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Ranislav M. Bulatović, Mila Kažić 
 

ON THE ASYMPTOTICALLY STABLE SYSTEMS WITH  
LARGE INCOMPLETE DISSIPATION 

 
Summary 

 
      In the paper the influence of the incomplete dissipation described by the 

scalar parameter, on the character of motion of the asymptotically stable linear 
mechanical systems with a finite number of degrees of freedom is studied. 
Based on the analysis of the nature of the eigenvalues, it is concluded that in the 
case of large enough dissipation, these systems are partially oscillatory. In that 
case the number of damped oscillating modes is equal to the number of degrees 
of freedom minus the rank of the matrix of dissipative forces. Particularly, the 
complete analysis of the influence of damping on the oscillatority of the system 
with two degrees of freedom is given. This analysis shows that, on the finite 
interval of the values of the parameter of dissipation, there exist non-oscillatory 
systems. 

HC@A9ACD=7 7=7:;?<�7 @7F=7 < F?�;E@ADE<

9>7D@<= A:�;5;67 BC<CA:@<G @7F=7� ��� ���	�

I;C@A9ACD=7K 7=7:;?<K @7F= < <DD=FDE8

9>7D@<= AE:;>;@<K ;DE;DE8;@@JG @7F=� ��� ���	�

��� ����������� ���
��� �� �������� ��
 ����

������
���� �� ��� ������� �� ������� ��������� ��� ���	

�
� ��	���	

�� ������!(���� 
� �$ ��� � � �� ��$��!(��

∗ † ‡

�� �	� ��

���������� �� �������
�

��������
�� ����
��� 
� 	

����

�����

� � % & $ � � &

!@ G:;F C3C7E J7 J;>> CE7F7@G FA?7 @757FF3EL 3@6 FH�5;7@G 5A@6;


G;A@F 8AE J7>>
CAF76@7FF A8 DH36E3G;5 ?;@;?;M3G;A@ CEA4>7? J;G: >;@73E

3@6 DH36E3G;5 5A@FGE3;@GF�

���������� ������� ����������

�������
����� � 	

��������

��������


 , ( ! �

, E36H FH 63G; @7AC:A6@; ; 6AIA><@; HF>AI; =AE7=G@AFG; M3


63G=3 ?;@;?;M35;<7 =I36E3G@A9 8H@=5;A@3>3 F3 >;@73E@;? ; =I36E3G@;?

A9E3@;B57@<;?3�

∗

"+�-/(")/ *# ��/%"(�/& .� �)&1"-.&/3 *# �*)/")"$-*� �*!$*-& �� �*)/")"�

$-*

†
�
� ��
���� �������������� ��
��� ��	��

‡
�"3 2*-!.
 (&)&(&4�/&*) *# ,0�!-�/& #0) /&*)� 2"''�+*."!)"..

ЦРНОГОРСКА АКАДЕМИЈА НАУКА И УМЈЕТНОСТИ
ГЛАСНИК ОДЈЕЉЕЊА ПРИРОДНИХ НАУКА, 18, 2009.

ЧЕРНОГОРСКАЯ АКАДЕМИЯ НАУК И ИСКУССТВ
ГЛАСНИК ОТДЕЛЕНИЯ ЕСТЕСТВЕННЫХ НАУК, 18, 2009

THE MONTENEGRIN ACADEMY OF SCIENCES AND ARTS
GLASNIK OF THE SECTION OF NATURAL SCIENCES, 18, 2009.

UDK 539.319

HC@A9ACD=7 7=7:;?<�7 @7F=7 < F?�;E@ADE<

9>7D@<= A:�;5;67 BC<CA:@<G @7F=7� ��� ���	�

I;C@A9ACD=7K 7=7:;?<K @7F= < <DD=FDE8

9>7D@<= AE:;>;@<K ;DE;DE8;@@JG @7F=� ��� ���	�

��� ����������� ���
��� �� �������� ��
 ����

������
���� �� ��� ������� �� ������� ��������� ��� ���	

�
� ��	���	

�� ������!(���� 
� �$ ��� � � �� ��$��!(��

∗ † ‡

�� �	� ��

���������� �� �������
�

��������
�� ����
��� 
� 	

����

�����

� � % & $ � � &

!@ G:;F C3C7E J7 J;>> CE7F7@G FA?7 @757FF3EL 3@6 FH�5;7@G 5A@6;


G;A@F 8AE J7>>
CAF76@7FF A8 DH36E3G;5 ?;@;?;M3G;A@ CEA4>7? J;G: >;@73E

3@6 DH36E3G;5 5A@FGE3;@GF�

���������� ������� ����������

�������
����� � 	

��������

��������


 , ( ! �

, E36H FH 63G; @7AC:A6@; ; 6AIA><@; HF>AI; =AE7=G@AFG; M3


63G=3 ?;@;?;M35;<7 =I36E3G@A9 8H@=5;A@3>3 F3 >;@73E@;? ; =I36E3G@;?

A9E3@;B57@<;?3�

∗

"+�-/(")/ *# ��/%"(�/& .� �)&1"-.&/3 *# �*)/")"$-*� �*!$*-& �� �*)/")"�

$-*

†
�
� ��
���� �������������� ��
��� ��	��

‡
�"3 2*-!.
 (&)&(&4�/&*) *# ,0�!-�/& #0) /&*)� 2"''�+*."!)"..



24
�� 	� ���
������
� �� �����
 ��� 
� 
��������


� �	
�
���
�
	

�@ ACG;?;M3G;A@ CEA4>7? ;F J7>>
CAF76 ;8 ;GF F7G A8 FA>HG;A@F 3GGE35GF

3>> 3CCEAK;?3G7 FA>HG;A@F 5AEE7FCA@6;@9 GA F?3>> C7EGHE43G;A@F A8 G:7

9;I7@ CEA4>7?� +:;F FG3G7?7@G 53@ 47 8AE?3>;M76 ;@ 3 6;�7E7@G J3L�

�55AE6;@9 GA  363?3E6�F 5A@57CGF A8 J7>>
CAF76@7FF	 G:7 ACG;?;M3


G;A@ CEA4>7? inf{J(u) : u ∈ U} ;F J7>>
CAF76 ;8 J : U �→ R :3F 3 H@;DH7
CA;@G A8 ?;@;?H? A@ ?7GE;5 FC357 U 67C7@6;@9 5A@G;@HAHF>L A@ G:7

63G3 J 3@6 U.

0A>7MM; �F� 1�2	 1�2	 1�2� 5A@F;67EF G:7 J7>>
CAF76@7FF A8 G:7 CEA4>7?

inf{J(u) : u ∈ U}	 4L C7EGHE43G;A@F	 67�@76 4L C3E3?7G7E p ∈ L ⊆ P

3@6 8H@5G;A@ (u, p) �→ F (u, p), (u, p) ∈ (U,L), J:7E7 P ;F 3 @AE?76

FC357	 L = {p ∈ P : ‖p − p∗‖ ≤ r} ;F G:7 5>AF76 43>> A8 57@G7E p∗ 3@6
CAF;G;I7 E36;HF r, 3@6 F (u, p∗) = J(u).

�55AE6;@9 GA 0A>7MM;�F 67�@;G;A@	 G:7 CEA4>7? inf{J(u) : u ∈ U}
;F J7>>CAF76 ;8 V (p) := inf{F (u, p) : u ∈ U} > −∞ 8AE 7I7EL p ∈
L, ;GF F7G A8 FA>HG;A@F U∗ = {u ∈ U : J(u) = V (p∗)} ;F @A@7?CGL	
3@6 8AE 7I7EL F7DH7@57F (pn), pn ∈ L 3@6 (un), un ∈ U FH5: G:3G

F (un, pn) − V (pn) → V (p∗), G:7E7 7K;FGF 3@ FH4F7DH7@57 (unk
) J:;5:

5A@I7E97F GA U∗.
+:7 ?3;@ ;@G7E7FGF A8 AHE ;@I7FG;93G;A@F 3E7 E7>3G76 GA +;=:A@AI�F

J7>>
CAF76@7FF�

(EA4>7? A8 ?;@;?;M3G;A@ A8 8H@5G;A@ J A@ ?7GE;5 FC357 U ;F F3;6

GA 47 J7>> CAF76 355AE6;@9 GA +;=:A@AI ;8 G:7 8A>>AJ;@9 5A@6;G;A@F 3E7

F3G;F�76�

�;� J∗ := inf{J(u) : u ∈ U} > −∞,

�;;� U∗ := {u ∈ U : J(u) = J∗} �= ∅,
�;;;� 8AE 7I7EL F7DH7@57 (un) 8EA? U FH5: G:3G J(un) → J∗	

d(U∗, un) := inf{d(un, u) : u ∈ U∗} → 0 3F n → ∞
+:7 F7DH7@57 (un) J:;5: F3G;F�7F G:7 5A@6;G;A@ �;;;� ;F F3;6 GA 47

?;@;?;M;@9 8AE G:7 ?;@;?;M3G;A@ CEA4>7? J(u) → inf, u ∈ U.

!@ G:;F C3C7E	 G:7 8H@5G;A@ J ;F 9;I7@ 4L

J(u) = ‖Au − f‖2 → inf, u ∈ U, �����

M. Jaćimović, I. Krnić and O. Obradović
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J:7E7 U ⊆ H ;F 3 5>AF76 5A@I7K F7G ;@ 3  ;>47EG FC357 H, A : H → F

;F 3 >;@73E 5A@G;@HAHF AC7E3GAE 8EA? H GA  ;>47EG FC357 F, 3@6 f ∈ F

;F 3 �K76 7>7?7@G�

+:7 ?;@;?;M3G;A@ CEA4>7? A8 FGEA@9>L 5A@I7K 8H@5G;A@ A@ 5A@I7K

5>AF76 FH4F7G A8  ;>47EG FC357 ;F �+;=:A@AI� J7>>
CAF76	 3F ;G ;F J7>>

=@AJ@� �H@5G;A@ J ;@ (1.1) ;F 5A@I7K 4HG ;G ;F @AG @757FF3E;>L FGEA@9>L
5A@I7K� +:7E78AE7	 G:7 7K;FG7@57 A8 FA>HG;A@ A8 ����� 3@6 J7>>
CAF76@7FF

A8 G:7 F3?7 CEA4>7?	 3E7 @AG GE;I;3>	 7I7@ ;8 G:7 F7G U :3F I7EL F;?C>7

FGEH5GHE7�

.7 J;>> ;@I7FG;93G7 G:7 7K;FG7@57 3@6 J7>>
CAF76@7FF A8 G:;F CEA4


>7?	 3FFH?;@9 G:3G G:7 F7G U ;F 9;I7@ 4L A@7 >;@73E 3@6 A@7 DH36E3G;5

5A@FGE3;@G�

U = U1 ∩ U2, U1 := {u ∈ H : ‖Bu‖ ≤ r}, U2 := {u ∈ H : Cu ≤ β}.
�����

 7E7	 B : H → G ;F 3 >;@73E 4AH@676 AC7E3GAE 8EA? H GA  ;>47EG

FC357 G; Cu = 〈c, u〉 ;F 3 >;@73E 5A@G;@HAHF 8H@5G;A@3> 67�@76 A@ H;
r > 0 3@6 β 9;I7@ E73> @H?47EF�

'HE CHECAF7 ;F GA �@6 FA?7 FH�5;7@G 3@6�AE @757FF3EL 5A@6;G;A@F

A8 7K;FG7@57 3@6 J7>>
CAF76@7FF A8 CEA4>7? �����	 ������

$7G HF 7?C:3F;M7 G:3G 3>> AHE E7FH>GF E793E6;@9 J7>>
CAF76@7FF J7E7

A4G3;@76 H@67E G:7 3FFH?CG;A@ G:3G 3>> ;@;G;3> 63G3 ;F 7K35G>L =@AJ@�

J7>>
CAF76@7FF E7>3G76 GA ;@7K35G ;@;G;3> 63G3 J;>> @AG 47 5A@F;67E76

:7E7�

�� ��������
 ��	��
	

$7G HF ;@GEA6H57 G:7 8A>>AJ;@9 @AG3G;A@� L(M)− G:7 >;@73E :H>> A8

G:7 F7G M ⊆ H, I− G:7 ;67@G;GL AC7E3GAE	 R(A) 
 G:7 E3@97 A8 G:7
AC7E3GAE A	 A(U) = {Au : u ∈ U}, Ker A− G:7 @H>>
FC357 A8 A	

M− G:7 5>AFHE7 A8 G:7 F7G M ⊆ H, L⊥− G:7 AEG:A9A@3> 5A?C>7?7@G

A8 G:7 FH4FC357 L, P� G:7 AEG:A9A@3> CEA<75G;A@ AC7E3GAE 8EA? H GA

  On the well-posedness of quadratic programming problems in Hilbert space
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R(A∗), Q� G:7 AEG:A9A@3> CEA<75G;A@ AC7E3GAE A@ H GA R(B∗), Pr�

G:7 AEG:A9A@3> CEA<75G;A@ AC7E3GAE A@ F GA G:7 5>AF76 3@6 5A@I7K

F7G A(U), B1 
 G:7 E7FGE;5G;A@F A8 G:7 AC7E3GAEF B GA G:7 FH4FC357

Ker A ∩ Ker C 3@6 A1 
 G:7 E7FGE;5G;A@ A8 G:7 AC7E3GAE A GA G:7

FH4FC357 Ker B ∩ Ker C, AB 
 G:7 E7FGE;5G;A@ A8 G:7 AC7E3GAE A GA

G:7 FH4FC357 Ker B, 3@6 S = {u ∈ H : ‖Bu‖ = r, 〈c, u〉 = β} 
 G:7
;@G7EF75G;A@ A8 G:7 4AH@63E;7F A8 G:7 7>;CFA;6 U1 3@6 G:7 :3>8
FC357 U2.

+:7 AC7E3GAE A CEA6H57F G:7 8A>>AJ;@9 AEG:A9A@3> 675A?CAF;G;A@F

A8 G:7 FC357F H 3@6 F :

H = R(A∗) ⊕ Ker A, F = R(A) ⊕ Ker A∗. �����

�HEG:7E	 G:7 @7KG 675A?CAF;G;A@ :A>6F 8AE 3@L GJA 5>AF76 FH4FC357F L

3@6 M, A8 3  ;>47EG FC357 H �

(L ∩ M)⊥ = L⊥ + M⊥, H = L⊥ + M⊥⊕ (L ∩ M). �����

����� ��� �!$ &�� !"�$�&!$% A,B � � C &�� �!��!)� � ���!�"!%��

&�! % �$� &$'�	

H = R(A∗)⊕L((I−P )c)⊕R(B∗
1)⊕ (Ker A∩Ker B∩Ker C), �����

H = R(B∗) ⊕ L((I − Q)c) ⊕ R(A∗
1) ⊕ (Ker A ∩ Ker C), �����

Ker B = R(A∗
B) ⊕ (Ker A ∩ Ker B), �����

	���
� ,F;@9 G:7 675A?CAF;G;A@F ����� 3@6 ����� J7 A4G3;@

H = (Ker A)⊥ ⊕ (Ker C)⊥ ⊕ (Ker A ∩ Ker C)

= R(A∗) ⊕ L(c) ⊕ (Ker A ∩ Ker C)

= R(A∗) ⊕ L((I − P )c) ⊕ (Ker A ∩ Ker B ∩ Ker C).

*;?;>3E>L	 3CC>L;@9 ����� GA B1 : Ker A ∩ Ker C → G J7 A4G3;@

Ker A ∩ Ker C = R(B∗
1) ⊕ (Ker A ∩ Ker B ∩ Ker C).

M. Jaćimović, I. Krnić and O. Obradović
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 7@57	 J7 :3I7 CEAI76 G:7 7DH3>;GL ������ ����� 53@ 47 CEAI76 ;@ 3

F;?;>3E J3L� �
+:7 @7KG >7??3 ;F E7>3G76 GA @AE?3>>L FA>I34>7 AC7E3GAEF�

�@ AC7E3GAE A : H �→ F ;F F3;6 GA 47 @AE?3>>L FA>I34>7 ;8 R(A) =
R(A). $7G HF E7?3E= G:3G G:;F ;F 7DH;I3>7@G J;G: R(A∗) = R(A∗). �F�
1�2	 CC� �����

����� ��� �1�2	 CC� ���� � �!' ��� �� ��$ !"�$�&!$ A : H → F �%

 !$����+ %!�(���� �� � � ! �+ ��

µ := inf{‖Au‖ : u ⊥ Ker A, ‖u‖ = 1} > 0.

+:7 ;??76;3G7 5A@F7DH7@57 A8 G:;F $7??3 ;F G:7 8A>>AJ;@9�

����� ��� �1�2	 CC� ���� 
� &�� �� ��$ !"�$�&!$ A : H → F �%  !&

 !$����+ %!�(����� &�� &��$� �*�%&% � %�#'� �� (pn) %'�� &��& pn ∈
R(A∗), ‖pn‖ = 1 � � Apn → 0 �% n → ∞.

+:7 E7FGE;5G;A@ A8 3 @AE?3>>L FA>I34>7 AC7E3GAE A : H → F GA G:7

FH4FC357 R(A∗) ;F ;@I7EG;4>7	 FA G:7E7 7K;FGF M > 0 FH5: G:3G

(∀x ∈ R(A∗)) ‖x‖ ≤ M‖Ax‖. �����

!8 A(V ) ;F 3 5>AF76 8AE 3 5>AF76 F7G V ⊆ H, G:7@ G:7 ;@I7EF7 ;?397

A−1(AV ) = Ker A + V

;F 5>AF76 F7G� !8 A ;F 3 @AE?3>>L FA>I34>7 AC7E3GAE	 G:7@ G:7 5A@I7EF7

FG3G7?7@G ;F 3>FA GEH7� ;8 Ker A+V ;F 3 5>AF76 F7G	 G:7@ G:7 F7G A(V )
;F 3>FA 5>AF76 1�2�

&AJ	 ;G ;F 73FL GA CEAI7 G:3G 8AE 3 @AE?3>>L FA>I34>7 AC7E3GAE A

3@6 8AE 3 5>AF76 FH4FC357 M ⊆ H A8 3 �@;G7 5A6;?7@F;A@	 J7 :3I7

A(M) = A(M).
&3?7>L	 codimM < +∞, ;?C>;7F G:3G dim M⊥ < +∞. $7G HF

67@AG7 G:7 AC7E3GAE A8 AEG:A9A@3> CEA<75G;A@ 8EA? H GA M⊥
J;G: T �

!G ;F 73FL GA CEAI7 G:7 7DH3>;GL M + Ker A = M + T (Ker A)� �EA?
T (Ker A) ⊆ M⊥

	 ;G 8A>>AJF G:3G dim(T (Ker A) < +∞. *A	 J:3G J7

:3I7 ;F G:3G G:7 F7G M + Ker A ;F 5>AF76� &AE?3> FA>I34;>;GL A8 G:7

AC7E3GAE A ;?C>;7F G:3G A(M) = A(M)�

  On the well-posedness of quadratic programming problems in Hilbert space
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����� ��� ��& L � � M �� ��!%�� %'�%"���% !� � %"��� H. 
�

dimL < +∞, &�� A(M) = A(M) �� � � ! �+ �� A(L ∩ M) =
A(L ∩ M).

	���
� �EA? codimL < +∞ ;G 8A>>AJF G:3G G:7E7 7K;FG h1, . . . , hn

;@ H	 FH5: G:3G L⊥ = L(h1, . . . , hn), ;�7�

H = L(h1, . . . , hn) ⊕ L.

�F 73E>;7E	 >7G HF 67@AG7 393;@ G:7 AC7E3GAE A8 AEG:A9A@3> CEA<75G;A@

A8 G:7 FC357 H A@GA M⊥
J;G: T � &AG7

M⊥ ⊕ L(h1, . . . , hn) = M⊥ ⊕ L((I − T )h1, . . . , (I − T )hn).

�CC>L;@9 ����� J7 A4G3;@

H = (M⊥ ⊕ L(h1, . . . , hn)) ⊕ M ∩ L

= M⊥ ⊕ L((I − T )h1, . . . , (I − T )hn) ⊕ M ∩ L.

+:;F 7DH3>;GL 3@6 675A?CAF;G;A@ H = M ⊕ M⊥
;?C>L G:3G

M = L((I − T )h1, . . . , (I − T )hn) ⊕ (M ∩ L). �����

!8 A(M ∩L) = A(M ∩ L) G:7@	 HF;@9 �����	 J7 A4G3;@ A(M) = A(M).
&AJ	 3FFH?7 G:3G A(M) = A(M). !G ?73@F G:3G G:7 E7FGE;5G;A@ A8
G:7 AC7E3GAE A GA G:7 FH4FC357 M ;F 3 @AE?3>>L FA>I34>7 AC7E3GAE�

�EA? �����	 J7 5A@5>H67 G:3G M ∩ L ;F 3 5>AF76 FH4FC357 A8 3 �@;G7

5A6;?7@F;A@ ;@ G:7 FH4FC357M.  7@57	 A(L∩M) ;F 3 5>AF76 FH4FC357
A8 G:7 FC357 H. �

����� ��� 
� Int U = ∅, U = {u ∈ H : ‖Bu‖ ≤ r, 〈c, u〉 ≤ β}� &�� 

��� U = S := {u ∈ H : ‖Bu‖ = r, 〈c, u〉 = β};
���� Ker B ⊆ Ker C, )��$� Cu = 〈c, u〉;
����� (∀u ∈ U)U = u + Ker B.

M. Jaćimović, I. Krnić and O. Obradović
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	���
� �;� !8 ‖Bv‖ < r 3@6 v ∈ U G:7@ G:7E7 7K;FGF 3@ AC7@

F7G V (v) 5A@G3;@;@9 v, FH5: G:3G ‖Bx‖ < r 8AE 7I7EL x ∈ V (v). !@
G:;F 53F7	 G3=;@9 ;@GA 355AH@G G:3G Int U = ∅, J7 53@ 5A@5>H67 G:3G
〈c, v〉 = β. �HG	 G:7@ G:7E7 7K;FGF 3 CA;@G x0 ∈ V (v) FH5: G:3G 〈c, x0〉 <

β. +:;F 5A@GE36;5GF Int U = ∅. *A	 J7 :3I7 ‖Bv‖ = r 8AE 7I7EL v ∈ U.

*;?;>3E>L	 J7 53@ CEAI7 G:3G 〈c, v〉 = β 8AE 7I7EL v ∈ U.  7@57	 U = S.

�;;� .7 J;>> CEAI7 G:3G (I − Q)c = 0, J:7E7 Q ;F G:7 AEG:A9A@3>

CEA<75G;A@ A@GA R(B∗). �FFH?7 G:7 5A@I7EF7� +:7@ 3 CA;@G v = u +
γ(I − Q)c, u ∈ U = S, γ < 0, F3G;F�7F G:7 5A@6;G;A@F ‖Bv‖ = r 3@6

〈c, v〉 < β. *;@57 U = S, J7 :3I7 3 5A@GE36;5G;A@�  7@57	 (I − Q)c =
0, ;�7� c ∈ R(B∗) ⊥ Ker B. !G ;??76;3G7>L ;?C>;7F G:7 ;@5>HF;A@

Ker B ⊆ Ker C.

�;;;� $7G x 3@6 u 47 3E4;GE3EL CA;@GF 8EA? U = S. +:7@ 〈c, x−u〉 =
〈c, x〉−〈c, u〉 = 0.  7@57	 x−u ∈ Ker C. *;@57	 U = S ;F 3 5A@I7K F7G	

;G 8A>>AJF G:3G ‖B(αu + (1 − αx)‖ = r 8AE 3@L α ∈ [0, 1]. +:;F ;?C>;7F
G:3G 〈Bx,Bu〉 = r2. +:HF J7 :3I7 ‖B(x−u)‖ = r2−2r2 +r2 = 0, ;�7�
x − u ∈ Ker B. *A	 J7 CEAI76 G:7 ;@5>HF;A@ U ⊆ u + Ker B ∩ Ker C.

+:7 5A@I7EF7 ;@5>HF;A@ ;F GE;I;3>� &AJ	 �;;;� 8A>>AJF 8EA? U = u +
Ker B ∩ Ker C 3@6 �;;�� �

����� ��� 
� &��$� �*�%&% u ∈ S %'�� &��& B∗Bu ∈ L(c) � � β < 0,

&�� IntU = ∅.
	���
� *HCCAF7 B∗Bu = αc, α �= 0. %H>G;C>L;@9 G:;F 7DH3>;GL 4L

u	 J7 A4G3;@ r2 = ‖Bu‖2 = α〈c, u〉 = αβ. *;@57 β < 0, ;G 8A>>AJF G:3G

α < 0.

�FFH?7 G:3G Int U �= ∅. +:7@ G:7E7 7K;FGF v ∈ U FH5: G:3G ‖Bv‖ <

r 3@6 〈c, v〉 < β. !G @AJ 8A>>AJF G:3G 〈Bu, Bv〉 ≤ ‖Bu‖ · ‖Bv‖ < r2.

.7 A4G3;@76 G:7 5A@GE36;5G;A@ G:3G CEAI7F $7??3� �

�� ��	��
	

��� �����
��
 �� ��
������

!G ;F 5>73E G:3G G:7 CEA4>7? �����	 ����� :3F 3 FA>HG;A@ ;8 3@6 A@>L ;8 G:7

CEA<75G;A@ Pr(f) A8 f A@ A(U) 47>A@9F GA A(U). +3=;@9 ;@GA 355AH@G
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G:3G Pr(F ) = A(U), J7 53@ 5A@5>H67 G:3G G:7 CEA4>7? �����	 ����� :3F
3 FA>HG;A@ 8AE 7I7EL f ∈ F ;8 3@6 A@>L ;8 A(U) = A(U).

&AG7 G:3G 5A@I7K;GL 3@6 5A@G;@H;GL A8 G:7 8H@5G;A@ J ;?C>L ;GF

>AJ7E J73=>L F7?;
5A@G;@HAHF� +:7 F7G U ;F J73=>L 5>AF76	 4753HF7 ;G

;F 5A@I7K 3@6 5>AF76� &AJ	 ;G ;F 73FL GA CEAI7 G:3G ;8 8AE 3@L f ∈ F

G:7E7 7K;FGF 3G >73FG A@7 ?;@;?;M;@9 F7DH7@57 (un)	 G:7@	 8AE FH5: 3@
f 	 CEA4>7? �����	 ����� :3F 3 FA>HG;A@�

&3?7>L	 G:7@ G:7E7 7K;FG 3 FH4F7DH7@57 (unk
) A8 (un) 3@6 3 CA;@G

u∗ ∈ H	 FA G:3G (unk
) J73=>L 5A@I7E97F GA u∗. *;@57 G:7 F7G U ;F J73=>L

5>AF76	 u∗ ∈ U. +:;F 3@6 >AJ7E F7?;
5A@G;@HAHF A8 J ;?C>L

J(u∗) ≤ lim inf J(unk
) = J∗.

 7@57	 J(u∗) = J∗, ;�7� u∗ ∈ U∗.


������ ��� �'""!%� &�� �!��!)� � �! ��&�! % �!��	

��� A �% �  !$����+ %!�(���� !"�$�&!$


���� B(Ker A) �% ��!%�� %'�%"��� !� G.�

��� &�� "$!���� ������ ����� ��% � %!�'&�! �!$ �(�$+ f ∈ F.

	���
� .7 J;>> CEAI7 G:3G 8AE 735: f ∈ F G:7E7 7K;FGF 3 4AH@676

?;@;?;M;@9 F7DH7@57� �A@6;G;A@ �;;� 3@6 $7??3 � ;?C>L G:3G G:7

AC7E3GAE B1 ;F @AE?3>>L FA>I34>7� *;@57 G:7 AC7E3GAE A ;F 3>FA @AE?3>>L

FA>I34>7	 ;G 8A>>AJF G:3G G:7 7DH3>;GL ����� 53@ 47 JE;GG7@ 3F

H = R(A∗) ⊕ L((I − P )c) ⊕ R(B∗
1) ⊕ (Ker A ∩ Ker B ∩ Ker C).

+:7 7>7?7@GF A8 ?;@;?;M;@9 F7DH7@57 (un) 53@ 47 675A?CAF76 ;@ G:7
8A>>AJ;@9 J3L

un = Pun + γn(I − P )c + b∗n + bn,

γn ∈ R, b∗n ∈ R(B∗
1), bn ∈ Ker A ∩ Ker B ∩ Ker C.

&AG7 G:3G G:7 F7DH7@57 wn = Pun+γn(I−P )c+b∗n ;F 3>FA ?;@;?;M;@9�
*;@57 Pun ∈ R(A∗), Awn = Aun = APun 3@6 ‖Aun − f‖ → J∗ 3F
n → ∞, ;G 8A>>AJF G:3G G:7 F7DH7@57 (B(γn(I −P )c+ b∗n)) ;F 4AH@676�
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+:7@	 G:7 4AH@676@7FF A8 G:7 F7DH7@57 (B(γn(I − P )c + b∗n)) 8A>>AJF
8EA?

‖B(Pun + γn(I − P )c + b∗n)‖ = ‖Bwn‖ ≤ r.

 7@57	 G:7E7 7K;FGF 3 5A@FG3@G k > 0 FH5: G:3G

‖B(γn(I − P )c + b∗n)‖ ≤ k, n = 1, 2, . . . , . ����
�

.7 J;>> 5A@F;67E GJA CAFF;4;>;G;7F�

�3� *HCCAF7 G:3G G:7 F7DH7@57 (γn) ;F 4AH@676 AE (I − P )c =
0. +:7@ G:7 4AH@676@7FF A8 G:7 F7DH7@57 (Bb∗n) 8A>>AJF 8EA? ����
��

�CC>L;@9 ����� GA G:7 AC7E3GAE B1, 3@6 G3=;@9 ;@GA 355AH@G G:3G b∗n ∈
R(B∗

1), J7 A4G3;@ G:3G G:7 F7DH7@57 (b∗n) ;F 3>FA 4AH@676�  7@57	 ;@ G:7
53F7 A8 �3�	 G:7E7 7K;FGF 3 4AH@676 ?;@;?;M;@9 F7DH7@57 8AE CEA4>7?

�����	 ������

�4� &AJ	 FHCCAF7 G:3G G:7 F7DH7@57 (γn) ;F H@4AH@676 3@6 (I −
P )c �= 0. $7G HF CEAI7 G:7 8A>>AJ;@9 E7>3G;A@F�

(I − P )c = p0 + z0, 〈z0, c〉 �= 0, p0 ∈ R(B∗
1), z0 ∈ Ker A ∩ Ker B.

������

.;G: E7FC75G GA G:7 AC7E3GAE B1 : Ker A ∩ Ker C → G, G:7 FC357F

Ker A ∩ Ker C 3@6 G 53@ 47 675A?CAF76 3F 8A>>AJF

Ker A ∩ Ker C = R(B∗
1) ⊕ Ker B1, G = R(B1) ⊕ Ker B∗

1 .

+:;F ;?C>;7F G:3G 8AE B(I − P )c ∈ G G:7E7 7K;FG p0 ∈ R(B∗
1) 3@6

q0 ∈ Ker B∗
1 , FH5: G:3G

B(I − P )c = Bp0 + q0.

*;@57 B(γnp0 + b∗n) ⊥ q0, J7 :3I7

‖B(γn(I − P )c + b∗n)‖2 = ‖B(γnp0 + b∗n) + γnq0‖2

= ‖B(γnp0 + b∗n)‖2 + γ2
n‖q0‖2.

+:7 >3FG 7DH3>;GL 3@6 ������ ;?C>L q0 = 0. +:7@ B((I −P )c−p0) = 0,

3@6 5A@F7DH7@G>L	 G:7E7 ;F z0 ∈ Ker B	 FH5: G:3G

(I − P )c = p0 + z0.
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&AG;@9 G:3G p0 ∈ R(B∗
1) ⊆ Ker A ∩ Ker C 3@6 (I − P )c ∈ Ker A, J7

;@87E

0 = A(I − P )c = A(p0 + z0) = Az0,

;�7� z0 ∈ Ker A ∩ Ker B. !8 J7 G3=7 G:7 F53>3E CEA6H5G A8 735: F;67 A8

G:7 7DH3>;GL (I − P )c = p0 + z0 J;G: c	 J7 J;>> :3I7

〈c, z0〉 = ‖(I − P )c‖2 �= 0,

J:;5: CEAI7F ������� &AJ	 J7 =@AJ G:3G

B(γn(I − P )c + b∗n) = B(γnp0 + b∗n).

+:7E78AE7	 8EA? γnp0 + b∗n ∈ R(B∗
1) 3@6 ����
�	 3@6 3CC>L;@9 ����� GA

G:7 AC7E3GAE B1	 ;G 8A>>AJF G:3G (γnp0 + b∗n) ;F 3 4AH@676 F7DH7@57�
'4F7EI7 G:7 4AH@676 F7DH7@57

vn = Pun + γnp0 + b∗n + γ∗
nz0, J:7E7 γ∗

n =
β − 〈Pun + γnp0 + b∗n, c〉

〈c, z0〉 .

!G ;F A4I;AHF G:3G

Avn = Awn, Bvn = Bwn, 〈c, vn〉 = β,

J:;5: ?3=7F (vn) 3 4AH@676 ?;@;?;M;@9 F7DH7@57� +:;F 5A?C>7G7F G:7
CEAA8� �

*;?;>3E>L	 HF;@9 AEG:A9A@3> 675A?CAF;G;A@ �����	 J7 53@ CEAI7 G:7

8A>>AJ;@9 G:7AE7?�


������ ��� �'""!%� &��&	

��� B �% �  !$����+ %!�(���� !"�$�&!$


���� A(Ker B) �% � ��!%�� %'�%"��� !� H;�

��� � �!$ �(�$+ f ∈ F &�� "$!���� ������ ����� ��% � %!�'&�! �

&AJ	 >7G HF 5A@F;67E G:7 53F7 A8 U = ∅.

������ ��� ��& Int U = ∅. ��� &�� "$!���� ������ ����� ��% �

%!�'&�! �!$ �(�$+ f ∈ F �� � � ! �+ �� A(Ker B) �% � ��!%�� %'�%"���

!� F.

	���
� $7??3 � �;;;� ;?C>;7F G:3G 8AE 7I7EL u ∈ U 	 J7 :3I7

A(U) = Au + A(Ker B) J:;5: CEAI7F G:7 +:7AE7?� �
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��� �


����
	�
��

!@ G:;F F75G;A@	J7 J;>> 6;F5HFF G:7 J7>>
CAF76@7FF A8 G:7 CEA4>7? �����	

������ &AG7 G:3G ;8 U∗ �= ∅, G:7@ 8AE 7I7EL u∗ ∈ U∗,

U∗ = (u∗ + Ker A) ∩ U.

�EA? J(u) = J(v) + 〈J ′(v), u− v〉+ ‖A(u− v)‖2
3@6 8EA? ACG;?3>;GL

5E;G7E;A@ A8 G:7 7>7?7@G u∗ ∈ U∗ �F� 1�2	 C� ���	 +:7AE7? �� (∀u ∈
U)〈J ′(u∗), u − u∗〉 ≥ 0, J7 :3I7 ‖Au − Aun‖2 ≤ J(u) − J(u∗).

+:;F ;?C>;7F Aun → Au∗ 3F n → ∞, 8AE 7I7EL ?;@;?;M;@9 F7DH7@57

(un).
!8 AC7E3GAE A ;F @AE?3>>L FA>I34>7	 G:7@	 8EA? ����� 3@6 ����� �8AE

AC7E3GAE P A8 AEG:A9A@3> CEA<75G;A@ 8EA? H GA R(A∗)� J7 :3I7

‖P (un − u∗)‖ ≤ m‖AP (un − u∗)‖ = ‖Aun − Au∗‖ → 0 3F n → ∞

;�7� Pun → Pu∗ 3F n → ∞.

&7KG G:7AE7? F:AJF G:3G G:7 5A@6;G;A@F A8 G:7 +:7AE7? ��� 9H3E


3@G77	 @AG A@>L G:7 7K;FG7@57 A8 FA>HG;A@	 4HG 3>FA G:7 J7>>CAF76@7FF A8

?;@;?;M;@9 F7DH7@57F A8 G:7 CEA4>7? �����	 ������


������ ��� �'""!%� &��&

��� A �% �  !$����+ %!�(���� !"�$�&!$


���� B(Ker A) �% ��!%�� %'�%"��� !� G;�

��� &�� "$!���� ������ ����� �% )����"!%�� �!$ �(�$+ f ∈ F.

	���
� +:7AE7? ��� ;?C>;7F G:3GU∗ �= ∅. "HFG 3F ;@ G:7 CEAA8 A8
+:7AE7? �	 7I7EL ?;@;?;M;@9 F7DH7@57 (un) 53@ 47 JE;GG7@ 3F

un = Pun + γn(I − P )c + b∗n + bn,

γn ∈ R, b∗n ∈ R(B∗
1), bn ∈ Ker A ∩ Ker B ∩ Ker C.

'4F7EI7 G:7 ?;@;?;M;@9 F7DH7@57

wn = Pun + γn(I − P )c + b∗n
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3@6 @AG7 G:3G �;� ;?C>;7F

Pun → Pu∗ 3F n → ∞.

$7G HF 5A@F;67E GJA 53F7F�

�3� *HCCAF7 G:3G 3 F7DH7@57 (γn) ;F 4AH@676 AE G:3G (I −P )c �= 0.
!@ 735: 53F7 J7 53@ 3FFH?7 γn → γ∗ ∈ R 3F n → ∞. *;@57 b∗n + bn ⊥ c

J7 :3I7

〈Pu∗ + γ∗(I −P )c, c〉 = lim
n→∞〈Pun + γn(I −P )c, c〉 = lim

n→∞〈wn, c〉 ≤ β

+:7 F7DH7@57 vn = Pu∗ + γ∗(I −P )c + b∗n + bn F3G;F�7F G:7 ;@7DH3>;GL

〈vn, c〉 ≤ β.

�31� !8 ‖Bvn‖ ≤ r	 G:7@ vn ∈ U∗	 3@6 G:7E78AE7

d(un, U∗) ≤ ‖un−vn‖ ≤ ‖Pun−Pu∗+(γn−γ∗)(I−P )c‖ → 0, n → ∞.

�32� &AJ	 3FFH?7 G:3G ‖Bvn‖ > r. +:7@

r < ‖Bvn‖ ≤ ‖B(vn − wn)‖ + ‖Bwn‖
≤ ‖B(Pun − Pu∗ + (γn − γ∗)(I − P )c)‖ + r,

;?C>;7F

lim
n→∞ ‖Bvn‖ = r 3@6 lim

n→∞ ‖Bwn‖ = r. ������

+:7 AC7E3GAE B1 �E7FGE;5G;A@ A8 B A@ Ker A ∩ Ker C� ;F @AE?3>>L

FA>I34>7�  7@57 G:7 F7DH7@57 (b∗n), b∗n ∈ R(B∗
1) ;F 4AH@676� .7 53@

3FFH?7 G:3G (b∗n) 5A@I7E97F J73=>L GA b∗0 ∈ R(B∗
1) 3F n → ∞. +:7@	

G:7 ?;@;?;M;@9 F7DH7@57 (wn) 5A@I7E97F J73=>L GA w∗ = Pu∗ +γ∗(I −
P )c + b∗0 ∈ U∗.

!@ F5AC7 A8 G:;F 53F7	 J7 J;>> 5A@F;67E GJA CAFF;4;>;G;7F�

�321� !8 ‖Bw∗‖ = r, G:7@ ������ GA97G:7E J;G:

‖B(b∗n−b∗0)‖2 = ‖B(wn−w∗+Pu∗−Pun+(γn−γ∗)(I−P )c‖2, ������

M. Jaćimović, I. Krnić and O. Obradović
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;?C>L ‖B(b∗n − b∗0)‖ → 0 3F n → ∞. �EA? b∗n − b∗0 ∈ R(B∗
1), 3CC>L;@9

����� GA B1	 ;G 8A>>AJF G:3G (b∗n) 5A@I7E97F �FGEA@9>L� GA b∗0 3F n → ∞.

+:7@ wn → w∗ 3F n → ∞, 3@6 G:7E78AE7

d(un, U∗) ≤ ‖un − (w∗ + bn)‖ = ‖wn − w∗‖ 3F n → ∞.

�322� !8 ‖Bw∗‖ < r, G:7@ ������ 3@6 ������ ;?C>L

lim
n→∞ ‖B(b∗n − b∗0)‖2 = r2 − ‖Bw∗‖2 > 0.

�AE 735: n ∈ N, G:7E7 7K;FGF 3 @H?47E αn > 0 FH5: G:3G ‖B(w∗ +
αn(b∗n − b∗0))‖2 = r2. &AJ	 HF;@9 G:7 >3FG GJA E7>3G;A@F	 ;G ;F 73FL GA

CEAI7 limn→∞ αn = 1. *7DH7@57

xn = w∗+αn(b∗n−b∗0)+bn = Pu∗+γ∗(I−P )c+αnb∗n +(1−αn)b∗0 +bn

F3G;F�7F G:7 8A>>AJ;@9 5A@6;G;A@F

Axn = Aw∗, ‖Bxn‖ = r, 〈c, xn〉 = 〈c, w∗〉 ≤ β,

3@6 FA xn ∈ U∗ 8AE 7I7EL n ∈ N. +:7@

d(un, U∗) ≤ ‖un − xn‖
= ‖Pun − Pu∗ + (γn − γ∗)(I − P )c + (1 − αn)(b∗n − b∗0)‖ → 0

3F n → ∞. +:7E78AE7	 G:7 CEA4>7? �����	 ����� ;F J7>>
CAF76 J:7@ �3�

A55HEF�

�4� &AJ	 3FFH?7 G:7 F7DH7@57 (γn) ;F H@4AH@676 3@6 (I−P )c = 0.
+:7@	 355AE6;@9 GA ������	 J7 53@ JE;G7

un = Pun + b∗n + bn + γnz0 3@6 wn = Pun + b∗n + γnz0,

J:7E7

b∗n = γnp0 + b∗n 3@6 〈z0, c〉 �= 0.

+3=7 G:7 F7DH7@57

yn = Pu∗ + b∗n + bn + δnz0
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J:7E7

δn =
〈un, c〉 − 〈Pu∗ + b∗n, c〉

〈z0, c〉 =
〈Pun − Pu∗, c〉

〈z0, c〉 + γn,

3@6 @AG7 G:3G limn→∞(γn−δn) = 0. +:7 @H?47EF δn :3I7 477@ 5:AF7@

;@ FH5: J3L G:3G 〈yn, c〉 ≤ β.

�41� !8 ‖Byn‖ ≤ r, G:7@ yn ∈ U∗ 3@6 G:7E78AE7

d(un, U∗) ≤ ‖un − yn‖ = ‖Pun − Pu∗ + (γn − δn)z0‖ → 1 3F n → ∞.

�42� !8 ‖Byn‖ > r, G:7@ 8A>>AJ;@9 G:7 CEA576HE7 A8 �32� J7 A4G3;@

lim
n→∞ ‖Byn‖ = r, lim

n→∞ ‖Bwn‖ = r,

3@6

b∗n J73=>L 5A@I7E97F GA b∗0 ∈ R(B∗
1)3F n → ∞.

!G 8A>>AJF G:3G

Pun+b∗n J73=>L 5A@I7E97F GA w∗ = b∗0+Pu∗ 3F n → ∞, 3@6 ‖Bw∗‖ ≤ r.

�F ;@ 53F7 A8 �32� J7 393;@ @776 GA 5A@F;67E GJA CAFF;4;>;G;7F�

�421� !8 ‖Bw∗‖ = r, G:7@	 <HFG >;=7 ;@ �321)	 J7 53@ CEAI7 FGEA@9
5A@I7E97@57 A8 G:7 F7DH7@57 b∗n GA b∗0 3F n → ∞. '4F7EI7 G:7 F7DH7@57

zn = w∗ + bn + δ∗nz0 J:7E7

δ∗n =
〈un, c〉 − 〈w∗, c〉

〈z0, c〉 .

+:7@ 〈zn, c〉 ≤ β 3@6

δ∗n − γn =
〈Pun − Pu∗ + b∗n − b∗0, c〉

〈z0, c〉 → 0 3F n → ∞.

�7F;67F	 Azn = Aw∗, ‖Bzn‖ = ‖Bw∗‖ = r, FH5: G:3G zn ∈ U∗. &AJ
J7 :3I7

d(un, U∗) ≤ ‖un − zn‖ = ‖Pun − Pu∗ + b∗n − b∗0 + (γn − d∗n)z0‖ → 0
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J:7E7

δn =
〈un, c〉 − 〈Pu∗ + b∗n, c〉

〈z0, c〉 =
〈Pun − Pu∗, c〉

〈z0, c〉 + γn,

3@6 @AG7 G:3G limn→∞(γn−δn) = 0. +:7 @H?47EF δn :3I7 477@ 5:AF7@

;@ FH5: J3L G:3G 〈yn, c〉 ≤ β.

�41� !8 ‖Byn‖ ≤ r, G:7@ yn ∈ U∗ 3@6 G:7E78AE7

d(un, U∗) ≤ ‖un − yn‖ = ‖Pun − Pu∗ + (γn − δn)z0‖ → 1 3F n → ∞.

�42� !8 ‖Byn‖ > r, G:7@ 8A>>AJ;@9 G:7 CEA576HE7 A8 �32� J7 A4G3;@

lim
n→∞ ‖Byn‖ = r, lim

n→∞ ‖Bwn‖ = r,

3@6

b∗n J73=>L 5A@I7E97F GA b∗0 ∈ R(B∗
1)3F n → ∞.

!G 8A>>AJF G:3G

Pun+b∗n J73=>L 5A@I7E97F GA w∗ = b∗0+Pu∗ 3F n → ∞, 3@6 ‖Bw∗‖ ≤ r.

�F ;@ 53F7 A8 �32� J7 393;@ @776 GA 5A@F;67E GJA CAFF;4;>;G;7F�

�421� !8 ‖Bw∗‖ = r, G:7@	 <HFG >;=7 ;@ �321)	 J7 53@ CEAI7 FGEA@9
5A@I7E97@57 A8 G:7 F7DH7@57 b∗n GA b∗0 3F n → ∞. '4F7EI7 G:7 F7DH7@57

zn = w∗ + bn + δ∗nz0 J:7E7

δ∗n =
〈un, c〉 − 〈w∗, c〉

〈z0, c〉 .

+:7@ 〈zn, c〉 ≤ β 3@6

δ∗n − γn =
〈Pun − Pu∗ + b∗n − b∗0, c〉

〈z0, c〉 → 0 3F n → ∞.

�7F;67F	 Azn = Aw∗, ‖Bzn‖ = ‖Bw∗‖ = r, FH5: G:3G zn ∈ U∗. &AJ
J7 :3I7

d(un, U∗) ≤ ‖un − zn‖ = ‖Pun − Pu∗ + b∗n − b∗0 + (γn − d∗n)z0‖ → 0


� ��� �������������� �� ��������
 ����������� �������� �� ���������� ��

3F n → ∞.

�422� �;@3>>L	 >7G ‖Bw∗‖ < r. *;?;>3E>L GA �322� J7 53@ CEAI7 G:3G

lim
n→∞ ‖B(b∗n − b∗0)‖2 = r2 − ‖Bw∗‖2 > 0.

+:7 @H?47EF αn, n = 1, 2, . . . 3E7 F7G ;@ FH5: J3L G:3G

‖B(w∗ + αn(b∗n − b∗0))‖2 = r2
J;G: lim

n→∞αn = 1.

+3=7 G:7 F7DH7@57

sn = w∗+αn(b∗n−b∗0)+bn+rnz0 = Pu∗+αnb∗n+(1−αn)b∗0+bn+ηnz0

J:7E7

ηn =
〈un, c〉 − 〈Pu∗ + αnb∗n + (1 − αn)b∗0, c〉

〈z0, c〉 .

+:7@ 〈sn, c〉 ≤ β 3@6

ηn − γn =
〈Pun − Pu∗ + (1 − αn)(b∗n − b∗0), c〉

〈z0, c〉 → 0 3F n → ∞.

�7F;67F	 Asn = Aw∗, ‖Bsn‖ = ‖Bw∗‖ = r, FA G:3G sn ∈ U∗. +:7E78AE7

d(un, U∗) ≤ ‖un−sn‖ = ‖Pun−Pu∗+(1−αn)(b∗n−b∗0)+(γn−ηn)z0‖ → 0

3F n → ∞. +:;F 5A?C>7G7F G:7 CEAA8� �
+:7 @7KG G:7AE7? F:AJF G:3G ;8 G:7 �EFG 5A@6;G;A@F A8 G:7 CE7I;AHF

G:7AE7? ;F I;A>3G76	 G:7@ G:7 CEA4>7? �����	 ����� J;>> @AG 47 J7>>


CAF76 3@L?AE7�


������ ��� �'""!%�

��� R(A) �= R(A)

���� U∗ ∩ IntU1 �= ∅.
��� &�� "$!���� ������ ����� �%  !& )����"!%���

	���
� +:7 5A@6;G;A@ �;�	 355AE6;@9 GA $7??3 ���	 ;?C>;7F G:7

7K;FG7@57 A8 3 F7DH7@57 (pn) FH5: G:3G

pn ∈ R(A∗), ‖pn‖ = 1, lim
n→∞Apn = 0.
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*;@57 U∗ ∩ Int U1 �= ∅, J7 53@ ;@87E G:3G G:7E7 ;F 3@ 7>7?7@G u∗ ∈ U∗
FH5: G:3G ‖Bu∗‖ < r. �:AAF7 3@ ε0 > 0 FH5: G:3G ‖B(u∗±ε0pn)‖ < r.

�A@F;67E G:7 F7DH7@57 (vn)�

vn =

{
u∗ + ε0pn, ;8 〈pn, c〉 ≤ 0
u∗ − ε0pn, ;8 〈pn, c〉 > 0

.

 7@57	 vn ∈ U 3@6 F7DH7@57 (vn) ;F ?;@;?;M;@9� *;@57 U∗ = {u∗ +
Ker A)∩U, ;G 8A>>AJF G:3G 8AE 7I7EL v∗ ∈ U∗ G:7E7 7K;FGF x(v∗) ∈ Ker A

FH5: G:3G v∗ = u∗ + x(v∗). �EA?

‖vn − v∗‖2 = ‖u∗ ± ε0pn − u∗ − x(v∗)‖6 = ε2
0 + ‖x(v∗)‖2 ≥ ε2

0

;G 8A>>AJF G:3G G:7 F7DH7@57 (d(un, U∗)) 6A7F @AG 5A@I7E97 GA 0 3F n →
∞. +:;F 5A?C>7G7F G:7 CEAA8 A8 +:7AE7?� �

$7G HF @AG7 G:3G G:7 5A@6;G;A@F A8 G:7 +:7AE7? ��� 6A @AG 9H3E3@G77

G:7 J7>>
CAF76@7FF	 4753HF7 G:7L 6A @AG 7>;?;@3G7 G:7 5A@6;G;A@F A8 G:7

CE7I;AHF G:7AE7?�

������	���

1�2 �A@5:7I ��	 0A>7MM; +�	 .7>>
CAF76 ACG;?;M3G;A@ CEA4>7?F �� $75G�

&AG7F %3G:	 �����

1�2 "3�5;?AI;�5 %�	 #E@;�5 !�	 (AG3CAI %� %� 	 '@ J7>>
CAF76@7FF A8

DH36E3G;5 ?;@;?;M3G;A@ CEA4>7? A@ 7>>;CFA;6 3@6 CA>L:76EA@��

(H4>;53G;A@ 67 >�!@FG;G;GHG7 67 %3G:7?G;DH7	 ����� -� ��� (� �
�


����

1�2 "3�5;?AI;�5 %�	 #E@;�5 !�	 '@ FA?7 5>3FF7F A8 E79H>3E;M3G;A@ ?7G:A6F

8AE ?;@;?;M3G;A@ CEA4>7? A8 DH36E3G;5 8H@5G;A@3> A@ 3 :3>8FC357F

��  A==3;6A %3G:7?3G;53> "AHE@3>	 -A> �� ������	 C� ��
���

1�2 #E@;�5 !�	 (AG3CAI %�%� '@ 5A@6;G;A@F A8 J7>>CAF76@7FF A8

DH36E3G;5 ?;@;?;M3G;A@ CEA4>7? A@ 7>>;CFA;6 3@6 :3>8FC357��

%3G:7?G3;53 %A@G;F@;9E;	 -A> !-	 ����	 ��
��� �)HFF;3@�
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1�2 -3;@;==A ��%�	 -7E7G7@@;=AI ��/H	 !G7E3G;I7 CEA576HE7F ;@ ;>>


CAF76 CEA4>7?F	 &3H=3	 %AF5AJ	 ����� �)HFF;3@�

1�2 -3F;>L7I �� (�	 +:7 &H?7E;53> *A>HG;A@ A8 �KGE7?3> (EA4>7?F

&3H=3	 %AF5AJ	 ����� �)HFF;3@�

1�2 -3F;>L7I ��(�	 !F:?H:3?7GAI ����	 (AG3CAI %�%�	 �7@7E3>;M76

?A?7@G ?7G:A6 ;@ ACG;?3> 5A@GEA> CEA4>7?	 %AF5AJ *G3G7 ,@;


I7EF;GL	 %AF5AJ ����� �)HFF;3@�

1�2 0A>7MM; +�	 .7>>CAF76 ACG;?3> 5A@GEA> CEA4>7?F	 -!&!+!	 -A>� �
	

%AF5AJ 	 �����	 ��
�
�� �)HFF;3@�

1�2 0A>7MM; +�	 .7>>
CAF76@7F 3@6 5A@6;G;A@;9 A8 ACG;?;M3G;A@ CEA4>7?F

A8 ACG;?3>�� (>;F=3 *GH6� %3G:� �H>93E� ��	 �����	 C� �

�
�
�� �
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