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Schwarz lemma and optimal recovery of functions in H2
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$3B D ⊂ Ck
03 / 2=;/7<� ν 03 / >@=0/07:7BG ;3/AC@3 =< D /<2 X 03 /

1:=A32 AC0A>/13 =4 L2(ν). �=<A723@ D0, . . . , Dn ⊂ D /<2 >@=0/07:7BG ;3/AC@3A

µ0, . . . , µn =< D0, . . . , Dn @3A>31B7D3:G +3 AC>>=A3 B6/B X ⊂ L2(µj), j =
0, 1, . . . , n. +3 /::=E =<3 =4 Dj B= 1=7<1723 E7B6 D. "< B67A 1/A3 E3 /AAC;3 B6/B
µj 1=7<1723A E7B6 ν.
+@7B3 D = (D0, . . . , Dn), µ = (µ0, . . . , µn), µ = (µ1, . . . , µn), y =

(y1, . . . , yn).
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 7D3< y1, . . . , yn 23�<32 =< D1, . . . , Dn AC16 B6/B

‖fj − yj‖L2(µj) ≤ δj, j = 1, . . . , n,

E3 /@3 B= @31=<AB@C1B 4 !3@3 fj 7A B63 @3AB@71B7=< =4 f B= Dj /<2

deltaj ≥ 0, j = 1, . . . , n /@3 /11C@/1G :3D3:A "< >/@B71C:/@�
deltaj = 0 ;3/<A B6/B f 7A 9<=E< >@317A3:G =< Dj

� @31=D3@G /:5=@7B6; 	;3B6=2� >@=132C@3� 3B1
 7A /< =>3@/B=@

A : L2(µ1) × · · · × L2(µn) �→ L2(µ0).

+3 1=<A723@ A(y), y = (y1, . . . , yn), B= 03 B63 @31=D3@32 D/:C3 =4 f =< D0. �B
B67A >=7<B E3 7;>=A3 <= 1=<27B7=<A =< A.
*63 ;/F7;/: >=AA70:3 3@@=@ =4 / ;3B6=2 A 7A

e(X,D, µ, δ, A) = sup{‖f0 − A(y)‖L2(µ0) : f ∈ X, y ∈ L2(µ1) × · · · × L2(µn),
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‖fj − yj‖L2(µj) ≤ δj, j = 1, . . . , n}
*63 =>B7;/: @31=D3@G 3@@=@ /A

E(X,D, µ, δ) = inf
A:L2(µ1)×···×L2(µn) �→L2(µ0)

e(X,D, µ, δ, A).

� ;3B6=2 Â AC16 B6/B

E(X,D, µ, δ) = e(X,D, µ, δ, Â)

7A 1/::32 /< -.2(+ * 0$"-4$07 +$2'-#�

*63 >@=0:3; =4 �<27<5 /< =>B7;/: @31=D3@G ;3B6=2 	/<2 A=;3B7;3A /<

3FB@3;/: 4C<1B7=< /B E6716 B63 =>B7;/: @31=D3@G 3@@=@ 7A /BB/7<32
 7A CAC/::G

@343@@32 B= /A -.2(+ * 0$"-4$07 .0-!*$+�
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*63 =>B7;/: @31=D3@G >@=0:3; 7A 1:=A3:G @3:/B32 B= B63 4=::=E7<5 3FB@3;/:

>@=0:3; �7<2

‖f0‖L2(µ0) �→ sup, f ∈ X, ‖fj‖2
L2(µj)

≤ δ2
j , j = 1, . . . n. (1)

� A>317/: 1/A3 =4 B67A 3FB@3;/: >@=0:3; 7A E63< D 7A B63 C<7B 27A9 D� µ0 /<2

µ1 /@3 >=7<B ;/AA3A /<2 µ2 7A B63 <=@;/:7H32 $303A5C3 ;3/AC@3 =< B63 C<7B

17@1:3 !3@3 B63 >@=0:3; BC@<A 7<B=

max{|f(a0)| : |f(a1)| ≤ δ1, ‖f‖H2 ≤ δ2},
E6716 ;756B 03 D73E32 /A / D3@A7=< =4 B63 1:/AA71/: )16E/@H :3;;/ !3@3 E3

1=<A723@ /<=B63@ D/@7/<B =4 )1E/@H $3;;/ $3B a ∈ D /<2 Γ 03 / 17@1:3 7<A723
=4 B63 C<7B 27A9� µ 03 B63 <=@;/:7H32 $303A5C3 ;3/AC@3 =< Γ� /<2 µ > 0. �7<2

sup

{∫

Γ

|f |2dµ : f ∈ H2, ‖f‖2
H2 ≤ 1, |f(a)| ≤ δ

}
. (2)

+3 E7:: 1=<A723@ B63 1/A3 E63< B63 17@1:3 Γ >/AA3A B6@=C56 B63 =@757< /<2 7BA
13<B3@ :73A =< B63 @3/: /F7A� A= B6/B

Γ = {z ∈ C : |z − ρ| = ρ}, 0 < ρ < 1/2.
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$3B K(z, w) 03 B63 @3>@=2C17<5 93@<3: =4 X. +@7B3

µ̃ = −µ0 +
n∑

j=1

λjµj.

*63< µ̃ 7A / @35C:/@ ;3/AC@3 =< D /<2 3D3@G 4C<1B7=< 4@=; X 7A A?C/@3� 7<B3�

5@/0:3 E7B6 @3A>31B B= µ̃ �=@ w ∈ D E3 7<B@=2C13

dµ̃w(z) = K(z, w)dµ̃(z).

'0D7=CA:G 3D3@G 4C<1B7=< 4@=; X 7A µ̃w�7<B35@/0:3

+3 4C@B63@ 23�<3

τλ
w(z) =

∫

D

K(zτ)dµ̃w(τ).

������� �� �% f̂ ∈ X (1  1-*32(-, -% 2'$ &$,$0 * $620$+ * .0-!*$+  !-4$�

2'$, 2'$0$ $6(121  ,-,�,$& 2(4$ 4$"2-0 λ̂ = (λ̂1, . . . , λ̂n) 13"' 2' 2

f̂ = (span{τ λ̂
w, w ∈ D})⊥,

 ,#

λ̂j(‖f‖L2(µj) − δj) = 0, j = 1, . . . , n.

+3 A/G B6/B / <=<�<35/B7D3 D31B=@ λ = (λ1, . . . , λn) 03:=<5A B= B63 A>31B@C;
=4 B63 >@=0:3;� 74 B63@3 3F7ABA /< /2;7AA70:3 4=@ B67A >@=0:3; 4C<1B7=< f ∈ X
AC16 B6/B

1. λj(‖f‖L2(µj) − µj) = 0.

2. f ∈ (spann{τλ
w : w ∈ D})⊥.

"< B67A 1/A3 E3 1/:: f / 1.$"20 * %3,"2(-,�

������� �� �$2 Λ !$ 2'$ 1.$"203+ -% 2'$ .0-!*$+� �'$,

sup
‖f‖L2(µj)≤δj ,j=1,...,n

= sup
λ∈Λ

n∑
j=1

λjδ
2
j . (3)

+3 1/:: / A>31B@/: >=7<B (λ̂1, . . . , λ̂n) $620$+ *� 74 B63 ;/F7;C; =4 B63 @756B�

6/<2 A723 =4 	�
 7A /BB/7<32 /B (λ̂1, . . . , λ̂n).
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!3@3 E3 6/D3�

τλ
w = − 1

π

∫

Γ

1

1 − zτ
· 1

1 − τw
· |dτ |
|τ − ρ|+

λ1
1

1 − za
· 1

1 − aw
+

λ2

2π

∫

|τ |=1

1

1 − zτ
· 1

1 − τw
|dτ | =

− 1

1 − zρ − ρw
+

λ1

(1 − za)(1 − aw)
+

λ2

1 − zw
.

�G *63=@3; � 3D3@G 3FB@3;/: 4C<1B7=< A/B7A�3A B63 4=::=E7<5 3?C/B7=<

1

1 − ρw
f

(
= ρ

1 − ρw

)
= λ1

f(a)

1 − aw

4=@ A=;3 λ1, λ2 ≥ 0 /<2 /:: w ∈ D. $3B

b =
1 −

√
1 − 4ρ2

2ρ
.

*63< 0 7A B63 �3<8=G�+=:� >=7<B =4 B63 4=::=E7<5 A3:4�;/>>7<5 =4 D

z �→ ρ

1 − ρz
,

/<2 B63 27A9 0=C<232 0G B63 17@1:3 Γ 7A / 6G>3@0=:71 <37560=@6==2 =4 b.
�=<A723@ B63 4=::=E7<5 4C<1B7=<A

ϕj(z) =

√
1 − b2

1 − bz

(
b − z

1 − bz

)j

, j = 0, 1, . . . .

*63A3 4C<1B7=<A 4=@; /< =@B6=<=@;/: 0/A7A =4 H2, /<2 B63G /@3 3753<4C<1�
B7=<A =4 B63 =>3@/B=@

Tf(z) =
1

1 − ρz
f

(
ρ

1 − ρz

)
,

/<2 B63 1=@@3A>=<27<5 3753<D/:C3A /@3

αj =
b2j

1 − ρb
. (4)
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� �����
� �������� �� ��������� �� H2

��

������� �� �$2 a �= b�
� �% ∣∣∣∣a − ρ

1 − ρ2

∣∣∣∣ ≥
ρ2

1 − ρ2
,

-0

δ >

√
|a|2ρ2 − |ρ − a|2
aρ + aρ − |a|2 ,

2'$, 2'$ 1.$"203+ -% �"'5 08 �$++ $620$+ * .0-!*$+ "-,1(121 -% 25- . 021

Λ = Λ1 ∪ Λ2� 5'$0$

Λ1 = {(0, αj) : |ϕj(a)| ≤ δ},
Λ2 = f(λ1, λ2) : λ1, λ2 > 0,

F (λ2) = δ−2, λ1 = h(λ2)

5'$0$

F (λ) =
∞∑

j=0

|ϕj(a)|2
(aj − λ)2

h2(λ),

h(λ) =

( ∞∑
j=0

|ϕj(a)|2
aj − λ

)−1

.

� �% ∣∣∣∣a − ρ

1 − ρ2

∣∣∣∣ <
ρ2

1 − ρ2
,

 ,#

δ ≤
√
|a|2ρ2 − |ρ − a|2
aρ + aρ − |a|2 ,

2'$, 2'$ 1.$"203+ (,"*3#$1 (,  ##(2(-, 2'$ .-(,2

Λ3 =

{(
aρ + aρ − |a|2

ρ2
, 0

)}
.

������� �� �$2 a = b�

Λ1 = {(0, αj) : j = 1, 2, . . . , },

Λ2 = {((1 − b2)(α0 − αj), αj) : j = 1, 2, . . . , }.
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�'$, 2'$ 1.$"203+ -% .0-!*$+ (1 Λ = Λ1 ∪Λ2, (% δ < 1√
1−b2

�  ,# Λ = Λ1 ∪Λ2 ∪
{(0, α0)}, (% δ ≥ 1√

1−b2
.

"B BC@<A =CB B6/B Λ2 7A B63 ;=AB 7;>=@B/<B >/@B =4 B63 A>31B@C;

������� ��� �� �% a *($1 -321(#$ Γ� 2'$, F (λ) → ∞  1 λ → 0.

*67A (@=>=A7B7=< 7;>:73A B6/B 74 a :73A =CBA723 Γ� B63< Λ2 1=<B/7<A =<:G �<7B3

<C;03@ =4 >=7<BA

&=E E3 E7:: CA3 *63=@3; � B= 23A1@703 B63 3FB@3;/: >=7<BA =4 B63 A>31B@C;

������� ��� �� �% δ ≥ |ϕ0(a)|, 2'$, (0, α0) (1 2'$ $620$+ * .-(,2 -% 2'$

1.$"203+�

������� ��� �� �% a = b  ,# δ < 1/
√

1 − b2
� 2'$, 2'$ $620$+ * 1.$"20 *

.-(,2 (1

(λ̂1, λ̂2) = ((1 − b2)(α0 − α1), α1).

������� ��� �� �% δ < |ϕ0(a)|� 2'$, Λ1 #-$1 ,-2 "-,2 (, $620$+ * 1.$"20 *

.-(,21�

&=B3 B6/B B63 4C<1B7=<

g(λ) =
∞∑

j=0

|ϕj(a)|2
αj − λ

(7)

7A ;=<=B=<3 /<2 7<1@3/A3A 4@=; −∞ B= +∞ E63< λ ∈ (αj+1, αj). $3B ζj 03 B63

=<:G H3@= =4 g =< B63 7<B3@D/: (αj+1, αj).

������� ��� �� �$2 a �= b. �% δ ≤ |ϕ1(a)|, 2'$, 2'$ $620$+ * 1.$"20 * .-(,2

(λ̂1, λ̂2) (1 3,(/3$� !$*-,&1 2- Λ2  ,# (1 #$2$0+(,$# !7 2'$ "-,#(2(-, ζ0 < λ̂2 <
α0.

������� ��� �� �113+$ 2' 2 |ϕ1(a)| < δ < |ϕ0(a)|  ,#

γ =

∣∣∣∣
b − a

1 − ab

∣∣∣∣ ≥ b2/3,

2'$, 2'$ "-,"*31(-, -% �0-.-1(2(-, � (1 4 *(#� 2' 2 (1� 2'$ $620$+ * 1.$"20 *

.-(,2 (λ̂1, λ̂2) (1 3,(/3$� !$*-,&1 2- Λ2  ,# (1 #$2$0+(,$# !7 2'$ "-,#(2(-, 2' 2

ζ0 < λ̂2 < α0.



27Schwarz lemma and optimal recovery of functions in H2
����
� ����
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� �������� �� ��������� �� H2

��

�� ������� ����!��$ 
�����

*63 4=::=E7<5 @3AC:B 7A 2C3 B= %/5/@7:�":�G/3D /<2 'A7>3<9=

������� �� �113+$ 2' 2 2'$0$ $6(12 λ̂j ≥ 0, j = 1, . . . , n, 13"' 2' 2 2'$

4 *3$ -% 2'$ $620$+ * .0-!*$+

‖f0‖2
L2(µ0) �→ max,

∞∑
j=1

λ̂j‖fj‖2
L2(0,µj)

≤
∞∑

j=1

λ̂jδ
2
j , f ∈ X

(1 2'$ 1 +$  1 (, �	�� �-0$-4$0�  113+$ 2' 2 %-0 $4$07 ỹ = (ỹ1, . . . , ỹn) ∈
Y1 × · · · × Yn, 5'$0$ Yj  0$  *+-12 $4$075'$0$ #$,1$ (, L2(µj), 2'$0$ $6(121 fỹ

5'("' (1  1-*32(-, -% 2'$ $620$+ * .0-!*$+

∞∑
j=1

λ̂j‖fj − ỹj‖2
L2(0,µj)

→ min, f ∈ X. (8)

�-0$-4$0� *$2 Â : L2(µ1) × · · · × L2(µn) �→ L2(µ0) !$  *(,$ 0 "-,2(,3-31

-.$0 2-0� 5'$0$ 2'$ ,-0+ (, L2(µ1) × · · · × L2(µn) (1 #$�,$#  1

‖y‖ =

(
n∑

j=1

‖yj‖L2(µj)

)1/2

,

13"' 2' 2 %-0  ** ỹ = (ỹ1, . . . , ỹn) ∈ Y1 × · · · × Yn,

Â(ỹ) = (fỹ)0.

�'$,

E(X,D, µ, δ) = sup
f∈X

‖fj‖L2(µj)≤δj , j=1,...,n

‖f0‖L2(µ0)

 ,# 2'$ +$2'-# Â(y) (1 -.2(+ *�

+3 E7:: />>:G *63=@3; � B= B63 1=<AB@C1B7=< =4 =>B7;/: @31=D3@G ;3B6=2

4=@ B63 )16E/@H $3;;/ BG>3 >@=0:3; 1=<A723@32 /0=D3

�=<A723@ B63 3FB@3;/: >@=0:3;

∫

Γ

|f |2dµ → sup, (9)
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f ∈ H2, λ̂1|f(a)|2 + λ̂2‖f‖2
H2 ≤ λ̂1δ

2 + λ̂2

E63@3 /A 034=@3 µ 7A B63 <=@;/:7H32 $303A5C3 ;3/AC@3 =< (λ̂1, λ2) 7A /< 3FB@3;/:
A>31B@/: >=7<B 4=@ >@=0:3; 	�


������� ��� �� �3..-1$ 2' 2 $(2'$0

	� a �= b  ,# δ ≤ |ϕ1(a)|, -0 |ϕ1(a)| < δ < |ϕ0(a)|  ,# γ =
∣∣ b−a
1−ab

∣∣ ≥ b2/3,
-0


� a = b  ,# δ < ϕ(b) = 1/
√

1 − b2.
�'$, 2'$ 4 *3$1 -% $620$+ * .0-!*$+1 �
�  ,# ���  0$ 2'$ 1 +$�

������� �� �3..-1$ 2' 2 -,$ -% 2'$ %-**-5(,& "-,#(2(-,1 (1 1 2(1�$#

� δ ≥ |ϕ0(a)|,
� δ ≤ |ϕ1(a)|,
� |ϕ1(a)| < δ < |ϕ0(a)|, γ ≥ b2/3,
� a = b,

 ,# (λ̂1, λ̂2) 2'$ "-00$1.-,#(,& $620$+ * 1.$"20 * .-(,2� �'$, 2'$ $00-0 -% -.2(�

+ * 0$"-4$07 (1 &(4$, !7 √
λ̂1δ2 + λ̂2

 ,# 2'$ +$2'-#

Â(y)(z) =
λ̂1y

λ̂1 + λ̂2(1 − |a|2)
· 1 − |a|2

1 − az
(10)

(1 -.2(+ *�

&=B3 B6/B 4=@ a = b B63 =>B7;/: ;3B6=2 =4 @31=D3@G 	��
 2=3A <=B 23>3<2
=< δ /<2 6/A B63 4=@;

Â(y)(z) =
1 − |b|2
1 − bz

.

�� ���� ��������

� "B E=C:2 03 23A7@/0:3 B= 723<B74G B63 3FB@3;/: A>31B@/: >=7<B 7< /:: >=AA70:3

1/A3A +3 6/D3 A6=E< B6/B 7< / <C;03@ =4 1/A3A B63 3FB@3;/: A>31B@/: >=7<B 7A

B63 =<:G >=7<B 7< Λ2 AC16 B6/B ζ0 < λ̂2 < α0. 'C@ /BB3;>BA B= �<2 / <=<B@7D7/:�
1/A3 E63< B67A >=7<B 7A <=B 3FB@3;/: 4/7:32 *6CA� E3 /@3 B3;>B32 B= 1=<831BC@3

B6/B B63 >=7<B =4 Λ2 E7B6 B63 07553AB λ2 7A /:E/GA 3FB@3;/:

	����� !��� �% a �= b  ,# δ < |ϕ0(a)|� 2'$ .-(,2 (, Λ2 13"' 2' 2 ζ0 < λ̂2 <
α0. (1  *5 71 2'$ 1.$"20 * $620$+ * .-(,2 %-0 .0-!*$+ �
��
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� �������� �� ��������� �� H2

��

� "B 7A </BC@/: B= /A9 E6716 16=713 =4 / ;7<7;7H3A B63 D/:C3 =4 >@=0:3; 	�


	=4 1=C@A3� B67A 16=713 =4 / :3/2A B= B63 :3/AB =>B7;/: @31=D3@G 3@@=@
 "B 4=::=EA

4@=; /0=D3 27A1CAA7=< B6/B B63 >=7<B 0 >:/GA / A>317/: @=:3

�������� �-$1 2'$ "'-("$   !  *5 71 *$ # 2- 2'$ *$ 12 +$ , 1/3 0$

-.2(+ * 0$"-4$07 $00-0�

� �7</::G� 74 7< >@=0:3; 	�
 E3 @3>:/13 B63 1=<AB@/7<B |ϕ(a)| ≤ δ E7B6

1

2πi

∫

|z−a|=r

|f(z)|2d(z − a) ≤ δ, 0 < r < 1 − |a|,

B63< B63 >@=0:3; 031=;3A 3D3< ;=@3 27�1C:B *63 @3/A=< 7A B6/B 7< B63 @756B

6/<2 A723 =4 �C:3@�A 3?C/B7=< B63 B3@; λ1
f(a)
1−az

7A @3>:/132 E7B6

λ1f

(
a − r2z

1 − az

)
.

/<2 B63 3?C/B7=< BC@<A 7<B=

1

1 − ρw
f

(
ρ

1 − ρw

)
=

λ1

1 − az
f

(
a − r2z

1 − az

)
+ λ2f(w)

*6CA� �<27<5 B63 A>31B@C; 7< B67A 1/A3 7A @32C132 B= �<27<5 3753<D/:C3A =4

/< =>3@/B=@ E6716 7A / :7<3/@ 1=;07</B7=< =4 BE= 1=;>/1B <=<�1=;;CB7<5

=>3@/B=@A "B E=C:2 03 D3@G 7<B3@3AB7<5 B= �<2 B63 3753<0/A7A E6716 1=@@3A>=<2A

B= B67A >@=0:3; /<2 B= �<2 B63 A=:CB7=<

����������

-�. �� �� � & 0(*��*�7 $4� �� �3� �1(.$,)-� �'>B7;/: @31=D3@G =4 4C<1B7=<A

/<2 B637@ 23@7D/B7D3A 4@=; 7</11C@/B3 7<4=@;/B7=< /0=CB / A>31B@C; /<2

7<3?C/:7B73A 4=@ 23@7D/B7D3A�� �C<91 /</:7H 7 35= >@7:=H6 �� 	����
� ������

�<5:7A6 B@/<A: 7< �C<1B �</: /<2 "BA �>>:� �� 	����


-�. �� �� �$*)+ ,� �� �� �(""'$**(� �'>B7;/: 3AB7;/B7=< =4 :7<3/@ =>3@/B=@A

7< !7:03@B A>/13A 4@=; 7</11C@/B3 2/B/�� )"�% # &C;3@ �</:� �� 	����
�

������

-�. �� �3� �1(.$,)-� �*63 !/@2G�$7BB:3E==2�(�=:G/ 7<3?C/:7BG 4=@ /</:GB71

4C<1B7=<A 4@=; !/@2G�)=0=:3D A>/13A�� %/B )0� ��� 	����
� ������ �<�

5:7A6 B@/<A: 7< )0=@<71� %/B63;/B71A� ��� 	����
� �������
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�3@5;/< A>/13A�� %/B ,/;3B97� �� 	����
� ������� �<5:7A6 B@/<A: 7<
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-�. �� �3� �1(.$,)-� �� �� �2$11(,� �'< =>B7;/: @31=D3@G =4 / 6=:=;=@>671

4C<1B7=< 7< B63 C<7B 0/:: =4 Cn
�� �=<AB@ �>>@=F� � 	����
� �������

-�. �� �3� �1(.$,)-� �� �� �2$11(,� �'< A=;3 >@=0:3;A =4 =>B7;/: @31=D3@G
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