue jeagHaunne (1).

ATtpakropu

TpajexTopuje Koje mosase U3 TOMEHa aTPAKIHje MOCIN]Ee TOBOBHO Tyror
BpeMeHa najajy Ha atpakrop. To 6u Ouia i HajjeIHOCTaBHH]A OLIEPATHBHA
AeuHMIM]a: aTPAKTOP je CKYII TaYaka Ha KOJUMa Ce aKyMyJINpajy TpajeKTop-
vje Kaja t — 00,32 CBAKO U3 JoMeHa aTpaknuje. [Ipennsnuja nedpunummja
3aXTH]jeBa JOUI Jla aTPaKTOp CaAPKU MaKap jeIHy OpOUTY Koja je CBy1a rycra
[11. (2], [3]. [4]-

Cno)XeHOM XaOTHYHOM KPETamy OJr0Bapajy NOCeOHH aTPaKTOPH 1y THUX
ocobuna. Ctora ce OHU U 30BYy UyJHU aTpakTopu. Uy 1HU aTpakTop je Hajipu-
j€ aTpakrop, Tj. OrPAHUICHH JTHO (haznor MPOCTOPA 3aPEMHUHE HyIIa KOJH MpH-
BJIaYN CeOM CBE TPajeKTOPHje U3 TOMeHa aTpakuuje. OH je 3aTHM KOMITaKTaH
— He MOXe ce pa30HuTH Ha 0JIBOjeHe AujenoBe. [Ipyrum pujedynma, KOoJIeKIuje
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M30JI0BAaHUX Tayaka Koje ce BHJE Ha eKpaHMMa padyHapa MPHINKOM HyMe-
PHUKHX CHMYyJanuja, He MOTY IMPEICTaBbaTH KOMIUICTaH YyJHH aTPaKTop.
TunuuHa TpajekToprja MOpa TOKOM BPEMEHCKE €BOJIYIIH]€E J1a TIOCJeTH CBaKy
Ta4Ky aTpaktopa. /la 6u KOpeKTHO onucao GU3NYKY PEaTHOCT, Yy IHU aTpakK-
TOp MOpa OMTU CTPYKTYpHO cTaOuiIaH U reHeprudaH. To 3Ha4M Ja Majie Mpo-
MjeHe KOHTPOJIHUX MapameTapa Tpeda ga u3a30By Malie IpOMjeHe Ha aTpak-
TOpPHMA, a 3aTHM JIa CKYTI TapaMeTapa 3a Koje je aTpaKkTop orcepBaOuiaH Hije
mjepe myna [1], [2], [3], [4].

Ho, ocHOBHA KapaKTepUCTHKA YyHUX aTPAKTOPa je OCjeTIbUBOCT Ha IO~
YETHE YCIJIOBE, KOja je MOCIbEMIIa aHU30TPOITHE KOHTPAKIje (a3HOT MpPo-
cropa [1], [2], [3], [4]. Ykoauko 6ap y jemHOM MpaBIly yMjeCTO KOHTPAKIIH]jE
JI071a34 JI0 MCTE3akha U 3aTHM IIPeKyIanarma, OHla he ce Ommcke Tauke Hahu
TOKOM BpE€MEHa ITPOU3BOJLHO JIAJICKO je/THE O] JAPYTHX, WITO JOBOJH 0 NIPHH-
IUIIH]eJTHE HEOPEJbUBOCTH HHUXOBOT nonoxcaja 70 TIOpacTa eHTPONHje y
CUCTEMY, IO3UTUBHUX KoeuIijeHara ekcransuje (T38. JbarmyHoBBEBUX eKC-
MOHEHAaTa) U Xaoca.

KBanuraruBHM noka3aresbu IE€TEPMUHACTUYKOT Xaoca
Ciiexitiap cHaze u ayiiokoperayuja

Cnekrap cHare mnpejcTaBba KBaapaT Moayisa Fourier-oBor Tpancgopma
YK TpajeKTopuje:
,TIje je x( jexp (j ot ()t 3)

0

P(w)= |f(a))

Crekrap je MmoroJiaH 3a KBAJIUTATUBHO PA3IMKOBAE TIEPHOIIHOT KPETAmha
ca Buiire ppexBeHIrja (KBa3UIepUOANIHOT) O/1 XaOTHYHOT KpeTama. Y CIEeKTPY
TIEPHOIMYHOT KPETama BUIE CE caMo JIMHHje KOje 0JIroBapajy oxpehennm ¢pe-
KBCHIIMjaMa, JIOK Y CIIEKTPY Xaoca MMPEeoBIaaBa MHUPOK paBaH KOHTHHYYM [3].

Kao cmezehe moromHo cpeicTBO y UCIMTHBAY Xa0ca KOPUCTH CE ayTo-
KopelnalroHa GyHkuuja:

t+T dt 4)

O'—-.X

raje je X(t) = x(t)— X(O) OJICTyIIal-€ O] CPEeIhe BpUjeqHOCTU. AyTOKOpeia-
MoHa (PYHKIIMja Mjepu KOpenanujy (CIMYHOCT) CUTHAJIA Ca CAMHM COOOM y
pa3IMYMTUM HHTEpBaIuMa BpeMeHa. Kopenaiuja je Bucoka (KOHCTaHTHA WIIH
ocumrpajyha) 3a perynapHa Kperama, J0K 32 XaOTUYHA KpeTama OHa Op30
(eKCIIOHEHIMjaITHO) onaia Ha Hydy. [3].
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Poincare-osu ipecjeyu

[Tocneame cpeacTBo Koje 3acayxKyje mocedan OCBPT U KOj€ Ce pajo KOpu-
CTH y aHAJIM3U JMHAMHUYKHX crcTeMa je Poincare-os mpecjek. [TocmaTtpajmo
HEKY TPajeKTOpH]y Y mM-AUMEH3UOHATHOM ()a3HOM IPOCTOPY U MPEC)SLIIMO
je HekoM (M-1)-TuMeH3nOHATHOM XUIIEPIIOBPIIHU (HEe MOpa OWTH paBaH; Ba-
YKHO je /1a je TPAHCBEp3ajIHa Ha TOK). CKyn Tayakay npecjeKy, IpHU YeMy ce 'y
0031p y3UMajy CaMO yJia3He TauKe TPajeKTOpHje ca jeHe CTpaHe MOBPLIN,
30Be ce Poincare-os mpecjek (ciuka 1) Hpecnukaparme KOj€ Hac BOJH OJ1 je]I-
He Ta4Ke Npecjexa JI0 JPyre 1y TpajeKTopHje 30Be ce Poincare-oBo mpeciu-
kaBame. OHO 3aMjeyje BpeMEHCKH KOHTHHYHPAHY €BOIYLH]y TUCKPETHUM
npeciukaBameM [1], [2], [3], [4].

Cnuka 1. Poincare-oB mpecjek u Poincare-oBo mpecinkaBame

Koz xaoTnuHor kperama (1 TO je joll je/Ha ’eroBa KBAJIMTaTUBHA Kapak-
TEPUCTUKA) HUKAKBE (PUType ce He MOTY pa3a3HaTH y IpacjeKy. XaoTH4HE
Ta4yKe Mame-BUIIIE PABHOMjEPHO UCITYHaBajy HjeTy paBaH mnpecjeka. OBo cy
OWJIM KBAJIUTATUBHHU [10KA3aTelbU JETEPMUHUCTHUKOT Xaoca. MehyTtum, 3a we-
rOBO KBAaHTUTATUBHO OINKMCUBAaHE OTPEOHU CYy HOBH [TOJMOBH.

KBanTuTaTHBHU MOKa3aTebu JETEPMUHUCTHYKOT Xa0ca
JbaiiyHo6/besu eKciioHeHu

JbanyHoB/beB Wi L-€KCITOHEHT MjepH pa3/iBajambe IBH]Yy OJUCKHUX MTOYET-
HUX Tauyaka TOKOM UTepanuja. Y KOJIUKO je 4 > (0, OHJa je pa3Bajame eKCIo-
HEHIIM]aJTHO, TTOCTOjU BEJIMKA OCJETJbUBOCT Ha TIOYCTHE YCIIOBE U Y MIOHAIIAY
cuctema mnojasuhe ce xaoc. To moHalame 3aBUCH OJ1 COTICTBEHUX BPHjEIHO-
CTH MaTpHIIe

OOMBbEKUMO TE COTICTBEHE BpPIJellHOCTPI ca {a,. (Xo,t)|i =1.., m}. Tana ce
JbammyHOBJbEBH €KCIIOHEHTH Ae(DUHUILY ca:

&(xo):[Lrg%lnla(xo,t)I (5)
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U TIpU TOME ce 0OOMYHO ToJipa3yMHjeBa Jia cy nopehaHu y CHUIa3HOM HU3Y,
A > A, >...>A,. JballyHOBIEBHX EKCIIOHEHATa MMa OHOJIMKO KOJHKO MMa
TUMeH3Hja y Ga3HOM IPOCTOPY U OHU CauHibaBajy JbanyHOBIbEB CHIEKTap /U~
HAMHUYKOT crcTeMa. JbamyHOB/LeBH €KCIIOHEHTH TIOTO/IHU CY 3a KJIacU(HKa-
ujy YCTa/beHUX MOHANIAk:A i ATPAKTOPA. 3a OUJI0 KQJM aTpaKTOP YKYITHA KOH-
Tpakiuja mopa outu Beha ox YKyIHe eKCIIaH3Hje, iﬂl < 0.V cnyyajeuma
4yJHHX aTpaKTOpa Mopa 0ap jenaH excroHeHT outu Behu ox Hyne. UyaHu
aTPaKTOPHU C€ I10jaBiby]y TE€K y TPOJUMEH3UOHATHUM (Da3HUM MPOCTOpUMA.
Crydaj ca 1Ba MO3UTHBHA EKCIIOHEHTA 30Be ce xumepxaoc [1], [2], [3], [4].

Koamozoposmwesa enitipoiiuja

KonmoroposieBa unu K-eHTporuja Mjepy KOJIHKO je XaOTH4YaH OJHOCHO
Heypehen nexu cucrem [1], [2], [3], [4]. Ona, nakie, Mjepu KOJTHUUHY HHPOP-
Malyje nmoTpedHy 3a npenu3Ho oapehuBame TpajekTopuje y pasHoM mpocTo-
py. K-eHTponuja ce Moxke CXBaTUTH M Kao Op3uHA I'y0/bera HEKe MOYETHE
uHdopmaImje o mosioxajy cuctema y aznom npocropy. Ko jennoaumensu-
OHAJIHUX XaOTHYHHX IpeciinkaBama K-enTponuja jennaka je JbanmyHosseBoM
eKCIIOHEHTY. Y BHIIIEe JUMEH3M]ja, YKOJIHMKO je BUIIIE O jeIHor L-ekcronenTta
HO3UTHUBHO Baxkn Pesin-oa ¢opmyita, 1o kojoj je K jeanako cyMmu mo3uTHB-
HUX EKCIIOHEeHATA.

@Dpaxivanua oumenuja

YV cBaKOJHEBHOM >KHUBOTY T10jaM JMUMEH3H]€ € T0CTa HHTYUTHUBAH IOjaM.
JKuBHMO y TpOAMMEH3NOHATHOM CBH]jETY, 3HAMO J1a PaBaH UMa TP AUMEH3U-
je. Hocra Tora y ¢u3uim nemnraBa ce y 4eTBOPOAMMEH3HOHAIHOM MPOCTOP-
BpeMeny uta. CTpoke MaTeMaTU4YKH MOXKeMo pehu /1a je To 6poj He3aBUCHHUX
KOMITOHEHTH BEKTOpa Y HEKOM JIMHEAPHOM BEKTOPCKOM IMPOCTOPY WIH KOJ
JTUHAMHYKHAX CUCTeMa Op0oj HE3aBUCHUX KOHCTAHTH MOTPEOaH 3a MOTITYHO 3a-
JaBam-€ MOYeTHUX yciaoBa. OBaKBO CXBaTambe MPEjyIUIIMpa I1jeI00POJHOCT AH-
MeH3Hje. MelyTuM, mocToje reoMeTprjCKu 00jeKTH uuja je ,Z[I/IMGHSI/Ija Helje-
J'IO6pOJHa To cy ¢paxranmu. Onrosapajyhy aepuaunujy ):[I/IMGHSI/IJC TIOHYTHO
je Hausdorff [1], [2], [3], [4]. HajjenHocTaBHIjH T€OMETPH|CKH 06jeKaT Koju
MMa Helljeso0pojHy nuMensHjy je T38. Cantor-os ckym [1], [2], [3], [4]. Hbero-
Ba IUMEH3Hja je Mawba o 1 1 n3Hocu npubamwkHo 0.631.

HcnocTaiba ce 1a cy AMMEH3Hje Yy AHUX aTpaKTopa, canyHo K-eHTponu-
jama u JI-ekcrioHeHTHMa, J€THO 0] OCHOBHUX KBAHTUTATUBHUX OOMIbEXK]ja KO-
ja pa3iuKyjy XaoTHYHA KpeTama O] periwIapHuX WIK CIy4ajHux. Pazmuanra
Xa0TUYHA KpeTama UMajy pa3InuuTe IuMeH3uje. JluMen3uja aTpakropa je mpBu
¥ OCHOBHH I10JIaTaK KOjH CE€ MOKE O FheMy AaT: (PMKCHA TauyKa uMa JIUMEH3U-
Jy HyJa, TpPaHUYHHU TUKIYC |, a KBa3UMEPUOAUYHH LUKIYC — IUMEH3H]Jy 2.
Humensuje oapelyjy u 10wy rpaHUIly MUHUMAJTHOT Opoja Bapujaliiu moTpeo-
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HHX 32 OIMCHBAabE HEKOT JMHAMHUYKOT CUCTEMa. Y KOJIMKO aTPaKkTop JIOKAITHO
naaK Ha RM, OHJA je HajMarsu Opoj Bapujabii yrpaso M.

Yynmu aTpakTOpH, IO MPABUITY, HMajy KOMIUTHKOBaHY (UHY CTPYKTYpY
KOja JIOKAJIHO He JIMYH HH Ha je/laH eyKIHICKH mpocTop. thuxosa mnvensnja,
JaKiie, He MOKe OUTH 1jjeo0pojHa U OHM MPEJICTaBIbajy MPUPOIAH IIPUMjep
¢pakrana [1], [2], [3], [4]. Y THnUYHOM eKCLIEPUMEHTY WIIH HYMEPHUIKO] CH-
MyJIalliju aTpaKkToOp ce HMKaJa He BUJM Kao IeOMETPHjCKU o0jekart, Beh ce
00HUYHO TIpaTe eKCIIepUMEHTATHE TaYKe Mjeperha U IbUX0Ba AUCTPUOYIIHja Ha
atpaktopy. CTora je 3a MOTIyHHje ONMCUBAE aTPAKTOpa MOTPEOHO Y3€TH y
0031p HE caMO reOMETPUJCKY TUMEH3H]y Beh U MojMOBe OTHOCHO TUMEH3H]e
3aCHOBaHE Ha MPOOAOMIMCTHYKUM KOHIEMNIMjaMa Mjepa nepuHucCaHuX Ha
aTpakropuma. Te guMeHsuje, Kao IITo je, Ha MpuMjep, HHpopMaroHa -
MEH3Hja aTpaKkTopa, y3uMajy y 003up pa3IuduTy y4ecTajaoCT MOCjeTe pa3iu-
YUTUX JjesIoBa aTpaKkTopa. YKOIUKO Cy eKCIIEpUMEHTATHE WM HyMEepUiKe
Ta4yKe paBHOMjEpHO pacnopehene mo arpakropuMa oHJa pa3IuKe Hema U pe-
JeBaHTHa je camo reomeTpujcka (Hausdorff-osa) numensuja [1], [2], [3], [4].

Kapakrepucruke xaoca

OcHOBHE KapaKTepPHCTUKE Xaoca Cy OCjeT/bHBA 3aBUCHOCT O] TOYETHUX
yCIJIOBA, CIIy4ajHOCT Y BPEMEHCKOM JJOMEHY M IIUPOKOIIOjaCHH CIIEKTap CHa-
re. 3a pa3nuKy o NepUOJUMYHUX BPEMEHCKHX OOJIHMKA, BPEMEHCKH TaJlaCHH
OOJIMIT 32 XaOTUYHH aTPAKTOp Cy CACBUM HpEryJapHU U HE jaBlba ce MOHa-
BJbamh€ y OMJI0 KOM MEepPUOy IToCMaTpama KOHAYHe qyKuHe. Maja je mpous-
BEJICHO JNETEPMUHUCTUYKUM AUPEPECHINjATHUM jeTHaYMHaMa, pjelICHhe 13-
riena ,,ciydajuo”. bp3a gexopenaiuja TpajeKToprja Koje Mounmby Y OJUCKUM
MHHIMJATHUM CTakbUMa 30BE CE€ OCJeTIbUBOCT HA [IOYETHE YCIIOBE, OIMIUTE je
CBOjCTBO XaOTUYHHUX CHUCTEMA U Y3POK j€ JYTOBPEMEHCKO] HEMPeABUAIbUBO-
CTH XaOTHYHHUX curHaia. C 003upoM Ha TO J1a Cy XaOTHYHH CUCTEMH JeTep-
MUHHMCTHYKH, ABHj€ TPajeKTOpHje KOje CTapTyjy U3 UIACHTUYHUX MOYETHUX
cTama rnpohuhe TayHO UCTH YT KPO3 MPOCTOP CTama. Y Mpakcu, Hemoryhe je
KOHCTPYHCATH JIBa CUCTEMA ca WACHTUYHUM MapaMeTpruMa; HeKa caMo CTap-
Tyjy U3 HICHTHYHHX IMOYETHHUX cTama. Mehytum, pagosu Pecora, Carrollan
npyrux [12], [17] nokasyjy na je Mmoryha CHHXpOHHU3al1ja IBa XaOTUYHA CH-
cTeMa Tako Jia lbUXO0BE TpajekTopuje ocTaHy onmcke. OBa ujaeja ce cajaa exc-
IUIOATHUINE Y KOMYHHKAIIMOHUM cuctemMuma. MHdopmanmje Mogysucane Ha
,»CIIY4aJHOM” XaOTUYHOM HOCHOILY MOTY OUTH AEMOyJTUCaHe YIIOTPeOOM CUH-
XpOHHM30BaHOT TpujeMHuka [12], [17], [18].

budypkanmje u cieHapuju mpenasza y xaoc

Pasnuuntu cy HauMHM Ha KOj€ TMHAMUYKH CHCTEM MOXe J1a pelhe y xaoc.
VY MexaHu3My Inpejacka OCHOBHY YJIOTY UTpa MeXaHu3aMm Oudypkaiuja, oj-
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HOCHO HAYHMH Ha KOj Y TIPWJIMKOM ITPOMjE€HE KOHTPOIHOT ITapaMeTpa jeHHe (uk-
CHE Ta4yKe M0CTajy HecTabuiHe, a apyre cradouine [2], [3]. 3aTo | je npuje omu-
ca pasIMYMTHX HAYWHA [PEacka y Xaoc, Tj. XaOTHIHUX CLEHAPH]a, TOTPEOHO
OIKCATH KaKo CBE JMHAMUYKH CUCTEMH MOTY Jia rpel)y ca jesHOT TuIa aTpak-
Topa Ha Apyru. Taksu npenasu y IMHAMHIH CHCTEMA Ha3MBajy ce oudypka-
uujama. Mzpas 61/1(1)yp1<au1/ga npBH je ynorpujedro Poincare ma 6u ommcao
rpaHame CTAllMOHAPHUX pjelIekha Ko1 TudepeHINjaTHUX _]eI[Ha‘II/IHa tuma (1).

budypkanyje npencranibajy KBaIUTaTHBHE, TOTIOJIOIIKE IIPOMjEHEe Ha aTpak-
TOpHUMa JMHAMUYKHX CUCTEMa KOje Cce JielllaBajy TOKOM BapHjalyje KOHTPOJI-
Hor mapametpa W [2], [3]. BpujeaHocT KOHTPOJIHOT MTapaMeTpa Mpyu Kojuma
nosasu 10 oudypkanuja 308y ce OMpypKalMoHe BpUjEIHOCTH apaMeTpa [y,
a Tauka je oudypxammona tauka. [ paduk cBUX paBHOTE)KHUX Tadaka y
(yHKITHjU KOHTPOJIHOT TlapaMeTpa 30Be ce oudypkarmonu aujarpam. [loctoju
BUIIIE BpCTa OMdypKaiyja Koje ce Mory JAecutu y cuctremuma tuna (1) wm (2).

[TocToje yeTupu ocHOBHE BpcTe Ou(ypKamuja TMHAMUYKHX cuctema [2],
[3]: TanreHTHE, TpaHCKpUTHYHE, BHIbYIIKacTe 1 HOpf-oBe. OBe Oudypranuje
JIOBOJIE JI0 OATrOoBapajyhux creHapuja mpesnasa y Xxaoc.

2. OJJ JIMHEAPHOTI' KOHIEIITA 10 HEJIMHEAPHE JIMHAMUKE 1 XAOCA

YHIpKOC YUHEHHIIN /12 C€ MHOTH ()EHOMEHH y EJIEKTPUYHUM KOJTUMa MOTY
aHaJM3UPATH jeIMHO KOpHIIThemeM HeTMHEapHUX MoJiela, Teoprja HelrnHe-
apHe TUHAMUKE j€ jOIll yBHjeK HEJOBOJbHO MPOYyUYeHa. 3ajeTHUYKU PUCTYIT Y
MHOTUM MHKEHEPCKUM paJOBUMa jecTe ,,JJMHeapu3allija, a 3aTuM aHanuza’.
OBakaB cTaB JJOBEO je JI0 TOTa Ja Cy MHOTH MHXXEHEPHU OCTAllU 3aT€YCHU U
n3HeHal)eHU KaJla TMHeapHU KOHIENT HHje MOTrao PauyHCKH J1a IOTBPAM €KC-
MEPUMEHTAIHO J00HjeHEe pe3yTaTe.

VYV Toky pa3Boja Hayke, eHOMEH HeJMHeapHOCTH OUOo je mpuMjehuBaH,
ai MHOTO uenthe 3anemMapuBaH. Haume, HUje TOCTOja0 KOHIIETIT KOjU OU MO-
rao J1a pa3jacHu oBaj penomen. Kimacuuan mpumjep oBakBOT CTaBa je aHajIn3a
OCIIHJIATOPHOT KOJIa, KOJy j€ CIPOBEO XOJIAHJICKH UHXKemep U pusudap Van
der Pol. CBoj pan o0jasuo je y uacormcy , Nature” 1927 rojINHE, YKa3aBIIH
Jia ce y KOIy ,,9eCTO jaBIba HEKH HEOCKUBAHH urym”. TlojaBy Tor nryma Tpe-
THPAO je Kao ,,APyropaspeiHy”, Kojy Hije MOTPEOHO fabe aHAIN3HPATH.
HcTpaxxuBama cy MHOTO TO/IMHA KaCHUj€ pa3jacHUIA yCIOBe Y KOjUMa ce Taj
mryMm jaBiba 5. Kaza je Hayka mouena fa ce 6aBu HeJTMHEAPHUM THHAMHYKUAM
CHUCTEMHMAa CTBOPEH j€ jeJlaH CACBUM HOB PEUHHUK Tj. Je3UK aTpakTopa, oudyp-
Kaija u xaoca 5.

3a pa3nuKy of JIMHEeapHHX 32 BehiHy HeTMHeapHuX crucTeMa Huje moryhe
JIaTU eKCIUTUIMTHA pemiema. MelyTtuMm, oapelena ,,yHUBep3aJIHOCT Yy OKBH-
py N0jeIMHUX IpyTia HeTMHEApHUX MojaBa oMoryhaBa lUXOBY KBaJTUTATUBHY
aHanm3y. MHOTe KOMIUIEKCHE cucTeMe Moryhe je mpeAcTaBUTH MOJIeIMMa HU-
JKEr pejla Ha CacBUM aJIeKBaTaH Ha4yuH [5].



Teopuja xaoca 249

Chua-uto ko010 je HajIpOCTHja MapaJurMa 3a pa3MaTpame HeepHO, Y-
HUX (peHOMEHa y HeJlMHeapHuM Koiuma [5] , [6], [7] .

Chua-uno koo

Jla Ou ucnospaBaio xaoc, ayTOHOMHO €JIEKTPOHCKO KOJIO CAaCTaBIbEHO O
OTIIOPHHUKA, KOHJICH3aTOpa U KajJeMoBa Mopa cajapxartu [6], [8]:

— HajMame jeJlaH HeJIMHEApHU EJIeMEHT

— HajMame jeJaH JOKAJIHO aKTUBAH OTIIOPHUK

— HajMame TPU JIEMEHTA ca aKyMYJIUCAhEM EHEPTHje.

Chua-nHo K010 je HajIpOCTHje eEKTPOHCKO KOJIO KOje 3a70BO/baBa OBa
Tpu kputepujyma. Chua-nHo koina je jenan o pujeTkux GU3NIKHX CHCTEMa
3a KOjH j€ MOCTOjamke Xaoca MoKa3aHo y €KCIIEPUMEHTY, CUMYJIMPAHO Ha pa-
4qyHapy  Joka3aHo Maremariuuku. Chua-uHo ko0 okasyje Bpiio 6oraro 1u-
HAMUYKO TMOHAIIAKkE Yy MapaMeTapcKoj paBHU, YKIbydyjyhu cBe Tumose Ou-
¢dbypxkamuja u myteBe y xaoc Koo je mako KOHCTpyHcaTu, yrnoTpeOom cTaH-
JapTHUX EJICKTPOHCKUX KOMITIOHEHTH. [6], [8].

Tenesa Chua-unoZ xona

Toxowm mocjere Jamany 1983. romunae Chua je 61o cBjeok y3axyaHor mno-
KyIllaja CTBapama Xaoca y eNeKTPUYHOM aHaiory JIOpeHIOBHX jeaHauMHa.
OH je cmaTpao 1a 61 xaoc Morao OuTu IPOM3BEJICH Y J[jeTIOBUMa JINHEAPHOM
CJIEKTPOHCKOM KOITy aKO OHO T0Cje/Lyje HajMarbe IBHje HeCTaOMIIHE paBHOTe-
JKHE TauKe — je/iHa 11a 06es30jehyje pacTesarse a Apyra NpeBHjarbe TPajeKTOpH-
ja. Ca oBUM cXBaTameM, OH CHUCTEMAaTCKU HJIEHTH(UKYje OBO y JjeloBUMA
JMHEapHO Koo Tpeher pesa koje caIpKu jeZjaH HallOHOM KOHTPOJIMCAHU He-
JIMHEapHH OTHOPHUK. XaoTuuHy npupoay Chua-uHor kosa mpeu je 3ama3uo
Matsumoto 1983. ynotpedom komrijyrepcke cumystaiije. Hanme, Chuaje xoH-
CTpyHCao Koo U 00jacHuo MpUHIKOIN pana Matsumoto-y HermocpeaHo npea

! +/\/;[\+ + v Ix
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Cnuka 2. Chua-nHO K010 cacTaB/LEHO O JIMHCAapHOI' KajJicMa L, aBa JIMHCApHa
KOHJCH3aTOopa Cl,c2 . jG,HHOF JIMHCAPHOT OTIIOPHHKA R u HanmoHom KOHTPOJIMCAaHOTr
HEJIMHCApHOTI OTIIOpHUKA N R
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CBOJ W3HEHAIHU o/11a3aK y 6oHuIyy. Matsumoto koju HI/IJe y4eCTBOBAO y pa-
HUJUM (azama HCTPaKUBAKba, Ca/la IPUCTYIIA CHMYJIALH]H KOJIa Ha padyHapy
u 3anaxa xaoc. OH je 1a0 0BOM XaoTHYHOM Koy ume Chua-uHo ko0 u npeu
nyT ra o0jaBuo y pauy ,, A chaotic attractor from Chua's circuit”, IEEE Trans.
Circuits Syst. 1984. roaune. Crienudunupana KapakTepUCTHKA HATOHOM KOH-
TPOJIMCAHOT HEJTMHEAPHOT OTHOPHUKA N MOpa MMaTH HajMam-¢ JBUj€ HECTa-
ounre tauke. Chua cteapa koo kao Ha cium 2 [6].

YcKkopo nmocinje BeroBor KOHIMIUPamka, 00raTo TMHAMUYKO MOHAIIAkE
Chua-uHoT KON1a TOTBPhEHO j& KOMITjyTEPCKOM CHMYJIAIAjOM U EKCTIEPHMEH-
toM [6]. O Taaa, OMIIo je MHTEH3UBHUX HAMOpa Y pa3yMHUjeBamy CBAKOT acIieK-
Ta TUHAMUKE OBOT KOJIa.

AI
N\~ - (Gv-Go)E
-E Ga R
I L4
0 IE Vi
(G Gb)E T -~ Gb

Cnuka 3. KapakrepucTHka HeTMHeapHOT pesucTtopa N g

OBo k0710 MO3KE OMTH OIHCAHO Ca TPU 00NIHE TUDEPEHIIHjATHE je/IHATH-
HE (Jez[HatH/IHe crama). bupajyhu |, V, u V, 3a npomjenbuBe crama, muiie-
MO jeJTHaunHe:

d, 1,
dt L 2
v, _ 1, E(v V)
dt C, * c, 2 't (6)
a, G 1
V,-V,)-—=f(V,
L ARERA

raje je
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u

G,Vq +(G, -G,E)ako V. <-E
= f(Vq) =4G.V, ako-E<V,<E
G,Ve +(G,-G,)Eako V. >E

(7

E>0,G,<0uG,<0.

Ha cnunum 4 cy npuka3anu nepuoiMYH ¥ XaOTUYHU aTpaKkToOpu J00UjeHU

n3 Chua-uHor koia.

(@ (b)

(d)
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)

Cnuka 4. ABC cumynanujom gobujene C, 6udypkanmone cexsenume. L =18mH ,
, G=555.5564S, .(a) C,=10.75nF — Ilepuon 1 rpaHu9HM IUKITYC.

(6) C,=10.5nF — Ilepuox 2 rpannunu nukayc. (1) C, =10.4nF — Ilepuox 4 rpanudHu

mukiyc. (1) C, =10.1nF — Crimpaman Chua-un xaotuunu atpakrop. (e) C, =10.0nF — [ly-

rno-cnupanau Chua-ua xaotuunn atpaktop. (¢) C, =8.0nF — dynno-cnupanau Chuaun

xaotnuHu arpakrop. ABC je cnenmjanuzoBann codteep 3a cumynanyjy Chua-uHor kona.

3unauaj Chua-uHor ocruiaTopa je y HeroBoj YHHBEP3adHOCTH, Tj. Y
YUEHCHUIIN J1a OH MOKE TeHEPUCATH CTO KBAJIMTATHBHO MOHAIIAKE Kao OMII0
Koju uwiaH pamminje C KOHTUHYATHUX, HENapHO-CUMETPUYHHX, Y J[j€JIOBIMA
JHHEAPHUX BEKTOPCKuX mobay R3 [6], [7], [8]. OBaj pesyarar je byHaameH-
TAJIHO BayKaH 3aTO IITO OH YHU(HUIIMPA MHOTE PAJIOBE O XaOTHYHUM KOJIMMA U
CHUCTEMHMa, T€ TaKO n30jeraBaMo MoTpedy aHain3e OBUX Kojla U CUCTeMa Kao
MOCEOHMX U HEMOBE3aHUX CHUCTEMa. 3alCTa, CBAaKU OM(YpKAIMOHHU U XaOTHY-
HU (heHOMEH KOjH HcToibaBa 0mi1o koju wiaH pamunnje C Takohe je ucrobeH
¥ Yy OBOM yHHUBep3anHoM Kouty. ['enepannoct Chua-uHor ociiaropa Moxe
OuTH ynoTpHjedibeHa 1a ampoKCUMHpPA IPYTe Xa0OTUYHE CUCTEME Y JINTepaTy-
PH, KOjH HUCY HEOTIXO/IHO Y CerMeHTuMa JimHeapuu [6], [7], [8].

4. MATEMATHUYKHU TOKA3

XaoTHYHO TIOHAIIAKE j€ 3aMaKCHO Y CKCIICPUMEHTY M Y CUMYJIalldjama
Ha pauyHapy. [locTaBiba ce muTame 1ITa je ca MaTeMaTUYKUM JTIOKa30M Xao-
TUYHOT noHamama. [loTpedan je metox koju he MOTBPAUTH WK OMIOBPTHYTH
IOCTOjaEbe Xaoca y HEKOM CHCTEMY Y PUTOPO3HOM MaTeMaTHYKOM CMUCIY.
Jenan ox HajedmkacHUjUX 110 caja MO3HATUX MeToaa je Meto [lInmbHuKoBa.
Ho, 1 on nma BennKy MambKaBOCT; 3aXTHj€Ba JI0Ka3 MOCTOjamha XOMOKIHHUY-
He Win xerepoxnauaHe opoute [ 7]. [locrojame oBUX opOHTa je MaTeMaTH4-
KU BPJIO TEUIKO TOKa3aTh. JEIHO o1 pUjeTKUX KoJja 3a KOje CH HAyYHHIIU TO



Teopwuja xaoca 253

ycmjenu je Chua-uno koso. lakie, mpodieM MaTeMaTHYKOT JI0Ka3a MOCToja-
ba Xaoca joll YBUjeK HUj€ pUjellieH U TpyIe HayuyHUKa IIMPOM CBHjeTa pajie
Ha IErOBOM pjElIaBamby.

5. MOI'YhA TTPUMJEHA XAOTUYHUX CUCTEMA

Toxom mocibeme aeKaie 3anakeHo je 3HayajHo nopehamwe MHTEpecoBa-
A 332 Xa0TUYHE (PeHOMEHE Y pa3InuuTUM GU3HUKUM cucTemMuma. Mehytum,
710 BPJIO CKOPO, IOMEH Xaoca je pa3MarpaH Ha akaJeMCKOM HHBOY, O0e3 3Ha-
YajHUjUX IPUM]jE€HA y PEATHOM >KMBOTY. Xa0C j€ pa3MaTpaH BUIIE Ka0 HEXKEbEH
(heHOMEH, YeCTO OIacaH 3a pajl PealHnX QU3NYKHX CHCTEMa i PeMa TOME,
Tpe6ano ra je uz0jehm. IIpakTHyHO, HayYHHIH KOjH Cy IpOy4aBajy Xaoc pas-
BHUjaJld Cy METO/IE 3a JM3ajHUpame crucTeMa 0e3 xaoca.

MelhyTtuMm, y peaqHuM >KUBOTHUM CUTyalljama, cpujehemMo xaoc y HOp-
MaJHOM paay cucteMa. Ha mpuMmjep: muHamMuKa BpeMEHCKUX MpoMjeHa (KITu-
Ma), Ha MaKpoO HUBOY U paj JbYACKOT MO3ra y XaOTUYHOM MOJY, Ha MHUKPO
HHBOY .

Pa3zmaTpajyhu xaoTu4yHe cucTeMe 1ocTaBiba ce NMUTame J1a 1M je Moryhe
Hah¥ MEXaHU3ME 3a CIIOIbALIIELH YTHIA] HA BBUXOBO IOHAIIAE Tj. KOHTPOILY 1
Jia M UX je Moryhe MCKOpHCTHTH y oipeliere cBpxe, Ha IpUMjep, 3a mpowie-
cupame curnana. Takolhe, o1 3Ha4aja je MUTamke MOBE3UBaba CUCTEMA, KOJH
pazie y XaoTHYHOM pexuMy U MoryhHocTu rpalema cuctema o1 IpakTHIHE
Ba)XHOCTH.

JlBrje HAPOIMTO MHTEPECAHTHE HJIC]e KOjE CY CE IOjaBUIIC U HCTAKIIE TO-
KOM IOCTIe/Iibe IeKa/Ie Cy CHHXPOHHU3aIMja XaoTHYHHUX CUCTeMa, UiH, Kpahe,
Xa0C CHHXPOHH3AIHMja ¥ KOHTPOJIa XaOTUYHUX CHCTEMa, Tj. Xa0C KOHTPOJIA.

XaOTUYHU CHUCTEMH Cy OKapaKTEepUCaHU Kao ,,0CjeTIbHMBU Ha IMOYETHE
ycioBe”. Mana rpemika y crienupuiupamy CTamba WIH TapaMeTapa JeTep-
MHUHHUCTHYKOT XaOTUYHOT CHUCTEMA Jlaje IpeliKy Koja y OyayhHOCTH MoOxke
OuTH Benuka. XaOTUYHU CUCTEM je, IpeMa TOME, HETPEIBUIJbUB Y TyKEeM
BpEMEHY.

Pjemema qBa XaoTH4YHA cucTEMa KOJU CTapTyj]y Y TOTOBO, aJIM HE CAaCBUM,
UICHTUYHUM yCIIOBUMA IIOCTa]y HEKOpEIUpaHa yHyTap KOHAUYHOT BPEMEHA.
Hounexie je uznenalhyjyhe, npema TomMme, MUCIUTH Ja ABA XaOTUYHA CHCTEMa
MOTY OUTH CUHXPOHH30BaHa y CMUCITY JIa j€ CTambe JeJHOT aCUMIITOTCKHU JI0-
CTUTHYTO OJ npyror. OBaj HETpUBHjaTHU (PEHOMEH j€ Ha3BaH ,,Xa0C CHHXPO-
wmzanmja” [12], [13], [14], [15], [16], [17].

Xaoc KOHTPOJIa KOPHCTH MILCHALLY J1a XaOTH'HA pjedema 3a yCTalbeHO
CTame ,,IyTyjy’ H3Meljy OeckoHayHOT Opoja HECTAOWIHHX MEPHOIUTHHX
pjemiema. TexHUKa OCjeTIbUBOCTH Ha MEPTypOalHjy CTama WK apameTapa
MOXe OUTH eKCIUIoaTHcaHa 3a CTabWiIn3alujy MEePUOJAUYHUX OpOUTa HIIH
BOoheme Tpa_]eKTopHJa oy onpehenor nyTa NOMONY HEKOT KOHTPOJHOT CHUT-
HaJla ¥ O3HAaYCHA je Kao ,,xaoc KOHTposa” [24].
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U1 xaoc CHHXpOHM3AlIMja U Xa0C KOHTPOJIA Cy MPUBJIAYUIe 3HAYajHU HC-
TpaXXHBaYK{ MHTEPEC TOKOM IOCIEABUX MeT TOAWHA, HE caMo 300T camor
(eHoMeHa KOjU CTUMYJIM)KE HAyYHO MHTEPECOBAaHE, HEIO HEroBOI YTHUIIAja
Ha IIPUMJEHE Y KojuMa Oorara IMHaMHKa XaOTUYHUX pjellemha Hy 11 3HayajHe
TMPEIHOCTH HAJ[ IEPHOAMYHIM PjCIICHIMA 33 YCTA/LCHO CTakbC.

ITourro cnaxpoHu3anuja Urpa 3HaYajHy YIOTy Y MOACPHUM KOMYHHKAIIH-
OHHMM CHCTEMHUMa, je/laH 0/l HaJHHTCH3HBHU]E PasMaTPaHUX JOMEHa IIpUMje-
HE XaOTUYHE CHHXPOHM3aIIMje je y KoMyHuKanujama. OBzje, oCcToju HHTepe-
caHTHa MOT'YNHOCT J1a XaOTUYHU CUTHAJIM MOTY OUTH YIIOTpHjeOIbeHH Kao HO-
cuoIM UH(pOpMallKje U3 JeIHE JIOKaIM]je y IPYTy Ha CUTypaH U poOyCTaH Ha-
quH [12], [13], [14], [15], [16], [17].

W3 mepcnekTuBe KOHTPOJIE, IMHAMHYKN CUCTEMH KOJH pajie y XaoTHd-
HOM PEXHMY CY MOTEHIIMjaJTHO BUIIE MPOMjEH/bUBH O]l OHUX KOjU paje y
NepUOoANYHOM pexxuMy. EBUCHTHA je 1mojaBa J1a HEeKH MPUPOIHH CHCTEMHU
KOpHCTE NPOMjEH/bUBOCT Xaoca Aa 0 00e301jeinan afanTUBHOCT y CBOM
HOHAIIAKY .

YV oBoj kiuMu y30yhema 0ko MOryhHOCTH 3a MPOIECUpamhe CUTHAIA YTIO-
TpeOOM Xaoca, MHOTH PaJIOBH, CIICIIHjaTHA OPOjeBU YacOMKCa U CEPUje KOH-
(depennyja cy noceehuBane TeMu CUHXpOHU3AIM]E U KOHTpoJie Xaoca. OBe
TeMe UCTaKkHyTe ¢y y cnenujanaom opojy |EEE Trans. Circuits and Systems|
u |l u3 okrobpa u HoBeMOpa 1993. rogune. C 0063upom aa cy oBa J1Ba MoJba-
CHHXpPOHM3AaIIMja U KOHTPOJIa Xaoca Op30 HampenoBase y Mocileambux et ro-
muHa | EEE um noceehyje npyru cnenujanau 0poj y oktobpy 1997. rogune u
tpehu cnenujanuu O6poj y neuem6Opy 2001. rogune.
3a ayTopa OBOT pajia MoceOHO MHTEPECAHTHO je& MUTAmhe CHHXPOHU3AIIH]E Xa-
OTHUYHHUX KOJIa ¥ TPUMjeHa XaOTHYHHUX KOJla U CHCTeMa y KOMyHHUKaIfjama.

CuHXpOHM3aIM]ja XaOTUYHUX CUCTEMA U MIPUMjEHa Y MOJEPHUM
KOMYHHUKAIIHOHUM CHCTEMHMa

PazmaTpajmo jenHy oj riiaBHUX 0COOMHA YE€CTO HarjamaBany y aeduHu-
[IMJ XaOTUYHOT TIOHAIIakha, 0OCOOMHY OCJe€T/bHUBE 3aBUCHOCTU O] MTOYETHHUX
ycnoBa. Ha ocHOBY Te 0coOnHe 3aKk/bydniid OM CMO J1a CHHXpOHHU3alMja Huje
Mmoryha, jep HHje Moryhe y peaJHUM CUCTEMHMa PENpoayKOBaTH TAYHO UCTE
HOYETHE yCIOBE WIH MOTIYHO jeJJHaKe ImapaMeTpe 1Ba cucreMa. Yak u nuou-
HUTE3WMAaJIHA ITPOMjeHa OUIIo Kojer mapameTpa he pe3ynToBaTu y IUBEpPTreH-
1I1j1 OpOUTa KOje Cy cTapToBasie U3 OJUCKUX MOYETHUX CTamba.

[TocmaTpajmo 1Ba WM BUIIE HETUHEApHUX cucteMa (N > 2):

x = f,(x)> xe ", 1<i<N. ®)

AKO JKeJIMMO J1a UX CHHXPOHHU3Y]EMO, 3Ha4YH, Hajj€IHOCTABHU]€ PEUCHO, KEITHMO
Ja Hal)eMo yCIIOB I0JT KOJUM HUXO0BA pjelliemha Mel)ycoOHO KOHBEPTupajy, Tj.
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lim,_,_(x —x,)=0,i=]j. 9)

[TocToju HEKONMMKO KOHIEMmaTa 3a J00Hjamke CUXHPOHHU30BAHOT paja
xaoTHnuHuX cuctema [12], [13], [14], [15], [16], [17].

Ilpezneo docadawrux pjewierpa

CuHXpOoHU3aIM]ja Xa0THYHUX CUCTEMA CYTepHIle MOTYNHOCT KOMyHHUKAIIU-
ja yrnorpeOoM XaoTUYHUX CUTHaja. MHOTo pajioBa ca 0BOM TeMOM 00jaB/bEHO
je y mocnenmux 5-6 ronuHa. Baxxnoct otkpuha Pecorau Carrola 6p3o je oc-
BHjE€TIbEHA Y 00paau CHTHANIAa M KOJUMAa U CHCTEMHMa 33 KOMYHHKAIH]e.
Ogorzalek u mpyru [12] cy moka3ain Kako KOHIIETIT CHHXPOHHU3ALM]e MOXKE
OouTH ynorpuje0sbeH 3a MacKupame HHpopMalja 10/1ajyhun XaOTUYHU CHT-
HaJI TOBOPHOM CHTHAIY KOjU C€ MPEHOCH. XAOTUYHH CUTHAN je OOHOBILEH Y
MIPUjEMHUKY YIIOTpeOoM cuHXpoHu3yjyher egekra. ['oBopHU curHai je mpoc-
TO nobujeH omy3umameM. OBaj npwia3 kopucte 1 CUOMO U Apyru y pamy
[13] Ha npumjepy Lorenz-oux cucrema. Tpeba HArJIacUTH J1a y OBOM IIpHJIa-
3y HUBO cHare MHQOPMAMOHOT CUTHaJIa MOpa OWUTH 3HATHO HIKH O] CHare
XaO0TUYHOT curHajia ja Ou Ousa moryha cunxponusaiuja. OBO je OCHOBHA
MaHa OBOT IpHJia3a IpeHocy nHpopMalyja.

Hexu uctpaxuBauu KOpUcTe Mpuiia3 Ha 0a3u MHBEP3HOT CUCTEMa 3a KO-
MyHHUKaIHje ynoTpeOoM xaoca. Y 0BOM NPUCTYITy UH(POPMAIIMOHU CUTHAI j€
MOMH]eIIaH ca XaOTUYHUM ynoTpeboMm Heke GyHKIHoHanHe onepanyje. [Ip-
HJEMHHK C€ CaCTOJH 0] CHHXPOHHM30BaHOT XaOTUYHHUOT OCLUjIaTopa, a uHpop-
MallMOHH CUTHAJI C€ PEKOHCTPYHIIIE YIIOTpeOOM MHBEP3HE OIepalirje OHOJ Koja
je obaBmbeHa y npujemuuky [18], [19].

VY pany [15] Corron u Haks caomitaBajy joiir jejan HAYMH KOMYHHKAIHja
ynoTpeOoM XaoTHUHHX curHaia. OHU Tpenyaxy Ja MpeaajHUK CaapKu
Xa0TUYHU OCIIHJIATOP Ca jeTHUM MapaMeTpoM KOjU je MOAyJIHcaH nHpopMa-
[IUOHUM CUTHaIOM. IIpHjeMHUK CaJpXKU CHHXPOHHU30BAaHU XaOTHYHH TOJ-
cucteM yBehaH HeJTMHeapHUM QUITPOM 32 PEKOHCTPYKIIH]Y HHPOPMALIHOHOT
curnazia. OBaj nmpuias je IeMOHCTPUPAH YIIOTPEOOM HyMEpHUKE CUMYJIallHje
Ha Lorenz-osom u Rossler-osom crucremy kao u 3a Chua-uno xoso.

VY pany Leung-au Lam-a[20] Takole ce KOPHCTH XaOTHYHA MOyJIaldja
KOjoM ce OnbypKkaHoHH napaMeTap IMHAMIYKOT CHCTEMa YHHH 3aBUCHAM
O]l CUTHaJIa KOju Tpeba MpeHujeTH. Y OBOM pajay pa3MaTpa ce AeMoayjanuja
OBE KOMyHHUKaIllMOHE IIIeMe TOMONyY alaTUBHOT GUITpa. AJAaNTUBHUA (PHUIIT-
ap mpoijemyje oudypkaronu mapamerap (Tj. CUTHAI KOjU C€ IPEHOCH).
Kopumrhenu cy: LMS (the leas mean square) algoritam, RL S (the recursive-
leas square) Texuuka u Kalman-os ¢uirap.

Fradkov u Markov y [21], pa3smatpajy mpoliec CHHXpOHHU3aIHje JBa He-
JMHeapHa BUIIEJMMEH3HOHAHA CHUCTeMa ca HeTo3HaTHM napameTpuma. OHu
IpeUiaXky reHepaliHy IpoIeaypy 3a AU3ajHUpame aJanTHBHOT CHHXPOHU3a-
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IIHOHOT TpaBuIIa 3acHoBaHor Ha SP (spead-gradient) metoau. Pesynratu cy
WIYCTPOBaHHU Ha MpuUMjepy cHHXpoHu3anuje napa Chua-maux xona u mapa
KOJIa ca TyHeN Juojama.

Hekomnrko cIMYHUX METO/Ia 3a MPEHOC TUTUTATHAX CUTHAIA MOjKe ce Hahu y
mureparypu. Cuomo, Oppenheim, Strogah y pany [13] kopucre momysaiwjy
Koe(HIjeHaTa XaoTHYHOT CUCTeMa Yy NpeAajHUKY. Y MPHjEeMHHKY, BPIIHA CE
oZiroBapajyha JieTekiyja CHHXpOHU3AIMOHE TPEIIKe YIoTpeOOM HUCKOMPOITyC-
Hor ¢miTpa u Tecta npara. OBo je mpuMHujemheHo Ha Lorenz-os cucrem. Jloka3
CHHXPOHHM3AIMOHOT edekTa n3BesieH je ynorpedom 3-D JbamyHoBmbese dyHKIHjE.

CanyHy TeXHUKY KopucTH 3a npuMjep Chua-uHor koja ca y jajeroBuma
nuHeapHoM HenuueapHomrhy Ogorzalek y paay [12]. On takohe kopuctu
napamMeTapcKy MOAyJalujy y IpelajHUKy 3a MPEeHOC OMHApHUX CHUTHAJA.
Hawnme, OH KOPUCTH pa3IMYUTH XaOTHYHH aTPAKTOP 3a CBAKU CUMOOIT y TIOpY-
u. [IpujeMHHK ce cacToju o1 JBa MpHUjeMHa MOJCUCTEMA; jeaH 3a CUMOOIT
507, ApYTH 3a cumboin ,,1”. Ha mpujemy, nakie, tpeda OIpeNUTH KOjHu O/ IO~
CHCTeMa je CHHXpOHHM30MBaH. OBaj Npuias, 300r TOra, 3aXTHjeBa KOMILIHKO-
BaHy JCTEKIIMOHY JIOTUKY Y TIPHjEMHHUKY.

Dedieu, Kennedy u Hasler y pany [16] kopucTe HCTy TEXHUKY 32 TIPEHOC
JUTUTAIHOT CUTHAJIa yIOTPEeOOM Xa0THYHOT HocHola. CBaKu CUMOOJ KOJU C€
PEHOCH KOAMPAH je Kao jeaan arpaktop Chua-uuor kosra. CuMO0IH Cy IeTeK-
TOBaHU y MPHUjeMHUKY IMOMOhy Kackane camocuuaxpoHu3syjyhux Chua-manx
HOJICHCTEMA.

[Topen HaBeeHNMX, TTOCTOJH JOIII MHOTO PaJioBa O CHHXPOHHU3AIU]H Xa0THY-
HHUX CHCTEMa U €BEHTyaJlHO) NPUMjeHH y KOMyHHUKaIMjama oJi KOjux Ou mo-
cebHo HaBena pajose [22], [23] y crienmjainom 6pojy | EEE u3 okrodpa 1997.
roavuHe nocBeheHOM CHHXPOHH3ALU]H M KOHTPOIIM XaOTUYHUX CHCTEMA.

[Ipernen ocranux Mmoryhux npumjeHa

ITopen cuaxpoHM3aIMje BaXKHY IPUM]jEHY HallUIa je U KOHTPOJIa XaOTHYHHUX
cucrema. Ogorzalek y paay [24], onrcyje pa3in4uTe KOHIENTE KOHTPOJIE KOjU
CY pa3BHjeHU y XaOTUYHUM crcTeMiuMa. KOHTpOJIOM ce yTHuYe Ha CHCTEM KOjU
pajyl y XaoTHYHOM PEXUMY Ha TaKaB HA4HMH Ja CC IOCTUTHE KEbCHU THUIL
JMHAMHYKOT IIOHAIIAk,A KOJH j€ THIYHO PABHOTEKHA TaYKa HIIM IePHOAUYHA
op6uta. Ogorzalek kopucTu cucrteM BapHjaiuje mapamerapa, abcopoep
Xa0THYHHX OCIHJIAIN]a, KOHTPOJIY IIOMONY OTBOPEHE MET/be, TNHEAPHY KOH-
TpOJy MMOMONyY MOBpATHE CIIpere W METOJIe 3a CTAOMIN3aIU]y HECTaOUITHUX
nepuoaruHuX opobuta oanocHo Ott-Grebogi-Yorke-ov (OGY) npuias.

Grebogi u La y pany [25] kopucte, Takohe, OGY meTox 3a mocTU3ambe
nepuoaudYHor kperama. OHu nokaszyjy aa je OGY meTon nmpuMjeHIbUB y
pa3Marpamy BHIIEINMEH3NOHAIHE TUHAMUKE.

Yang u Chuay paay [26] npemiaxy UMITyJICHY KOHTPOJIY Kao U3y3eTHO
HOTOHY 32 JH3ajHUPakhe JUTHTATHUX KOHTPOJIHUX [IeMa. Y OBOM paly OHU
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M3HOCE HEKOJIMKO TeOpeMa O CTAOMITHOCTH UMITYJICHE KOHTPOJIE CHCTEMA Kao
Y TEOPH]y UMITYJICHE CHHXPOHHU3AIIH]€E JIBa Xa0TUYHA CUCTeMa. 3a CUMYJIallH-
Jy KOpHCTE TUITUYHU Xa0TUIHU cucteM — Chua-uno koro.

Brandth u Cheny pany caomninraBajy MeTo/1 MOBpaTHE CIIpere ca BpeMEH-
CKUM KallllbelheM 3a OMpypKaluoHy KOHTPOJY HEIMHEApHUX Mojelna
Xa0TUYHE CpYaHe akTuBHOCTH. Rabinovich u npyru onucyjy MeTojie KOHTpOJIe
Tj. CAMOKOHTPOJIC W CaMOpEryJIalije HeypoHa y KuBUM opranmsmnva. Ha
Pa3sHOBPCHOCT IMpHMjeHe XaOTUYHUX KOJIa U CHUTHala yKa3yjy | cieneha asa
pana. Baird u npyru ykasyjy na kaHoHudHa jeHaurHa Chua-mHOT KoJia MOKe
ouTH ynotpujebpeHa 3a KOHCTPYKIIH]jy HeypallHe MpesKe acolijaTHBHE MEMO-
puje ca BuiecTpykum xaotnaaum Chua-naum arpakroprMa. OBa Mpeska MOKe
OWTH yCIIjelIHO MPUMUjEHEHA Y CUCTEMY 3a MPENO3HABAKE PYKOM IMHUCAHUX
opojeBa. Rodet pasmarpa Bep3ujy Chua-usor koia y K0joj cy JHHEApHH elie-
MEHTHU 3aMH]jCH-CHU JIMHU]OM 3a Kallmkeme. [lokazano ce aa je oBo Koo MOJ-
€Il KHTEPECAHTHE KIIACE My3UYKHX MHCTPYMEHATA, OHUX KOJU CY CIINYHH KJIapH-
HETY U Jla MO)Ke Hahu nmpuMjeHy y cuHTe3H 3ByKa. OBO KOJIO jaBJba U3HEHAl)y-
jyhe 6orarctBo Oudypkaiyja u xaoca. ¥ pa3IuuuTUM perHOHUMA TapaMeTap-
CKOT IIPOCTOpa, IEPUOIUYHYU ¥ XaOTUYHU CUTHAIIU 00e30jehyjy HoBe My3HuKe
curtasie. OBO cy camo HEKH O] MHOIITBA pajioBa Koju ce OaBe mpodiieMoM
KOHTPOJIE XaOTUYHUX CHTHasa U Koju ce mory Hahu y |EEE Trans. Circuits
and Systems | u Il.

6. bBYIY'hU [TPOBJIEMU

XaoTU4YHH TPOOIIEMHU CY JOIII AJIEKO OJ] ToTa 1a Oy Iy pI/I_] emenu. [lorpeo-
HO je MOAPOOHHje PASMOTPUTH NMPHMjEPE BUIIMX TUMEH3Hja: 33 BEKTOPCKa
nmoJba TuMeH3uje Behe o Tpu a 3a TMCKpeTHA IpecinKaBama JuMeH3uje Behe
oJ ABa. Pa3nmuuuTu mpumMjepy BUILIEANMEH3UOHAIHUX CUCTEMA Ca XaOTUYHUM
noHamameM Mory ce Hahu y nmreparypu. Melyrnwm, atpakTiBHa npupoia
Xaoca y OBHM IPUMjeprUMa jor Hje 100po mpoydeHa.

[TocToju BeHMKO MHTEPECOBAHE 32 IPOYUYaBAHE BUILICTMMEH3NOHATHUX YIIa-
PEHUX XaOTHYHHUX CUCTEMa, HAPOUUTO HU3a XaOTHYHUX ocLuiaropa. OBe BpcTe
cucTeMa Cy Ba)KHE Kao MOJIENI OMOJIOMIKHUX U (PU3NYKHX CUCTEMA U, TaKohe, ca
Tayuke Mpolecupama, CUrHajia Hyiehu MHOTe HHXEHEpCKe aIlTHKAaIIje.

AKIIEHAT je CTaB/beH Ha MCTPaKUBama y 00JIaCTH MPUMjeHE XaOTHUYHUX
cucrema. Oquyje ce, mMpeMa ToMe, yHanpehuBame pjeniema 3a MpuMjeHy y
KOMyHHKAI{HjaMa | YOIILITe y IpOLecHparby curiana. Ilocroje i cBakor nana
ce 0TBapajy HOBA M0Jba AILTMKALM]A KOje Ce OCTBAPY]y 3axBasbyjyhu passojy
pasHux acrekara KoHTpose xaoca. KonTpona xaoca Mmoxke Hahu mpumjeHy y
HEeypaJHOM IpoLeCHpary CUrHalla, OMOJIOTHjH, METUIIHH, a MO/, YaK, U
Ha TJI00AJIHY KJIUMY U BpUjeMe.

VY cBuM obsiacTuMa HayKe UCTpaXUBauH ce cycpehy ca xaoTnaHuM GeHo-
MeHuma. Ha mpumjep, jezian o1 OCHOBHHX 3ajlaTaka eKoJiora, Wi O1oJora, je
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J1a OTKpH]y ¥ 00jacHe OCHOBHE 3aKOHE JUHAMUKA BPCTA Y PYHKIU]U pa3Iuim-
TUX mapamertapa. Jlo ckopo je BehuHa exosiora cmaTpaia ga Ou nmpemnymrTeHe
came cebu , BpcTe JocTr3ale oapehene KoHcTaHTHE (PaBHOTEKHE) HUBOE MOITY-
Janyje, a 1a cy HeperyiapHe QIyKTyalluje, Koje ce 4eCTO Oraxajy, pe3yiaratr
HEeMpeIBUIJbUBHX, CIIYyYajJHUX YTHIIAja Pa3IMIUTUX €KOJOMKUX Gakropa. Ta-
KBO BjepoBame€ je 3a0iy1a u3 ,,ipexaoTuyHe epe”’. UnmeHuIIa je 1a jeJHaunHe
JTUHAMUKE TIOMyJialije, Ha IpUMjep jeAHauYuHe ,,JIOBLIA U JUBbA4YH , KOje je
u3Beo Volterra, moka3syjy 3HaTHO OoraTHje MOHAIIAKE HEro MITO Cy TO OHOJIO-
34 paHHje MPETIOCTABIbAIIH, U Ja j€ XaOTUYHO IMOHAIIAE CACTaBHH, YaK, €CeH-
[[MjaJHU MO TUX MOJiesia. Y MHOTUM Hay4YHHM 00JIacTUMa JbYIH JOIT YBH]jEK
UTHOPHIILY XaoTH4Ha KpeTamwa. Ho, y ckopoj OynyhHocTu, odekyje ce na he
nohu 10 mpUxBaTama U pa3yMHjeBamba XaOTUYHUX KPETamka Kao PEaTHOCTH Y
MEUIMHU, XeMH]H, OUOJIOTHJU UT/.

[Topen uctpaxuBama y IpUMjEHH XaOTUUYHHUX CHUCTEMA, UCTPAKUBAA CE
MOpajy HHTEH3UBUPATH y 00J1aCTH HayYHO-TEOPH)CKOT acleKTa Xaoca, OHOC-
HO, MOpa C€ paJuTy Ha HaJlaXKey CTPOrOr HAy4YHO-TEOPHjCKOT METOa 3a T0-
TBPY WIH ONOBPraBamke MOCTOjarba Xa0THYHUX KPEeTama Y HEKOM CUCTEMY.

JIOJIATAK

Jla 61 niycTpoBaM 3Ha4Yaj U aKTYEIHOCT (PEHOMEHa Xaoca U XaOTHYHHUX
cucrema pehuhemo aa cy camo y mocientme asuje roaune y |EEE Trans. Cir-
cuitsand Systems | u |1 ipexo mecaecer pagosa Owin nocsehenu oBoj TemMu
Kao ¥ jaBa crenujaiHa opoja [10], [11]. PagoBu cy rpynucanu y BUIIE TEM-
aTCKUX I]jeJTNHA:

— Xaoc u oudypxkanuje

— Xaoc u kpunrorpaduja

— HenuneapHna xoma 3a XaOTUYHE KOMYHHKAIIH]je

— MonynanuoHe TeXHUKE 3aCHOBaHE Ha XaoCy

— KoxepeHTHe XaoTH4HE KOMYHUKAIIN]e

— HekoxepeHTHE XaOoTHYHE KOMYHUKAIH]e

— OnTruyke KOMyHUKAIMje 3aCHOBaHE Ha XaoCy

— CuHXpoHM3alMja Xaoca — Teopuja

— CuHXpOoHM3aIM]ja Xaoca — MpUM]jeHa

— KonTpona xaoca — reopuja

— Konrpona xaoca — nmpumjeHa

— Ounrpupame XaOTHYHUX CUT'HAJIA

VY nocnenmwe BpujeMe U3aluio je U HEKOJIUKO KEbHUTa KOje U3 Pa3IuduTHX
yIJI0Ba OCBjeTibaBajy penomeH xaoca [27], [28], [29], [30].
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Vesna RUBEZIC, Radoje OSTOJIC
THEORY OF CHAOS
Summary

Chaos — state of disorder —through which deterministical systems, under certain con-
ditions haveto go through or remaininit, is one of new, important and interesting subjects
of science. Inthis survey paper we give the basic notions of chaos theory, and describe the
chaotical behavior of Chua's oscillator which isaparadigm for investigating chaos. Also,
we give a survey of possible applications and point out further problems in theory and
practice.
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