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abstract problems with general constraints
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�5B1: - B1/@;> ?<-/1 X� - ?1@ C ⊆ X� 9-<<5:3? F1 : X → Rk1
� F2 :

X → Rk2
� -:0 - 2A:/@5;: f : X → R1

� C1 /;:?501> @41 2;88;C5:3 ;<@595F-@5;:

<>;.819

(P ) f(x) → min, x ∈ C, F1(x) ≤ 0, F2(x) = 0. ���

$A> 9-5: 3;-8 5? @; ;.@-5: �>?@	 -:0 ?1/;:0	;>01> :1/1??->E 1D@>19A9

/;:05@5;:? 2;> @45? <>;.819 A:01> ?;91 -??A9<@5;:? -.;A@ ?9;;@4:1?? -:0

<>;<1>@51? ;2 @41 ?1@ C
 !1@ A? 5:@>;0A/1 @41 :;@-@5;: -:0 -??A9<@5;:? :11010
5: C4-@ 2;88;C?


!1@ k = k1 +k2 -:0 F = (F1, F2) : X → Y = Rk

 *1 /;:?501> @41 ?;	/-8810

�:5@1 @;<;8;3E 5: @41 B1/@;> ?<-/1 X
 *1 01:;@1 .E M @41 ?1@ ;2 -88 �:5@1	

0591:?5;:-8 85:1-> ?A.?<-/1? M ⊆ X
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0591:?5;:-8 85:1-> ?A.?<-/1? M ⊆ X
 � ?1@ 5? ;<1: 5: @41 �:5@1 @;<;8;3E 52
-:0 ;:8E 52 5@? 5:@1>?1/@5;: C5@4 -:E M ∈ M 5? ;<1: 5: @41 A:5=A1 �-A?0;>�

��	 ������ 
�����
� 
����
�� �������� ������
�# �����
���# ����������� �"������

����������

†
����	
� �������
�����

‡
���	
� �
����������

��������� ���
���
�� ��
�
�
�
� ��� ��
�����

�������� �������� �
�	 ��
���� ��
����

��

���� �� �# ��!

†
� �� �� 
������

‡

†
�"+,(" �.&"*!/%&, �*&2"./&05� �+/ +3� �1//&�

‡
�� 1(!�!" !" �*$"*%�.&� !� �*&2"./&!�!" !+ �+.0+� �+.0+� �+.01$�(

��������

�
�
� �
 �
���
 �
��������
� �
�
��	�� ���������� �� �����	���� ��� 	�

	
���	�� �������	���� ���
�
� ���� 
��	���� 	�� ��
��	���� ������	����

	�� ������	���� �� ��
 ���� �� 	� ��������� ���� 	 ���
� ����
� �
�� ��

������	�� �
	���
 �� ��	� ��� �����	���� ���������� ����
��
 ���� 	��

	 ������ ����	���� 	����������� ���� 	� ��
������� ������	��� ��	����	�

����� 	�� �
�	�� ������	���
 
�
� ��� 	
����	� �������

�� ������� ��
������

�5B1: - B1/@;> ?<-/1 X� - ?1@ C ⊆ X� 9-<<5:3? F1 : X → Rk1
� F2 :

X → Rk2
� -:0 - 2A:/@5;: f : X → R1

� C1 /;:?501> @41 2;88;C5:3 ;<@595F-@5;:

<>;.819

(P ) f(x) → min, x ∈ C, F1(x) ≤ 0, F2(x) = 0. ���

$A> 9-5: 3;-8 5? @; ;.@-5: �>?@	 -:0 ?1/;:0	;>01> :1/1??->E 1D@>19A9

/;:05@5;:? 2;> @45? <>;.819 A:01> ?;91 -??A9<@5;:? -.;A@ ?9;;@4:1?? -:0

<>;<1>@51? ;2 @41 ?1@ C
 !1@ A? 5:@>;0A/1 @41 :;@-@5;: -:0 -??A9<@5;:? :11010
5: C4-@ 2;88;C?


!1@ k = k1 +k2 -:0 F = (F1, F2) : X → Y = Rk

 *1 /;:?501> @41 ?;	/-8810

�:5@1 @;<;8;3E 5: @41 B1/@;> ?<-/1 X
 *1 01:;@1 .E M @41 ?1@ ;2 -88 �:5@1	

0591:?5;:-8 85:1-> ?A.?<-/1? M ⊆ X
 � ?1@ 5? ;<1: 5: @41 �:5@1 @;<;8;3E 52
-:0 ;:8E 52 5@? 5:@1>?1/@5;: C5@4 -:E M ∈ M 5? ;<1: 5: @41 A:5=A1 �-A?0;>�

��	 ������ 
�����
� 
����
�� �������� ������
�# �����
���# ����������� �"������

����������

†
����	
� �������
�����

‡
���	
� �
����������
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B1/@;> @;<;8;3E ;2 M1

 *1 01:;@1 @41 �:5@1 @;<;8;3E .E τ 
 �2 - ?<-/1 X 5?

5:�:5@1	0591:?5;:-8� @41:� 1=A5<<5:3 5@ C5@4 @41 �:5@1 @;<;8;3E τ � 0;1? :;@�
5: 31:1>-8� @A>: 5@ 5:@; - @;<;8;35/-8 B1/@;> ?<-/1 .1/-A?1 @41 -005@5;: 5?� -? -

>A81� 05?/;:@5:A;A?
 $: @41 ;@41> 4-:0� @41 �:5@1 @;<;8;3E 5? ?@>;:31> @4-: -88

@;<;8;351? @4-@ @>-:?2;>9 X 5:@; - B1/@;> @;<;8;35/-8 ?<-/1 -:0� @41>12;>1� -

8;/-8 95:59A9 C5@4 >1?<1/@ @; @41 �:5@1 @;<;8;3E 5? @41 C1-71?@ ;:1 -9;:3?@

-88 @E<1? ;2 95:59- /;:?501>10


�5D - <;5:@ x0 ∈ X
 *1 -??A91 @4-@ 2A:/@5;:? f -:0 F ->1 @C5/1 /;:@5:A	

;A?8E 05�1>1:@5-.81 5: - :1534.;>4;;0 ;2 x0 C5@4 >1?<1/@ @; @41 �:5@1 @;<;8;3E

τ 
 (45? 91-:? @4-@� 2;> -: ->.5@>->E M ∈ M /;:@-5:5:3 @41 <;5:@ x0� @41

>1?@>5/@5;:? ;2 f -:0 F @; M ->1 @C5/1 /;:@5:A;A?8E 05�1>1:@5-.81 5: - /1>	

@-5: �01<1:05:3 ;: M� :1534.;>4;;0 ;2 x0
 (41>12;>1� @41>1 1D5?@ - 85:1->

2A:/@5;:-8 a ∈ X∗
�X∗

5? @41 ?<-/1 -831.>-5/-88E 0A-8 @; X�� - 85:1-> ;<	
1>-@;> A : X → Y � - .585:1-> 2;>9 q : X × X → R1

� - .585:1-> 9-<<5:3

Q : X × X → Y � -:0 9-<<5:3? α0 : X → R1
� -:0 α : X → Y � ?A/4 @4-@�

∀x ∈ X

f(x) = f(x0) + 〈a, x − x0〉 +
1

2
q[x − x0]

2 + α0(x − x0),

F (x) = F (x0) + A(x − x0) +
1

2
Q[x − x0]

2 + α(x − x0),

-:0� 2;> -: ->.5@>->E M ∈ M� ?A/4 @4-@ x ∈ M �

α0(x − x0)

‖x − x0‖2
M

→ 0, -:0
|α(x − x0)|
‖x − x0‖2

M

→ 0, -? x → x0,

C41>1 ‖ · ‖M 5? - �:5@1	0591:?5;:-8 :;>9 5: M 


�1>1 -:0 5: C4-@ 2;88;C?� C1 01:;@1 - .585:1-> 9-<<5:3 B .E B[x, x]

;> B[x]2
 (41 9-<<5:3? a -:0 q ->1 01:;@10� >1?<1/@5B18E� .E
∂f

∂x
(x0) -:0

∂2f

∂x2
(x0)
 (41E ->1 /-8810 @41 �>?@	 -:0 ?1/;:0	;>01> 01>5B-@5B1? ;2 f 
 � ?595	

8-> :;@-@5;: 5? A?10 2;> @41 9-<<5:3 F -:0 ;@41> 2A:/@5;:?


&13->05:3 @41 ?1@ C� C1 -??A91 5@ 5? /8;?10 5: @41 �:5@1 @;<;8;3E

(41 �>?@	;>01> :1/1??->E /;:05@5;:? 2;> <>;.819 (P ) A?10 .18;C ->1 .-?10

;: ";>0A74;B5/4�? :;>9-8 /;:1 @; @41 ?1@ C -@ x0 ∈ C
 (-71 -:E 85:1->
?A.?<-/1 M ∈ M ?A/4 @4-@ x0 ∈ C ∩ M. !1@ A? 5:@>;0A/1 ";>0A74;B5/4�?
:;>9-8 /;:1 +�� �, @; @41 ?1@ C ∩M -@ x0 01:;@10 .E NM(x0, C)
 �;> x ∈ M �

1

��� ��
� 
�# ���������������
�  ����� ��
�� �� �������� !��� 
 ������ �
������

 ����� �������#�
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�����
�# �����
���# ���������� ��� 
�����
� 
����
�� �������� !��� �����
� ��� ��

C1 <A@ W (x,M ∩ C) = {w ∈ M ∩ C : ‖x − w‖M = distM(x,C)}� C41>1
distM(x,C) = inf

ξ∈C∩M
{‖ξ − x‖M}� 01:;@1? @41 05?@-:/1 2A:/@5;:


!1@ coneA -:0 clA 01:;@1� >1?<1/@5B18E� @41 /;:5/ 4A88 -:0 @41 /8;?A>1 ;2

@41 ?1@ A
 �;:?501> @41 A<<1> ?195/;:@5:A;A? 4A88 ;2 @41 ?1@

cone(x − W (x,M ∩ C)) =
⋃
r>0

{
r(x − W (x,M ∩ C))

}

-? x → x0, x ∈ M �

NM(x0, C) =
⋂
ε>0

cl
[ ⋃

x∈M
‖x−x0‖M≤ε

cone(x − W (x,M ∩ C))
]

:= lim
x∈M
x→x0

sup cone(x − W (x,M ∩ C)).

*1 <A@

N(x0, C) =
⋃

M∈M
NM(x0, C).

";>0A74;B5/4�? :;>9-8 /;:1 N(x0, C) 5? @41 ?9-881?@ -:0 @41 9;?@ :-@A>-8
;:1 @; 01>5B1 :1/1??->E /;:05@5;:? ;2 ;<@59-85@E� +�� ��� �,
 �:0110� NM(x,C)
5? A<<1> ?195/;:@5:A;A? 5: C ∩ M -:0� 52 x0 5? @41 ?;8A@5;: @; @41 <>;.819 ;2

95:595F5:3 - ?9;;@4 2A:/@5;: f ;B1> - ?1@ C� @41:
∂f

∂x
(x0) ∈ −N(x0, C) �?11

+�� �,�
 �A>@41>9;>1� N(x0, C) 5? /8;?10 .A@ 9-E .1 :;:/;:B1D
 �@ @41 ?-91
@591� @41 /8;?A>1 ;2 5@? /;:B1D 4A88 /;5:/501? C5@4 �8->71�? :;>9-8 /;:1 �?11

+�� �,�


*1 /;:?501> @41 ?1/;:0	;>01> B->5-@5;:? ;2 @41 ?1@ C -@ - <;5:@ x ∈ C 5: -

05>1/@5;: d �?11 +�� ��,�
 (4-@ 5?�

T 2
C∩M(x, d) =

{
w ∈ X : distM(x + εd +

1

2
ε2w,C) = o(ε2), ε ≥ 0

}
,

O2
C∩M(x, d) =

{
w ∈ X : ∃{εn} ↓ 0 ?
@
 distM(x + εnd +

1

2
ε2

nw, C) = o(ε2
n)

}
,

C41>1 M ∈ M 5? -: ->.5@>->E �:5@1	0591:?5;:-8 85:1-> ?A.?<-/1 /;:@-5:5:3 x
-:0 d

'1@? T 2

C∩M(x, d) -:0 O2
C∩M(x, d) ->1 /-8810 5::1> -:0 ;A@1> ?1/;:0 ;>01>

@-:31:@ ?1@?� >1?<1/@5B18E �?11 +�� ��,�
 �@ C-? <;5:@10 ;A@ 5: @45? >121>1:/1
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@4-@ .;@4 @41?1 ?1@? ->1 /8;?10� @4-@ T 2
C∩M(x, d) ⊆ O2

C∩M(x, d)� -:0 @4-@
O2

C∩M(x, d) �= ∅ ;:8E 52 d ∈ TC∩M(x)
 �1>1� -? A?A-8�

TC∩M(x) = {d ∈ M : ∃ εn ↓ 0, distM(x + εnd, C ∩ M) = o(εn)}
5? @41 /;:@5:31:@ ��;A853-:0� /;:1 @; @41 ?1@ C ∩ M -@ @41 <;5:@ x. �8?;� 52
@41 ?1@ C 5? /;:B1D� @41: @41 5::1> @-:31:@ ?1@ T 2

C∩M(x, d) 5? /;:B1D� .A@ @41
;A@1> @-:31:@ ?1@ O2

C∩M(x, d) 9-E .1 :;:/;:B1D� +�� ��,
 *1 <A@

T 2
C(x, d)=

⋃
M∈M

T 2
C∩M(x, d), O2

C(x, d)=
⋃

M∈M
O2

C∩M(x, d), TC(x)=
⋃

M∈M
TC∩M(x).

�@ 5? 1B501:@ @4-@ 52 @41 ?1@ C 5? /;:B1D� @41: @41 5::1> @-:31:@ ?1@ T 2
C(x, d) 5?

-8?; /;:B1D
 (41 /;9<A@-@5;: ;2 ?1/;:0	;>01> @-:31:@ ?1@? 2;> <;?5@5B1 /;:1?

5: ?;91 ?<1/5�/ ?<-/1? 9-E .1 2;A:0 5: +�,


	�������� ���� � (&*"�. /1�/,� " I ⊆ X /1 % 0%�0 x + I ⊆ C� ∀x ∈ C
&/ *�)"! &*2�.&�*0 (&*"�. /1�/,� " ����� 3&0% ."/," 0 0+ C�

�;> - 35B1: /8;?10 ?1@ C� -: �!'� 5: 31:1>-8� 5? :;:A:5=A1
 �81->8E� -:E
85:1-> ?A.?<-/1 ;2 -: �!' -8?; 5? -: 5:B->5-:@ 85:1-> ?A.?<-/1
 �;> 1D-9<81�

{0} 5? �!' >18-@5B18E @; -:E /8;?10 ?1@ C


�;> -:E x ∈ C� <A@ IC(x) =
⋂

r �=0

r(C − x)� C41>1 @41 5:@1>?1/@5;: 5? @-71:

;B1> -88 >1-8? r ∈ R1
� r �= 0


�� �
�� ������

�;:?501> @41 /;:1 K := K(x0) 01�:10 .E

K(x0) :=
{

h ∈ TC(x0) : 〈∂f

∂x
(x0), h〉 ≤ 0,

∂F2

∂x
(x0)h = 0, -:0

∂F1,j

∂x
(x0)h ≤ 0 ∀j ?A/4 @4-@ F1,j(x0) = 0

}
.

�1>1� F1,j ->1 @41 /;;>05:-@1? ;2 @41 B1/@;> 2A:/@5;: F1. (41 /;:1 K 5?� ;.B5	

;A?8E :;:19<@E �.1/-A?1 5@ /;:@-5:? F1>;� -:0 /;:B1D 52 @41 ?1@ C 5? /;:B1D


(41 /;:1 K(x0) 5? /-8810 @41 />5@5/-8 /;:1 ;2 @41 <>;.819 (P ) -@ @41 <;5:@ x0


!1@ λ = (λ0, λ1, λ2) C5@4 λ0 ∈ R1
� λ1 ∈ Rk1

� -:0 λ2 ∈ Rk2
� -:0 /;:?501>

@41 �31:1>-85F10� !-3>-:35-:

L(x, λ) = λ0f(x) + 〈λ1, F1(x)〉 + 〈λ2, F2(x)〉.

A. V. Arutyunov, F. L. Pereira
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!1@ Λ = Λ(x0) 01:;@1 @41 ?1@ ;2 @41 31:1>-85F10 !-3>-:31 9A8@5<851>? λ @4-@
/;>>1?<;:0 @; @41 <;5:@ x0 -//;>05:3 @; @41 !-3>-:31 9A8@5<851> >A81 �-8?;

7:;C: -? �>5@F �;4: ;<@59-85@E /;:05@5;:?��?11 +�� �� �,�� 5
1
� ?A/4 @4-@





∂L
∂x

(x0, λ) ∈ −N(x0, C)

λ0 ≥ 0, λ1 ≥ 0, 〈λ1, F1(x0)〉 = 0, |λ| = 1.

�
�

�: C4-@ 2;88;C?� C1 -??A91� 2;> /;:B1:51:/1� @4-@ F1(x0) = 0
 (45? /-:
-8C-E? .1 -/451B10 .E ;95@@5:3 @41 :;:-/@5B1 /;9<;:1:@? ;2 @41 5:1=A-85@E

/;:?@>-5:@?


(-71 -:E 85:1-> ?A.?<-/1 M ⊆ X -:0 /;:?501> @41 ?1@ ;2 -88 !-3>-:31

9A8@5<851>? λ ∈ Λ 2;> C45/4 @41>1 1D5?@? - 85:1-> ?A.?<-/1 Π ⊆ M �01<1:05:3

;: λ� ?A/4 @4-@

codimMΠ ≤ k, Π ⊆ Ker
∂F

∂x
(x0),

∂2L
∂x2

(x0, λ)[x, x] ≥ 0, ∀x ∈ Π. ���

�1>1 -:0 5: C4-@ 2;88;C?� codimM 01:;@1? @41 /;0591:?5;: >18-@5B1 @; @41

?A.?<-/1 M 
 *1 01:;@1 @41 ?1@ ;2 ?A/4 !-3>-:31 9A8@5<851>? .E Λ(x0,M).
�-/4 ?1@ Λ(x0,M) 5? ;.B5;A?8E /;9<-/@ �.A@ 5@ 9-E .1 19<@E�

�;> - 35B1: ?1@ T ⊆ X� C1 01:;@1 .E σ(·, T ) 5@? ?A<<;>@ 2A:/@5;:� 5
1
�

σ(x∗, T ) = sup{〈x∗, x〉 : x ∈ T}, x∗ ∈ X∗.

������� ���� �
"���� � ���������� �"0 x0 �" � ,+&*0 +# (+ �( )&*&�

)1) 3&0% ."/," 0 0+ 0%" �*&0" 0+,+(+$5 τ +# 0%" ,.+�(") 1*!".  +*/&!".�0&+*�

�%"*� #+. "� % ��� I 3&0% ."/," 0 0+ C� 0%" /"0 Λ(x0, I) &/ *+*"),05� �*!�

)+."+2".� #+. "� % h ∈ K(x0) �*! �*5  +*2"4 /"0 T (h) ⊆ O2
C(x0, h)�

max
λ∈Λa

(
∂2L
∂x2

(x0, λ)[h, h] − σ

(
−∂L

∂x
(x0, λ), T (h)

))
≥ 0. ���

�"."� Λa = convΛ(x0, I) �*! conv !"*+0"/ 0%"  +*2"4 %1(( +# � /"0�

������ �� �+. 0%"  �/" C = X� 0%"+.") 3�/ +�0�&*"! &* �	�� �# C &/ �

 +*2"4  +*"

2
� 0%"*� #+. h ∈ C + span{x0}� 0%"+.") 3�/ +�0�&*"! &* ��� 
��

2

��� ��
� �� C �� 
 ��� �" ����� ���� ��� �
����� ���� TC(x) ��������� !��� ������� ��

��� ��� C + span{x} ��� �
�� x ∈ C�
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�� ����� �� ��� �������� ���������

(41 <>;;2 ;2 @41;>19 �
�
 5? .-?10 ;: @41 >19;B5:3 @41 /;:?@>-5:@? F1(x) ≤
0 -:0 F2(x) = 0 .E A?5:3 @41 <1:-8@E 91@4;0
 � /1:@>-8 >;81 5: @41 <>;;2 5?
<8-E10 .E @41 2;88;C5:3 -??1>@5;: @4-@ -88;C? A? @; <-?? @; @41 8595@


������� ���� �"0 X �" � ��*� % /,� " �*! {Πn} �" � /"-1"* " +#  (+/"!

(&*"�. /1�/,� "/ +# X /1 % 0%�0 codimΠn ≤ k� ∀n�

�%"*� 0%"." "4&/0/ �  (+/"! (&*"�. /1�/,� " Π ⊆ X /1 % 0%�0

codimΠ ≤ k, Π ⊆ Ls {Πn}.

�"." �*! &* 3%�0 #+((+3/� Ls &/ 0%" 1,,". 0+,+(+$& �( (&)&0 +# � /"-1"* " +#

/"0/

3
�

(41;>19 5? <>;B10 5: G�
� ;2 +
,
 *1 :110 5@? 2;88;C5:3 9;05�/-@5;: C45/4

5?� 5: 2-/@� 1=A5B-81:@ @; @41 @41;>19 

�


������� ���� �"0 An : X → Rk
�" � /"-1"* " +#  +*0&*1+1/ (&*"�.

+,".�0+./ 3%& %  +*2".$"/ �5 0%" *+.) 0+ � (&*"�. +,".�0+. A�

�%"*� 0%"." "4&/0/ � (&*"�.  (+/"! /1�/,� " Π ⊆ X /1 % 0%�0

codimΠ ≤ k, Π ⊆ Ls {Ker An}, Π ⊆ Ker A.

(41;>19 



 5? <>;B10 .E ?1@@5:3 Πn = Ker An 5: @41;>19 

�



����� *1 05B501 @41 <>;;2 ;2 @41;>19 �
�
 5:@; 2;A> ?@-31?
 �5>?@� 5:

?@-31 I� C1 <>;B1 @4-@ @41 ?1@ Λa 5? :;:19<@E 2;> @41 /-?1 5: C45/4 @41 ?<-/1

X 5? -??A910 @; .1 �:5@1	0591:?5;:-8


(41:� C1 ?4;C� .E A?5:3 @41 >1?A8@? ;.@-5:10 -.;B1� @4-@� 5: @41 /-?1 C41>1

X 5? �:5@1	0591:?5;:-8� 2;> 1-/4 h ∈ K(x0)� -:0 w ∈ O2
C(x0, h)� ∃ λ ∈ Λa ?A/4

@4-@

∂2L
∂x2

(x0, λ)[h, h] + 〈∂L
∂x

(x0, λ), w〉 ≥ 0. ���

�: ?@-31 ���� C1 <>;B1 ��� 5: 5@? 2A88 31:1>-85@E� 5
1
� C1 ;95@ @41 -??A9<@5;:

dim X < ∞
 �5:-88E� 5: ?@-31 �)� C1 <>;B1 ���

����� �
 *1 -??A91 @4-@ X 5? �:5@1	0591:?5;:-8
 �E A?5:3 @45? -??A9<	

@5;:� C1 01�:1 @41 5::1> <>;0A/@ 5: X -:0 @>-:?2;>9 5@ 5:@; -: �A/8501-:

3

��� ��
� ��� ����� ���������
� ����� �� 
 �������� �� ���� {Πn} �� ��� ��� �� 
�� �����

������ �� ��� ��������� {xn} ���� ��
� xn ∈ Πn� ∀n�
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� ��� ��

?<-/1
 !1@ A? >19;B1 @41 /;:?@>-5:@? F1 ≤ 0� F2 = 0 5: @41 <>;.819 A:01>

/;:?501>-@5;: .E @41 <1:-8@E 91@4;0
 �;> 1-/4 <;?5@5B1 5:@131> i� C1 ?1@

fi(x) = f(x) + i
( k1∑

j=1

(F+
1,j(x))4 + |F2(x)|4

)
+ |x − x0|4,

C41>1 a+ = max{a, 0}� -:0 /;:?501> @41 2;88;C5:3 2-958E ;2 95:595F-@5;:
<>;.819?� /-8810 i	<>;.819?�

fi(x) → min, x ∈ C, |x − x0| ≤ δ.

�1>1� δ > 0 5? /4;?1: 5: ?A/4 - C-E @4-@ x0 5? - 95:59A9 2;> @41 5:5@5-8

<>;.819 5: - δ	:1534.;>4;;0 ;2 @41 <;5:@ x0 �>1/-88 @4-@ @41 ?<-/1X 5? -??A910

@; .1 �:5@1	0591:?5;:-8 -@ @45? ?@-31� -:0� @41>12;>1� @45? δ 0;1? 1D5?@�
 (41
?;8A@5;: @; @41 i	<>;.819 5? 01:;@10 .E xi


*1 <>;B1 @4-@ xi → x0� -? i → ∞
 �:0110� .E @-75:3 5:@; -//;A:@ @4-@ X
5? �:5@1	0591:?5;:-8 -:0� .E 1D@>-/@5:3 - ?A.?1=A1:/1 �52 :1/1??->E�� C1 ;.@-5:

@41 /;:B1>31:/1 ;2 @41 ?1=A1:/1 {xi} @; - /1>@-5: x̄

#;C� C1 ?4;C @4-@ x̄ = x0
 �:0110� @41 2-/@ fi(xi) ≤ fi(x0) = f(x0)� ∀i�

59<851? @4-@

lim
i→∞

F1,j(xi) ≤ 0, ∀j, -:0 F2(xi) → 0, -? i → ∞. ���

(45? 59<851? @4-@ F1(x̄) ≤ 0 -:0 F2(x̄) = 0
 �: -005@5;:� @41 �>?@ 5:1=A-85@E 5:
��� 59<851? @4-@ f(xi) + |xi − x0|4 ≤ f(x0)� ∀i� -:0� @41>12;>1� @4-@ f(x̄) + |x̄−
x0|4 ≤ f(x0) ≤ f(x̄)
 (4A?� x̄ = x0


�;> 8->31 i�?� C45/4 5? ;A> ?;81 /;:/1>:� C1 4-B1 |xi − x0| < δ -:0� /;:	
?1=A1:@8E� @41 /;:?@>-5:@ |x − x0| ≤ δ 5? :;@ -/@5B1
 �: -:;@41> C;>0?� @41
i	<>;.819 5? 8;/-88E - �:5@1	0591:?5;:-8 <>;.819 C5@4 @41 /;:?@>-5:@ x ∈ C

(41 �>?@	;>01> :1/1??->E /;:05@5;: �?11 +�,� 2;> @45? <>;.819 35B1?

∂fi

∂x
(xi) ∈ −N(xi, C). ���

!1@ A? <>;B1 @41 ?1/;:0	;>01> :1/1??->E /;:05@5;: 2;> @45? <>;.819

∂2fi

∂x2
(xi)[x, x] ≥ 0, ∀x ∈ I. ���

�:0110� .E B5>@A1 ;2 @41 01�:5@5;: ;2 �!'� C1 4-B1

xi + εx ∈ C, ∀x ∈ I, ∀ε. ���
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�1�:1 @41 ?/-8-> 2A:/@5;: φ -? 2;88;C? φ(ε) = fi(xi + εx). (45? 2A:/@5;:
φ 5? ?9;;@4 -:0 5: B5>@A1 ;2 ��� 5@ -@@-5:? @41 8;/-8 95:59A9 -@ ε = 0.
�;:?1=A1:@8E� φ′′(0) ≥ 0. �-8/A8-@5:3 @41 ?1/;:0 01>5B-@5B1 ;2 φ C1 ;.@-5:

φ′′(0) = ∂2fi

∂x2 (xi)[x, x] ≥ 0, C45/4 <>;B1? ���

#;C� C1 01/;01 /;:05@5;:? ���� ��� 5: @1>9? ;2 @41 0-@- ;2 @41 <>;.819
 !1@

λ̄j
1,i = 4iF+

1,j(xi)|F+
1,j(xi)|3� λ̄1,i = (λ̄1

1,i, ..., λ̄
k1
1,i)� λ̄2,i = 4iF2(xi)|F2(xi)|3� λ0,i =

(1 + |λ̄1,i|2 + |λ̄2,i|2)− 1
2
� λ1,i = λ0,iλ̄1,i� λ2,i = λ0,iλ̄2,i� -:0 λi = (λ0,i, λ1,i, λ2,i)


(41:� /;:05@5;:? ��� -:0 ��� @-71 @41 2;>9� >1?<1/@5B18E�

∂L
∂x

(xi, λi) + 1(i) ∈ −N(xi, C), ����

∂2L
∂x2

(xi, λi)[x, x] + 12iλ0,i

(
|F+

1 (xi)|2|∂F1

∂x
(xi)x|2 + |F2(xi)|2|∂F2

∂x
(xi)x|2 + 1(i)

)

≥ 0, ∀x ∈ I, ?
@
 |x| ≤ 1. ����

�1>1� 1(i) 5? - ?1=A1:/1 /;:B1>35:3 @; F1>;
 �E /;:?@>A/@5;:�

|λi| = 1, λ0,i ≥ 0, λ1,i ≥ 0, ∀i. ��
�

�E 1D@>-/@5:3 - ?A.?1=A1:/1� C1 ;.@-5: - λ = (λ0, λ1, λ2) ?A/4 @4-@ λi →
λ, i → ∞
 �E <-??5:3 ;:@; @41 8595@ 5: ���� -:0 ��
�� -:0 .E A?5:3 @41 A<<1>
?195/;:@5:A5@E ;B1> @41 ?1@ C ;2 @41 ?1@	B-8A10 9-<<5:3 N(·, C)� C1 /;:/8A01
@4-@ λ ∈ Λ

!1@ A? <>;B1 @41 1D5?@1:/1 ;2 - 85:1-> ?A.?<-/1 Π� ?-@5?2E5:3 ���
 �;> @45?

<A><;?1� C1 01�:1 85:1-> ;<1>-@;>? Ai : I → Rk
.E @41 2;>9A8- Aix = F ′(xi)x


�E @41;>19 


� @41>1 1D5?@? - 85:1-> ?A.?<-/1 Π ⊆ I ?A/4 @4-@
Π ⊆ Ker F ′(x0), Π ⊆ Ls {Ker Ai}, codimIΠ ≤ k.

(-71 -: ->.5@>->E B1/@;> h ∈ Π
 �E @41 01�:5@5;: ;2 @41 A<<1> @;<;8;35/-8
8595@� @41>1 1D5?@? - ?1=A1:/1 {hi}� C5@4 hi ∈ I ⋂

Ker F ′(xi)� ?A/4 @4-@� .E
1D@>-/@5:3 - ?A.?1=A1:/1� C1 ;.@-5: hi → h -? i → ∞
 �E ?A.?@5@A@5:3 x = hi

5:@; ���� -:0 .E <-??5:3 ;:@; @41 8595@ C1 ;.@-5: ���
 (41>12;>1� λ ∈ Λa -:0�

@4A?� Λa �= ∅

����� ��
 �? 5: @41 <>1B5;A? ?@-31� C1 /;:?501> X @; .1 �:5@1	0591:?5;:-8


�;> /;:B1:51:/1� C1 -??A91 @4-@ f(x0) = 0
 �5D -: ->.5@>->E B1/@;> h ∈ K(x0)
C5@4 |h| = 1 -:0 @-71 -:E w ∈ O2

C(x0, h)
 !1@ A? <>;B1 ���

�E @41 01�:5@5;: @41>1 1D5?@? - ?1=A1:/1 {εn} ↓ 0 ?A/4 @4-@

xn = x0 + εnh +
1

2
ε2

nw + o(ε2
n) ∈ C, ∀εn. ����
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�;:?501> @41 2A:/@5;: 01�:10 .E

γ(χ) =

{
0 ∀χ ≤ 1
(χ − 1)4 ∀χ > 1.

�;> 1B1>E <;?5@5B1 5:@131> n� /;:?501> @41 2;88;C5:3 95:595F-@5;: <>;.819 C5@4
@41 >1?<1/@ @; @41 B->5-.81? (x, χ) ∈ X × R1

�

"5:595F1 fn(x, χ)

?A.61/@ @;� (x, χ) ∈ C × R1,

F1(x) − χF1(xn) ≤ 0,

F2(x) − χF2(xn) = 0,

0 ≤ χ, -:0 |x − x0|2 ≤ δ2. ����

(45? <>;.819 5? /-8810 @41 n−<>;.819
 �1>1� δ > 0 5? 01�:10 -? -.;B1 -:0

fn(x, χ) = f̃(x) − χf̃(xn) + γ(χ) C41>1 f̃(x) = f(x) + |x − x0|4.

�;> -88 n ?A�/51:@8E 8->31� C1 4-B1 |εnh+ ε2
n

2
w| < δ
 (-71 -:E ?A/4 n
 (41>1

1D5?@? - ?;8A@5;: @; @41 n	<>;.819� .1/-A?1 @41 <;5:@ (x, χ) 01�:10 .E x = xn

-:0 χ = 1 ?-@5?�1? -88 @41 /;:?@>-5:@? ;2 @45? <>;.819� @41 .-88 {x : |x| ≤ δ} 5?
/;9<-/@� -:0

γ(χ)χ−1 → ∞ -? χ → ∞. ����

*1 ?4;C @4-@� -9;:3 @41 ?;8A@5;:? @; @41 n−<>;.819� @41>1 1D5?@? -@
81-?@ ;:1 (x̂n, χ̂n) ?A/4 @4-@ χ̂n > 0
 �:0110� 81@ (x̃n, χ̃n) .1 - ?;8A@5;: @;
@41 n−<>;.819
 �2 χ̃n > 0 @41: C1 <A@ x̂n = x̃n, χ̂n = χ̃n. 'A<<;?1 @4-@
χ̃n = 0
 (41: x̃n 5? 21-?5.81 5: <>;.819 (P ). �2 x̃n �= x0� @41:

fn(x̃n, 0) = f(x̃n) + |x̃n − x0|4 ≥ f(x0) + |x̃n − x0|4 > f(x0) = 0.

$: @41 ;@41> 4-:0� C1 ?4;A80 4-B1 fn(x̃n, 0) ≤ fn(x̃n, 1) = 0 = f(x0)
 (45?
/;:@>-05/@5;: <>;B1? @4-@ x̃n = x0
 �: @45? /-?1�

fn(x̃n, χ̃n) = f̃(x0) = 0,

-:0� @41>12;>1� @41 95:59A9 B-8A1 @; @41 n−<>;.819 C;A80 .1 1=A-8 @;

F1>;
 �;:?1=A1:@8E� @41 <;5:@ (x̂n, χ̂n) = (x̃n, 1) -8?; E5180? - ?;8A@5;: @; @41
n−<>;.819 .1/-A?1 @45? <;5:@ ?-@5?�1? -88 @41 /;:?@>-5:@? ;2 n−<>;.819 -:0

fn(x̃n, 1) = 0
 �: -005@5;:� @41 8-?@ /;;>05:-@1 ;2 @45? <;5:@ 5? <;?5@5B1
 (41>1	
2;>1� 2;> -:E n� @41>1 1D5?@? - ?;8A@5;: @; @41 n−<>;.819 (x̂n, χ̂n) ?A/4 @4-@
χ̂n > 0
 �: C4-@ 2;88;C?� ;:8E ?A/4 ?;8A@5;:? C588 .1 /;:?501>10
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�>;9 ����� C1 /;:/8A01 @4-@ @41 ?1=A1:/1 {χ̂n} 5? .;A:010� C45/4� @;31@41>
C5@4 fn(x̂n, χ̂n) ≤ 0� 59<851? f̃(x̂n) ≤ const|f̃(xn)|
 '5:/1 f̃(xn) → f(x0) = 0
-? n → ∞� C1 /;:/8A01 @4-@� 2;> -:E 8595@ <;5:@ x̂ ;2 @41 ?1=A1:/1 {x̂n}� C1
4-B1 f̃(x̂) ≤ 0� x̂ ∈ C� F1(x̂) ≤ 0� F2(x̂) = 0
 �;C1B1>� ?5:/1 f(x̂) ≥ 0� C1
4-B1 @4-@ x̂ = x0 -:0� @4A?� @4-@ x̂n → x0 -? n → ∞

!1@ A? -<<8E @41 :1/1??->E /;:05@5;:? ;.@-5:10 5: @41 �>?@ ?@-31 @; @41

?;8A@5;: ;2 @41 n−<>;.819
 �//;>05:3 @; @41 ;.?1>B-@5;: 9-01 -.;B1� C1
/-:� 2;> -88 ?A�/51:@8E 8->31 n� /4;;?1 - ?;8A@5;: (x̂n, χ̂n) @; @41 n−<>;.819
?A/4 @4-@ -88 5:1=A-85@51? ���� ->1 ?@>5/@
 (41>12;>1� ?5:/1 C1 4-B1 @; 01-8 C5@4

:1/1??->E /;:05@5;:? ;2 8;/-8 /4->-/@1>� C1 ?4-88 53:;>1 /;:?@>-5:@? ����
 �E

@-75:3 @45? 5:@; -//;A:@� C1 9-E C>5@1 @41 !-3>-:35-: 2;> @41 n−<>;.819 -?

L̃n(x, χ, λ) = λ0fn(x, χ) + 〈λ1, F1(x) − χF1(xn)〉 + 〈λ2, F2(x) − χF2(xn)〉.

�E B5>@A1 ;2 @41 >1?A8@? ;.@-5:10 -@ ?@-31 �� @41>1 1D5?@? - λn -:0 - 85:1->

?A.?<-/1 Πn ⊆ I ?A/4 @4-@

|λn| = 1, λ0,n ≥ 0, λ1,n ≥ 0, ����

λ0,nf̃(xn) + 〈λ1,n, F1(xn)〉 + 〈λ2,n, F2(xn)〉 = λ0,nγ
′(χ̂n) ≥ 0, ����

∂L̃n

∂x
(x̂n, χ̂n, λn) ∈ −N(x̂n, C), ����

Πn ⊆ Ker
∂F

∂x
(x̂n), ����

∂2L̃n

∂x2
(x̂n, χ̂n, λn)[ξ, ξ] ≥ 0 ∀ξ ∈ Πn, codimIΠn ≤ k. �
��

#;@1 @4-@ ���� 5? 1=A5B-81:@ @; @41 1=A-85@E

∂L̃n

∂χ
= 0
 �: -005@5;:� C1 4-B1

;95@@10 @41 ?1/;:0 ;>01> B->5-@5;: C5@4 >1?<1/@ @; χ 5: �
�� .1/-A?1 C1 0; :;@
:110 5@


�E 1D@>-/@5:3 - ?A.?1=A1:/1� C1 ;.@-5: ?;91 A:5@ B1/@;> λ -? @41 8595@ ;2
@41 ?1=A1:/1 λn
 �E @-75:3 @41 8595@ -? n → ∞ 5: ���� -:0 ����� C1 /;:/8A01

@4-@ λ ∈ Λ �-3-5:� .E A?5:3 @41 A<<1> ?195/;:@5:A5@E ;2 @41 ?1@	B-8A10 9-<<5:3
N(·, C)�

!1@ A? <>;B1 @4-@ λ ∈ Λa
 �E @41;>19 

�� @41>1 1D5?@? - ?A.?<-/1 Π ⊆ I

?A/4 @4-@ codimIΠ ≤ k� Π ⊆ Ls {Πn}
 (-71 -: ->.5@>->E b ∈ Π
 (41>1 1D5?@?
- ?1=A1:/1 {bn} ?A/4 @4-@� .E 1D@>-/@5:3 - ?A.?1=A1:/1� C1 ;.@-5:

bn ∈ Πn, ∀n, -:0 bn → b -? n → ∞.
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�E B5>@A1 ;2 ����� C1 4-B1

∂F

∂x
(x̂n)bn = 0� ∀n� -:0 @4A?�

∂F

∂x
(x0)b = 0
 (41>1	

2;>1� Π ⊆ Ker
∂F

∂x
(x0)


'5958->8E� 2>;9 �
�� C1 4-B1 @4-@

∂2L
∂x2

(x0, λ)[b, b] ≥ 0� ∀b ∈ Π� -:0 @4A?

λ ∈ Λa


!1@ A? >1@A>: @; 5:1=A-85@E ����
 *1 4-B1 @4-@ h ∈ K 59<851? @4-@

∂F1

∂x
(x0)h ≤ 0,

∂F2

∂x
(x0)h = 0, 〈∂f

∂x
(x0), h〉 ≤ 0.

�1:/1� .E 1D<-:05:3 @41 9-<<5:3 F2 -@ @41 <;5:@ x0 A< @; @41 @1>9? ;2 @41

?1/;:0	;>01>� -:0 .E @-75:3 5:@; -//;A:@ ����� C1 ;.@-5:

F2(xn) = F2(xn) − F2(x0)

=
∂F2

∂x
(x0)(xn − x0) +

1

2

∂2F2

∂x2
(x0)[(xn − x0)]

2 + o(|xn − x0|2)

= εn
∂F2

∂x
(x0)h +

1

2
ε2

n

∂F2

∂x
(x0)w +

1

2
ε2

n

∂2F2

∂x2
(x0)[h, h] + o(ε2

n).

(41>12;>1�

〈λ2,n, F2(xn)〉 =
1

2
ε2

n

(
〈λ2,n,

∂2F2

∂x2
(x0)[h, h]〉 + 〈λ2,n,

∂F2

∂x
(x0)w〉

)
+ o(ε2

n).

�:-8;3;A?8E� 2;> @41 9-<<5:3 F1� �.E @-75:3 5:@; -//;A:@ @4-@

〈λ1,n,
∂F1

∂x
(x0)h〉 ≤ 0� C1 ;.@-5:

〈λ1,n, F1(xn)〉 ≤ 1

2
ε2

n

(
〈λ1,n,

∂2F1

∂x2
(x0)[h, h]〉 + 〈λ1,n,

∂F1

∂x
(x0)w〉

)
+ o(ε2

n).

'5958->8E� 2;> @41 2A:/@5;: f �.E A?5:3 @41 2-/@ @4-@ 〈∂f

∂x
(x0), h〉 ≤ 0�� C1 ;.@-5:

〈λ0,n, f(xn)〉 ≤ 1

2
ε2

n

(
〈λ0,n,

∂2f

∂x2
(x0)[h, h]〉 + 〈λ0,n,

∂f

∂x
(x0)w〉

)
+ o(ε2

n).

�E ?A.?@5@A@5:3 @41?1 @4>11 >18-@5;:? 5:@; 5:1=A-85@E ����� .E 05B505:3 .E ε2
�

-:0� @41:� .E <-??5:3 ;:@; @41 8595@ -? n → ∞� C1 ;.@-5: ���
 (4A?� 2;> 1-/4
w ∈ O2

C(x0, h)� C1 <>;B10 ���

����� ���
 *1 :;C <>;B1 ��� 5: 5@? 2A88 31:1>-85@E �5
1
� 2;> dim X = ∞�


�5D -: ->.5@>->E B1/@;> h ∈ K(x0) -:0 @-71 -:E w ∈ O2
C(x0, h)
 *1 01:;@1
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.E M̃ @41 ?1@ ;2 -88 �:5@1	0591:?5;:-8 ?A.?<-/1? M ∈ M ?A/4 @4-@ h ∈ M �

F ′(x0)(M) = ImF ′(x0)� -:0 w ∈ O2
C∩M(x0, h)
 *1 @-71 -: ->.5@>->E M ∈ M̃

-:0 /;:?501> @41 <>;.819 ;.@-5:10 2>;9 @41 5:5@5-8 <>;.819 .E >1<8-/5:3 X
.E M 
 �;> @45? �:5@1	0591:?5;:-8 <>;.819� -//;>05:3 @; C4-@ C-? <>;B10 -@

?@-31 ��� @41>1 1D5?@ !-3>-:31 9A8@5<851>? λM = (λ0
M , λ1,M , λ2,M) ?A/4 @4-@

λ0
M ≥ 0, λ1,M ≥ 0, |λM | = 1,

∂L
∂x

(x0, λM) ∈ −NM(x0, C),

∂2L
∂x2

(x0, λM)[h]2 + 〈∂L
∂x

(x0, λ), w〉 ≥ 0,

-:0 @41 5:01D ;2 @41 =A-0>-@5/ 2;>9

∂2L
∂x2

(x0, λM) ;: @41 ?A.?<-/1 M ∩
Ker F ′(x0) 5? :;@ 3>1-@1> @4-: codimI(ImF ′(x0))

(41 ?1@ ;2 ?A/4 B1/@;>? λM 5? 01:;@10 .E Λa(M, h,w)
 �//;>05:3 @; @41

05?/A??5;: -.;B1 @45? ?1@ 5? :;:19<@E -:0 5@ 5? 1-?E @; ?11 @4-@ 5@ 5? /8;?10 2;>

-:E M ∈ M̃
 ";>1;B1>� 2;> ->.5@>->E M1, . . . , Mn ∈ M̃� C1 ;.B5;A?8E 4-B1

n⋂
i=1

Λa(Mi, h, w) ⊇ Λa(M1 + . . . + Mn, h, w) �= ∅.

�;:?1=A1:@8E� @41 ?E?@19 ;2 ?1@? Λa(M, h, w)� M ∈ M̃� 5? /1:@1>10
 (41>1	

2;>1� .E @41 /;9<-/@:1?? ;2 @41 A:5@ ?<41>1 5: Rk+1
� @41 5:@1>?1/@5;:⋂

M∈M̃
Λa(M,h, w) 5? :;@ 19<@E


*1 @-71 -: ->.5@>->E B1/@;> λ ∈
⋂

M∈M̃
Λa(M, h, w)
 $.B5;A?8E� @41 >18-@5;:?

λ ∈ Λ -:0
∂2L
∂x2

(x0, λ)[h]2 + 〈∂L
∂x

(x0, λ), w〉 ≥ 0

4;80 2;> @45? B1/@;>
 #;C� @; ?4;C @4-@ λ ∈ Λa� 5@ ?A�/1? @; <>;B1 @41 1D5?@1:/1

;2 - ?A.?<-/1 Π ?-@5?2E5:3 ���


�:0110� @41 9-D59A9 0591:?5;: ;2 - ?A.?<-/1? 5: I ∩ Ker F ′(x0) ;:

C45/4 @41 =A-0>-@5/ 2;>9

∂2L
∂x2

(x0, λ) 5? :13-@5B1 01�:5@1 0;1? :;@ 1D/110

(k−dim (ImF ′(x0)))
 (45? -??1>@5;: 5? 59<8510 .E @41 2-/@ @4-@ λ ∈ Λa(M,h, w)

2;> -:E �:5@1	0591:?5;:-8 ?A.?<-/1 M ∈ M̃
 (41 1D5?@1:/1 ;2 - ?A.?<-/1 Π
@4-@ ?-@5?�1? ��� :;C 2;88;C? 2>;9 @41 2;88;C5:3 8199- �!199- �
� 2>;9 �4
�

5: +
,��
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X� �%" &*!"4 +# q &/ "-1�( 0+ 0%"  +!&)"*/&+* +# 0%" /1�/,� " +# )&*&)1)

 +!&)"*/&+* +* 3%& % 0%&/ #+.) &/ *+**"$�0&2" !"�*&0"�

(4A?� ��� 5? <>;B10


����� ��
 !1@ A? <>;B1 ���
 �5D -: ->.5@>->E B1/@;> h ∈ K(x0)� -:0
@-71 -:E /;:B1D ?1@ T (h) ⊆ O2

C(x0, h)
 #;@1 @4-@� 52 T (h) = ∅� @41:
σ(·, T (h)) = −∞� -:0 ��� 4;80? @>5B5-88E
 (41>12;>1� C1 -??A91 @4-@ @41

?1@ T (h) 5? :;:19<@E
 �E B5>@A1 ;2 @41 >1?A8@? ;.@-5:10 5: '@-31 ���� >18-@5;:
��� 4;80? 2;> 1-/4 w ∈ T (h)� -:0� @4A?� C1 9-E C>5@1 @41 2;88;C5:3 5:1=A-85@E

inf
w∈T (h)

max
λ∈Λa

(
∂2L
∂x2

(x0, λ)[h, h] + 〈∂L
∂x

(x0, λ), w〉
)

≥ 0.

'5:/1 @41 ?1@ T (h) ⊆ X 5? /;:B1D� @41 ?1@ Λa ⊆ Rk+1
5? /;:B1D -:0 /;9<-/@�

-:0 @41 2A:/@5;:

∂2L
∂x2

(x0, λ)[h, h] + 〈∂L
∂x

(x0, λ), w〉 5? .585:1-> C5@4 >1?<1/@ @;
@41 B->5-.81? w ∈ X -:0 λ ∈ Rk+1

� C1 9-E A?1 <>;<;?5@5;: � �?11 �<<1:05D

.18;C� @; /;:/8A01 @4-@ @41 5:1=A-85@E -.;B1 4;80? C41: @41 812@ 4-:0 ?501 5?

>1<8-/10 .E

max
λ∈Λa

inf
w∈T (h)

(
∂2L
∂x2

(x0, λ)[h, h] + 〈∂L
∂x

(x0, λ), w〉
)

,

-:0� @4A?�

max
λ∈Λa

(
∂2L
∂x2

(x0, λ)[h, h] + inf
w∈T (h)

(
〈∂L
∂x

(x0, λ), w〉
))

≥ 0.

(45? -:0 @41 ->.5@>->5:1?? ;2 h 59<8E ���
 (41 @41;>19 5? <>;B10


�� �����
��

�5B1: - �:5@1	0591:?5;:-8 �A/8501-: ?<-/1 Z �?-E Z = Rm
�� - /;:B1D

/;9<-/@ ?1@ Z̃ ⊂ Z� - B1/@;> a ∈ Z� - /;:B1D ?A.?1@ T ⊆ X� -:0 - 85:1->
9-<<5:3 A : X → Z
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inf
w∈T

max
z∈Z̃

〈Aw + a, z〉 ≥ 0. �
��
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�%"*

max
z∈Z̃

inf
w∈T

〈Aw + a, z〉 ≥ 0. �

�


����� �2 0 ∈ Z̃� @41: �

� ;.B5;A?8E 4;80?
 (41>12;>1� ?A<<;?1 @4-@
0 �∈ Z̃
 (41:� 5@ 5? 1-?E @; ?11 @4-@ coneZ̃ 5? /8;?10
 �1>1� C1 A?1 @41 2-/@

@4-@ @41 ?1@ Z̃ 5? /;9<-/@
 *1 /;:?501> - ?1@ W = AT + a
 �B501:@8E� @45?
?1@ W 5? /;:B1D� -:0� 2>;9 �
��� C1 /;:/8A01 @4-@ W

⋂
int(coneZ̃)0 = ∅


�1:/1� C1 /-: ?1<->-@1 @41 ?1@? W -:0 int(coneZ̃)0

 (45? 91-:? @4-@ @41>1

1D5?@? - B1/@;> z̄ ∈ Z ?A/4 @4-@ z̄ �= 0� z̄ ∈ (coneZ̃)00
� 〈z̄, z〉 ≥ 0� ∀z ∈ W 


�A@ (coneZ̃)00 = coneZ̃ .1/-A?1 (coneZ̃) 5? /8;?10
 �1:/1� z̄ ∈ coneZ̃
 (-71
z0 ∈ Z̃� ?A/4 @4-@ z0 = αz̄� α > 0
 (41:� 〈Aw + a, z0〉 ≥ 0� ∀w ∈ T 
 (41
<>;<;?5@5;: 5? <>;B10


	���������

+�, �� �� �.1051*+2� $<@59-85@E /;:05@5;:?� �.:;>9-8 -:0 0131:1>-@1 <>;.	

819?�  8AC1> �/-0195/ %A.85?41>?� �;>0>1/4@� �;?@;:� !;:0;:� 
���


+
, �� �� �.1051*+2� #1/1??->E 1D@>19A9 /;:05@5;:? -:0 - 5:B1>?1 2A:/	

@5;: @41;>19 C5@4;A@ - <>5;>5 :;>9-85@E -??A9<@5;:?� %>;/1105:3? ;2 @41

'@178;B �:?@5@A@1 ;2 "-@419-@5/? 
�� �
��
�� 
����


+�, �� �� �.1051*+2� �� ��� &)+2&� � �*! �� �� �"."&.�� '1/;:0 ;>01> :1/1??->E

/;:05@5;:? 2;> ;<@59-8 59<A8?5B1 /;:@>;8 <>;.819?� �;A>:-8 ;2 �E:-95/-8

-:0 �;:@>;8 'E?@19? � �
����� �������


+�, �� �� �+**�*/� �� 
+)&*"00&� �*! �� �%�,&.+� '1/;:0 ;>01> ;<@59-85@E

/;:05@5;:? .-?10 ;: <->-.;85/ ?1/;:0 ;>01> @-:31:@ ?1@?� '��" �
 $<@5	

95F-@5;: � ������� ������



+�, �� 
+)&*"00& �*! �� �"*+0� (-:31:@ ?1@? ;2 ;>01> ;:1 -:0 @C; @; <;?5@5B1

/;:1? ;2 ?;91 2A:/@5;:-8 ?<-/1?� �<<8510 "-@419-@5/? -:0 $<@595F-@5;:

�� ������� 
�����



+�, �� �� �+.!1'%+2& %�"-D59A9 <>5:/5<81 5: <>;.819? ;2 @591 ;<@59-8 /;:	

@>;8 C5@4 :;:?9;;@4 /;:?@>-5:@?� �<<8
 "-@4
 "1/4
 �� ������� �������


+�, �� �� �+.!1'%+2& %� �<<>;D59-@5;: 91@4;0? 5: <>;.819? ;2 ;<@59-@5F-	

@5;: -:0 /;:@>;8� #-A7-� ";?/;C� ����


A. V. Arutyunov, F. L. Pereira



69

�����
�# �����
���# ���������� ��� 
�����
� 
����
�� �������� !��� �����
� ��� ��

+�, �� �� �+.!1'%+2& %� �;9<81@1 /4->-/@1>5F-@5;: ;2 ;<1::1??� 91@>5/ >13	
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