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Stability in a neighborhood of a singular 
point of a nonlinear mapping
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�0? X ,9/ Y -0 �,9,.3 >;,.0>
 �:9>4/0= , >8::?3 8,;;492 F : X → Y.
�0? x∗ ∈ X -0 24A09


�0? y∗ = F (x∗) ∈ Y ,9/ ,>>@80 ?3,? ?30 8,;;492 F 4> ?B4.0 �=0.30?	
/4�0=09?4,-70 ,? x∗. �9 ?34> ;,;0= B0 ,=0 .:9.0=90/ B4?3 ?30 1:77:B492 <@0>	
?4:9>� 1:= B34.3 (x, y) ∈ X × Y .7:>0 ?: (x∗, y∗) ,9/ @9/0= B34.3 ,>>@8;	
?4:9 dist(x, F−1(y)) .,9 -0 0>?48,?0/ 1=:8 ,-:A0 A4, ?30 .:9>?=,49?> =0>4/@,7
‖F (x) − y‖.
%30 ,9>B0= ?: ?34> <@0>?4:9 4> B077	69:B9 41 ?30 1:77:B492 =02@7,=4?D .:9	

/4?4:9 4> >,?4>�0/

Im F ′(x∗) = Y, ���

B30=0 Im A 4> ?30 48,20 >;,.0 :1 , 7490,= :;0=,?:= A. &9/0= ?34> ,>>@8;?4:9�
?30=0 0C4>?> , .:9>?,9? c > 0 >@.3 ?3,? ?30 1:77:B492 7490,= 0>?48,?0

dist(x, F−1(y)) ≤ c‖F (x) − y‖ ��

3:7/> 1:= ,77 (x, y) .7:>0 09:@23 ?: (x∗, y∗) *�+

�>?48,?0 �� >0=A0> ,> , 8:?4A,?4:9 1:= A0=D 48;:=?,9? .:9.0;? :1 80?=4.

=02@7,=4?D *�+
 !,807D� 0>?48,?0 �� 4> ,.?@,77D ?30 /0�94?4:9 :1 80?=4. =02@	

7,=4?D
 &9/0= .0=?,49 >8::?390>> ,>>@8;?4:9 ?30 .:9A0=>0 48;74.,?4:9 4> ?=@0

,9/ ?3@>

(1) ⇐⇒ (2)

�? 4> 48;:=?,9? ?: ;:49? :@? ?3,? ?30 9:?4:9 :1 80?=4. =02@7,=4?D @94�0>

>:80 .7,>>4.,7 =0>@7?> >@.3 ,> ?30 49A0=>0 8,;;492 ?30:=08� ?30 ?,9209? .:90

?30:=08> ,9/ ?30 0==:= -:@9/ =0>@7?


�9 ?34> B:=6� B0 ,=0 49?0=0>?0/ 49 ?30 .,>0> B309 .:9/4?4:9 ��� /:0> 9:?

3:7/� ?3,? 4>

Im F ′(x∗) �= Y. ���

%34> 4> ?30 9:9=02@7,= := ,-9:=8,7 .,>0� B309 ?30 7490,= 0>?48,?0 �� .,9	

9:? -0 2@,=,9?00/
 �..:=/4927D� ?30 ,-:A0	809?4:90/ .7,>>4.,7 =0>@7?> 1,47 49
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?34> .,>0
 �9 ?34> ;,;0=� B0 >@220>? , 90B 0>?48,?0 1:= dist(x, F−1(y)). �@=?30=	
8:=0� 1=:8 ?34> 0>?48,?0 B0 /0=4A0 ?30 49A0=>0 1@9.?4:9 ?30:=08� ?30 ?,9209?

.:90 ?30:=08� ,9/ ?30 0==:= -:@9/ =0>@7?� B34.3 .,9 -0 =02,=/0/ ,> ,9 0C?09	

>4:9 ,9/ 1@=?30= /0A07:;809? :1 ?30 .7,>>4.,7 =0>@7?> ?: ?30 9:9=02@7,= .,>0


%30>0 /0A07:;809?> =07D :9 ?30 1:77:B492


�������� �� ��� !�$$�"� F �' '��� (# �� ��&��) �& �( (�� $#�"( x∗
�" �

��&��(�#" h ∈ X �� (�� �#  #+�"� �%)� �(- �# �'�

Im F ′(x∗) + F”(x∗)[h,Ker F ′(x∗)] = Y. ���

�1 F 4> =02@7,= ,? x∗ (Im F ′(x∗) = Y ), ?309 0A4/09?7D F 4> 	=02@7,= ,? x∗

49 ,9D /4=0.?4:9 h ∈ X� -@? 9:? A4.0 A0=>,

�0�90 ?30 1:77:B492 :-50.?>�

θ(p) =
p

‖p‖ 1:= p ∈ Y, θ(0) = 0,

b(p) = inf{‖x‖ : F ′(x∗)x = θ(p)} ∀p ∈ Im F ′(x∗).

�..:=/492 ?: ?30 �,9,.3 ?30:=08� 41 ?30 48,20 >;,.0 :1 ?30 �=>? /0=4A,?4A0 4>

.7:>0/� ?309 ?30=0 0C4>?> , .:9>?,9? a >@.3 ?3,? ?30 490<@,74?D b(p) ≤ a 3:7/>
1:= ,77 p ∈ Im F ′(x∗). �0�90 ?30 1:77:B492 >0?>�

Cone(ε, h) = {x ∈ X| ∃λ > 0 : ‖x/λ − h‖ ≤ ε},

%309 ?30 1:77:B492 >?,-474?D ?30:=08 4> A,74/�

������� ���������! �������� �( F �� ��&��) �& �( x∗
�" � ��&��(�#"

h ∈ X.
���" (��&� �,�'( c = c(h) > 0 �"� ε = ε(h) > 0 ')�� (��( �#& �  p ∈

Im F ′(x∗), (�� �#  #+�"� �'(�!�(�

dist(x, F−1(y)) ≤ c

(
b(p)‖p‖ +

‖F (x) − y − p‖
‖x − x∗‖

)
���

�# �' �#& �  (x, y) � #'� �"#)�� (# (x∗, y∗) �"� '�(�'�-�"� (�� �"� )'�#"'

x ∈ x∗ + Cone(ε, h), ‖x − x∗‖ ≥ c‖F (x) − y − p‖1/2. ���

�9 ?30 =02@7,= .,>0 �B309 Im F ′(x∗) = Y ), 0>?48,?0 ��� =0/@.0> ?: 7490,=
0>?48,?0 ��
 �9/00/� >49.0 Im F ′(x∗) = Y, ?309 ∃a > 0 : b(p) ≤ a, ∀p ∈ Y
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,9/ B0 4880/4,?07D :-?,49 �� 3:7/> 1:= ,77 (x, y) .7:>0 09:@23 ?: (x∗, y∗) -D
>0??492 p = F (x) − y, h = 0.
�>?48,?0 ��� 48;740> >:80 >48;70= .:=:77,=40>
 $;0.4�.,77D� -D ?30 >0.:9/

.:9/4?4:9 49 ��� B0 :-?,49 ?30 1:77:B492 7490,= ><@,=0	=::? 0>?48,?0�

dist(x, F−1(y)) ≤ c
(
b(p)‖p‖ + ‖F (x) − y − p‖1/2

)
���

�@=?30=8:=0� -D >0??492 p = 0 49 ���� B0 09/ @; B4?3 ?30 1:77:B492 ><@,=0	=::?
0>?48,?0

dist(x, F−1(y)) ≤ ‖F (x) − y‖1/2,

∀(x, y) : x ∈ x∗ + Cone(ε, h), ‖x − x∗‖ ≥ ‖F (x) − y‖1/2

B34.3 4> 8:>? ,??=,.?4A0 1:= ,;;74.,?4:9>


$4847,= ?: ?30 =02@7,= .,>0� ?30 >?,?0/ ?30:=08 48;740> ?3=00 48;:=?,9?

.:=:77,=40>� ?30 49A0=>0 1@9.?4:9 ?30:=08� ?30 .3,=,.?0=4E,?4:9 :1 , ?,9209?

.:90� ,9/ ?30 0==:= -:@9/


�0�90 ?30 1:77:B492 >0?�

H(x∗) = {h ∈ X : F ′(x∗)h = 0, F”(x∗)[h, h] ∈ cl(Im F ′(x∗))}.

	�������! �� ��� ���� �������� �������� �( F �� ��&��) �& �( x∗
�"

� ��&��(�#" h ∈ H(x∗).
���" (��&� �,�'( c = c(h) > 0 ')�� (��( �#& �  p ∈ Im F ′(x∗) �"� �  y

� #'�� �"#)�� (# y∗
� (��&� �,�'(' x(y) ∈ X ')�� (��( (�� �#  #+�"� &� �(�#"'

�# ��

F (x(y)) = y, ���

‖x(y)x∗‖ ≤ c
(
b(p)‖y − y∗‖ + ‖y − y∗‖1/2‖θ(y − y∗) − θ(p)‖1/2

)
. ���

�> -01:=0� 4? 4> 0,>D ?: >00 ?3,? 49 ?30 =02@7,= .,>0� �:=:77,=D � =0/@.0>

(p = y − y∗, h = 0) ?: ?30 .7,>>4.,7 49A0=>0 1@9.?4:9 ?30:=08

(4?3 p = 0, ��� ?@=9> 49?: ?30 >48;70 ><@,=0	=::? 0>?48,?0

‖x(y) − x∗‖ ≤ c‖y − y∗‖1/2.

�:= ?30 .,>0 B309 Im F ′(x∗) 4> .7:>0/ ?309 ?30 ,>>0=?4:9 :1 �:=:77,=D � B,>
:-?,490/ -D ,@?3:= 49 ���� *+
 %30 >?@/D :1 ?30 .,>0 :1 9:9	.7:>0/ Im F ′(x∗)
B,> 494?4,?0/ -D �
 $@>>8,99 49 ��� *�+
 %30 =0>@7?> :1 ?34> B:=6 49 ;,=?4.@7,=

48;7D ?30 0C4>?09.0 :1 ?30 49A0=>0 1@9.?4:9 �?3,? 4>� .:9/4?4:9 ���� 49 ?30 	

=02@7,= .,>0
 %30 .:8;70?0 A0=>4:9 ������� :1 ?34> =0>@7? B,> :-?,490/ 49 ���

�49 5:49? B:=6 *�+� -D �
 �A,6:A ,9/ �
 �=@?D@9:A
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�������� �� � ���
�������� �	 � ���
��� ����� �	 � �������� ������
 ��

� ;=:.00/ B4?3 ?30 ?,9209? .:90 =0>@7?
 �0�90 ?30 1:77:B492 >0?>�

H0(x
∗) = {h ∈ H(x∗) : (4) 3:7/> },

M(x∗) = {x ∈ X : F (x) = F (x∗)},
,9/ 70? TM(x∗) = {h ∈ X : dist(x∗ + th, M(x∗)) = o(t)} -0 ?30 ?,9209? .:90
?: M(x∗) ,? x∗.

	�������! �� �������� ���� �������� ��� �#  #+�"� �"� )'�#"' �&�

*� ���

H0(x
∗) ⊆ TM(x∗) ⊆ H(x∗) ����

�? .,9 -0 0,>47D >009 ?3,? 49 ?30 =02@7,= .,>0 49.7@>4:9> ���� 24A0 ?30 .7,>>4.,7

.3,=,.?0=4E,?4:9 :1 ?30 ?,9209? .:90� 69:B9 ,> �D@>?0=946 ?30:=08
 $;0.4�	

.,77D� 49 ?34> .,>0 ?30 ?,9209? .:90 .:49.4/0> B4?3 ?30 9@77	>;,.0 :1 ?30 �=>?

/0=4A,?4A0� TM(x∗) = Ker F ′(x∗).
�:= ?30 .,>0 :1 .7:>0/ 48,20 >;,.0 mathopImF ′(x∗), =07,?4:9 ���� B,>

:-?,490/ 49 ���� *�+
 �:= ?30 .,>0 :1 9:9	.7:>0/ 48,20 >;,.0 Im F ′(x∗), =07,?4:9
���� B,> :-?,490/ 49 ��� �49 5:49? B:=6 *�+� -D �
 �A,6:A ,9/ �
 �=@?D@9:A



�������� �� ��� !�$$�"� F �' '��� (# �� ��&��) �& �( (�� $#�"( x∗
�� �(

�' ��&��) �& �( (��' $#�"( �" �"- ��&��(�#" h ∈ H(x∗)\{0}.
�=:8 ���� B0 4880/4,?07D :-?,49� ?3,? 41 F 4> 	=02@7,= ,? x∗

� ?309 ?30

?,9209? .:90 .:49.4/0> B4?3 H(x∗) : TM(x∗) = H(x∗).
�@=?30=8:=0� /0�90 ?30 7490= :;0=,?:= G(x∗, h) : X × X → Y,

G(x∗, h)(x1, x2) = F ′(x∗)x1 + F”(x∗)[h, x2].

B34.3 4> 	=02@7,=� G(x∗, h)(X × Ker F ′(x∗)) = Y ∀h ∈ H(x∗)\{0}.

�������� �� ��� !�$$�"� F �' '��� (# �� '(&#"� - ��&��) �& �( (��

$#�"( x∗
�� �,�'( c > 0 �"� ε > 0 ')�� (��( �#& �  y ∈ Y ∃(x1, x2) ∈ X ×

Ker F ′(x∗) : G(x∗, h)(x1, x2) = y, ‖(x1, x2)‖ ≤ c‖y‖ �#& �  (x, h) ∈ X ×
X, ‖h‖ = 1, ‖F ′(x∗)h‖ ≤ ε, G(x∗, h)(x, h)‖ ≤ ε.

�1 dim (X) < ∞ ,9/ dim (Y ) < ∞, ?309 �0�94?4:9  �	=02@7,=4?D� ,9/
�0�94?4:9 � �>?=:927D 	=02@7,=4?D� ,=0 0<@4A,709?


	�������! �� ������ ������ �( F �� '(&#"� - ��&��) �& �( x∗.
���" (��&� �,�'(' c = c(x∗) > 0 ')�� (��( �#& �"- p ∈ Im F ′(x∗), (��

�#  #+�"� �'(�!�(�

dist (x, (x∗)) ≤ c

(
b(p)‖p‖ +

‖F (x) − F (x∗) − p‖
‖x − x∗‖

)
, ����

E. R. Avakov



75
�������� �� � ���
�������� �	 � ���
��� ����� �	 � �������� ������
 ��

�# �' �#& �  x � #'� �"#)�� (# x∗
�

�> ,-:A0� 49 ?30 =02@7,= .,>0 �B309 Im F ′(x∗) = Y ) 0>?48,?0 ���� =0/@.0>
�p = F (x) − F (x∗), h = 0) ?: ?30 B077	69:B9 7490,= 0==:= -:@9/�

dist (x, (x∗)) ≤ ‖F (x) − F (x∗)‖.

�:= ?30 .,>0 B309 Im F ′(x∗) 4> .7:>0/ ?309 ?30 ,>>0=?4:9 :1 �:=:77,=D � B,>
:-?,490/ -D ,@?3:= 49 ����� *+


%30 1:77:B492 >48;70 .:=:77,=D :1 0>?48,?0 ���� 8,D -0 8:=0 .:9A09409? 1:=

,;;74.,?4:9> �><@,=0	=::? 0==:= -:@9/��

dist (x, (x∗)) ≤ ‖F (x) − F (x∗)‖1/2.

����������

*�+ ���� �!�(&)�� �� �� �� -)(�"� ���� �'!# #*'���� �D@>?0=946�> ?30:=08

,9/ ?30 ?30:=D :1 0C?=08,
 #@>>4,9  ,?3
 $@=A0D>
 �� ������� ��	��


*+ 	��� �*��#*� %30:=08> :9 0>?48,?0> 49 ?30 90423-:=3::/ :1 , >492@7,=

;:49? :1 , 8,;;492�  ,?
 ),80?64 ���� ������� ����� �9274>3 ?=,9>7
 49  ,?3


!:?0> �� ������


*�+ 
��� �)''!�""� �423	:=/0= :;09 8,;;492 ?30:=08>�� �4=0.?4:9> 49

8,?308,?4.,7 >D>?08> ?30:=D ,9/ :;?484E,?4:9� $;=4920=	'0=7,2� �0=749 ����

;;
 ������


*�+ 	��� �*��#*� ���� �&)(-)"#*� �9A0=>0 1@9.?4:9 ?30:=08 ,9/ .:9/4	

?4:9> :1 0C?=08@8 1:= ,-9:=8,7 ;=:-708> B4?3 9:9	.7:>0/ =,920
  ,?08	

,?4.30>644 $-:=946 ����� ����� �	� �9274>3 ?=,9>7
 49 $-:=946  ,?308,?4.>

����� ����� ���	���

*�+ 	��� �*��#*� �C?=08@8 .:9/4?4:9> 1:= >8::?3 ;=:-708> B4?3 0<@,74?D	

?D;0 .:9>?=,49?>� )3
 'D.34>7
  ,?
 4  ,?
 �4E
 ��� ������� �������� �9274>3

?=,9>7
 49 �:8;@?
  ,?3
  ,?3
 "3D>
 � ������


Stability in a neighborhood of a singular point of a nonlinear mapping




	E. R. Avakov: Stability in a neighborhood of a singular point of a nonlinear mapping



