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Проблема эквивалентности сильного поточечного 
и интегрального принципов для систем с 
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инварианты и их эргодические свойствва*
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Cb^_TX cbeVsmYa bebUYaabefs` [TXTk\ bcf\`T_pabWb gcdTV_Ya\s X_s

e\efY` e X\hhYdYaj\T_pao`\ eVs[s`\ V V\XY hga^j\baT_pab�X\hhYdYa�

j\T_paoi gdTVaYa\] fbkYkabWb f\cT	 F[gkTYfes e_YXgrmTs [TXTkT bcf\�

`T_pabWb gcdTV_Ya\s	

����#� �� #5:59545=;/-?H A@:7C5;:-8

J = J(x(t0), x(t1)) → inf ���

<=5 ;0=-:5D2:5KB�

ẋ(t) = f(t, x(q1(t)), . . . , x(qs(t)), u(q1(t)), . . . , u(qs(t)) ), t ∈ [t0, t1], ��

ẋ(t) = ϕ(t), t ∈ R\[t0, t1], ϕ(.) ∈ L∞(R, Rn), ���

K(x(t0), x(t1)) = 0, ���

u(t) ∈ U, U ⊆ Rm. ���

EXYep f : R × Rns → Rn
� bfbUdTZYa\Y ^_TeeTC(0); qj(.), j = 1,. . . ,s �

Wb`Yb`bdh\[`o cds`b]� ebidTasrm\Y bd\YafTj\r \ gXbV_YfVbdsrm\Y
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ẋ(t) = ϕ(t), t ∈ R\[t0, t1], ϕ(.) ∈ L∞(R, Rn), ���

K(x(t0), x(t1)) = 0, ���

u(t) ∈ U, U ⊆ Rm. ���

EXYep f : R × Rns → Rn
� bfbUdTZYa\Y ^_TeeTC(0); qj(.), j = 1,. . . ,s �

Wb`Yb`bdh\[`o cds`b]� ebidTasrm\Y bd\YafTj\r \ gXbV_YfVbdsrm\Y

��
���	� ����� '( %- ' $�") $+$�� ) )*�$ ) &*"#&%540 $)5 �(�+$�%*&$� $�*&�

#&"�#2%1, ��( �- !� $�*( .�)" �  %��( �%*1

1
���&*� '&���(��%� �&)) !)" $ �&%�&$ �+%��$�%*�#2%1, �))#��&��% ! ��(�%*

���������
	����  '(&�(�$$&! '&���(�" ���+0 , %�+.%1, /"&# ��(�%* ���

	�	���������

����	�� ��
������	���	��

������� ���	����������	 �	������

����������� 	 	������������ ��	��	���

���	�� ��� �	��� � ���������	��

��������� ���	����	� 	����	���� 	 	�

�����	����	� ���
����

1

���� �����$�

+2:?=-8H:G6 I7;:;957;�9-?29-?5D2>756 5:>?5?@? '�$� #;>7/-�

';>>5K

�� ��������

Cb^_TX cbeVsmYa bebUYaabefs` [TXTk\ bcf\`T_pabWb gcdTV_Ya\s X_s

e\efY` e X\hhYdYaj\T_pao`\ eVs[s`\ V V\XY hga^j\baT_pab�X\hhYdYa�

j\T_paoi gdTVaYa\] fbkYkabWb f\cT	 F[gkTYfes e_YXgrmTs [TXTkT bcf\�

`T_pabWb gcdTV_Ya\s	

����#� �� #5:59545=;/-?H A@:7C5;:-8

J = J(x(t0), x(t1)) → inf ���

<=5 ;0=-:5D2:5KB�
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ge_bV\s`

νj = sup
t∈R

|t − qj(t)| < +∞, j = 1, ..., s.

A XY]efV\fY_pabef\� X_s [TXTk\ bcf\`T_pabWb gcdTV_Ya\s Wb`Yb`bd�

h\[`o qj, j = 1, . . . , s `bZab ek\fTfp aT^dof\s`\ b^dgZabef\	

C_s e\efY` e bf^_basrm\`es TdWg`Yafb`� V aT\Ub_YY l\db^b` ^_Te�

eY bf^_baYa\] TdWg`YafT� aT beabVY cb_gkYa cbfbkYkao] cd\aj\c `T^�

e\`g`T LbafdsW\aT �e_TUo] cbfbkYkao] cd\aj\c `T^e\`g`T� %&	 A

beabVY XdgWbWb `YfbXT \ee_YXbVTa\s aYbUibX\`oi ge_bV\] bcf\`T_pabe�

f\ �e\_pabWb cbfbkYkabWb cd\aj\cT `T^e\`g`T� _YZ\f `bX\h\^Tj\s

`YfbXT ;�VTd\Tj\] %�&�%�&	 LdYcsfefV\Y` ^ \ecb_p[bVTa\r ;�VTd\Tj\\

sV_sYfes aY\aVTd\Tafabefp dTee`Tfd\VTY`bWb ^_TeeT [TXTk bcf\`T_pabWb

gcdTV_Ya\s bfabe\fY_pab fT^\i VTd\Tj\]	 JYfd\V\T_pabefp cdbefdTaefVT

Xbcgef\`oi VTd\Tj\] �bfabe\fY_pab ^bfbdoi ^_Tee [TXTk bcf\`T_pabWb

gcdTV_Ya\s \aVTd\TafYa� [TV\e\f bf efdg^fgdo Wdgcco Wb`Yb`bdh\[`bV

cds`b]� cbdbZXYaab] hga^j\s`\ bf^_baYa\s TdWg`YafT	 C_s Wdgcc

Wb`Yb`bdh\[`bV cds`b] \[ �`Tee\VabWb� cbX`abZYefVT ecdTVYX_\V

cd\aj\c `T^e\`g`T LbafdsW\aT V e\_pab] cbfbkYkab] hbd`Y V V\XY

XVT cTdT`Yfd\kYe^bWb eY`Y]efVT ^baYkab`Ydaoi q^efdY`T_paoi [TXTk

�X_s [TXTk UY[ bf^_baYa\s TdWg`YafT cd\aj\c `T^e\`g`T cdYXefTV_Ya

bX\a cTdT`Yfd\kYe^\` eY`Y]efVb` ^baYkab`Ydaoi q^efdY`T_paoi [TXTk�	

KXa\` cTdT`Yfdb`� ^T^ \ V e_gkTY UY[ bf^_baYa\s TdWg`YafT� sV_sYfes

VdY`s 9	 Afbdo` cTdT`Yfdb` sV_sYfes 0������ 	 	 	 	 C_s Wdgcco Wb`Yb�

`bdh\[`bV cds`b]

Q =< q1, ..., qs >

ba iTdT^fYd\[gYf q_Y`Yafo bdU\fo Q(t) fbk^\ 9� cb_gkYaaoY e cb`bmpr

e_bV X_\ao aY Ub_YY kY` 0	 C_s aY^bfbdbWb ^_TeeT hga^j\] bf^_baYa\s

TdWg`YafT �V kTefabef\� V e_gkTY bfegfefV\s bf^_baYa\s TdWg`YafT

\_\ j\^_\kabef\ Wdgcco� cbdbZXYaab] qf\`\ hga^j\s`\ bf^_baYa\s

TdWg`YafT� e\_pao] cbfbkYkao] cd\aj\c `T^e\`g`T q^V\VT_YafYa

cd\aj\cg `T^e\`g`T V \afYWdT_pab] hbd`Y	 A bUmY` e_gkTY \[ cd\a�

j\cT `T^e\`g`T V \afYWdT_pab] hbd`Y e_YXgYf e\_pao] cbfbkYkao]

cd\aj\c `T^e\`g`T	 LdbU_Y`o� eVs[TaaoY e q^V\VT_Yafabefpr e\_pabWb

cbfbkYkabWb cd\aj\cT `T^e\`g`T \ cd\aj\cT `T^e\`g`T V \afYWdT_pab]

hbd`Y� UgXgf bUegZXYao a\ZY	
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C_s [TXTk\ bcf\`T_pabWb gcdTV_Ya\s e X\hhYdYaj\T_pab] eVs[pr V

V\XY bUo^abVYaaoi X\hhYdYaj\T_paoi gdTVaYa\] ibdblb \[VYefao `ab�

W\Y [T`YkTfY_paoY eVb]efVT	 Ab cYdVoi� X_s bUo^abVYaaoi X\hhYdYaj\�

T_paoi gdTVaYa\]� V e\_g fYbdY`o egmYefVbVTa\s dYlYa\s� egmYefVgYf

l\db^\] �3�cTdT`Yfd\kYe^\]� ^_Tee fdTY^fbd\]� gXbV_YfVbdsrm\i X\h�

hYdYaj\T_pab] eVs[\	 Ab Vfbdoi� V e\_g fYbdY`o YX\aefVYaabef\ dY�

lYa\s \ ge_bV\r aYfd\V\T_pabef\ `abZ\fY_Y] HTWdTaZT� kTefb gXTYfes

gefTabV\fp aYfd\V\T_pabefp ebcdsZYaab] cYdY`Yaab]	

C_s hga^j\baT_pab�X\hhYdYaj\T_pabWb gdTVaYa\s ��� aT[oVTY`bWb

hga^j\baT_pab�X\hhYdYaj\T_pao` gdTVaYa\Y` fbkYkabWb f\cT� qf\

Vbcdbeo fdYUgrf gfbkaYa\]	

�� ����������� ��������
�!�������������
�!� �

��
������ �������� ���


MTee`Tfd\VTYfes hga^j\baT_pab�X\hYdYaj\T_pabY gdTVaYa\Y fbkYk�

abWb f\cT

ẋ(t) = f(t, x(q1(t), . . . , x(qs(t))), t ∈ BR ���

WXY f : R×Rns −→ Rn
� bfbUdTZYa\Y ^_TeeT C(0)

� qj(.), j = 1, . . . , s � Wb`Y�

b`bdh\[`o cds`b]� ebidTasrm\Y bd\YafTj\r� BR � [T`^agfo] \afYdVT_

[t0, t1]� [T`^agfTs k\e_bVTs cb_gcds`Ts [t0, +∞[� \_\ k\e_bVTs cds`Ts R	
MTee`Tfd\VTY`bY hga^j\baT_pab�X\hhYdYaj\T_pabY gdTVaYa\Y fb�

kYkabWb f\cT cd\ qj(t) ≡ t� j = 1, . . . , s � sV_sYfes bUo^abVYaao`

X\hhYdYaj\T_pao` gdTVaYa\Y`� cd\ qj(t) ≤ t� j = 1, . . . , s � gdTVaY�

a\Y` e [TcT[XoVTa\s`\� cd\ qj(t) ≥ t� j = 1, . . . , s � gdTVaYa\Y` e

bcYdYZYa\s`\	 Qga^j\\ [qj(t) − t]� j = 1, . . . , s aT[oVTrfes bf^_baY�

a\s`\ TdWg`YafT	

	���������� �� �.>;8J?:; :2<=2=G/:-K A@:7C5K x(·)� ;<=21282::-K
:- R� :-4G/-2?>K =2E2:529 @=-/:2:5K ���� 2>85 <=5 <;D?5 />2B t ∈ BR

A@:7C5K x(.) @1;/82?/;=K2? I?;9@ @=-/:2:5J�  >85 <=5 I?;9 x(.) ∈
C(k)(R, Rn)� k = 0, 1, 2, . . .� ?; ?-7;2 =2E2:52 :-4G/-2?>K =2E2:529

78->>- C(k)
�

F[VYefab� kfb hga^j\4aT_pab�X\hhYdYaj\T_paoY gdTVaYa\s �QCP�

fbkYkabWb f\cT aY aTe_YXgrf VeYi [T`YkTfY_paoi eVb]efV bUo^abVYaaoi
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X\hhYdYaj\T_paoi gdTVaYa\] �KCP� %�&�%�&	 LdbefY]lTs `bXY_p� aT ^b�

fbdb] `bZab aTU_rXTfp qfb bf_\k\Y� \`YYf V\X�

ẋ(t) = x(t), ẋ(t) = x(t − h), x ∈ R, t ∈ R, h ≥ 0,

e ebbfVYfefVgrm\`\ iTdT^fYd\ef\kYe^\`\ gdTVaYa\s`\

k = 1, k = e−kh.

RTdT^fYd\ef\kYe^bY gdTVaYa\Y X_s KCP \`YYf bX\a ^bdYap� T

iTdT^fYd\ef\kYe^bY gdTVaYa\Y X_s QCP \`YYf ekYfabY k\e_b dYlYa\]	

A cYdVb` e_gkTY WTdTaf\dgYfes ^T^ egmYefVbVTa\Y dYlYa\s� fT^ \ YWb

YX\aefVYaabefp	 Ab Vfbdb` e_gkTY dYlYa\Y egmYefVgYf� ab aYf YX\aefVYa�

abef\	 @b_YY fbWb� VV\Xg ekYfabWb k\e_T dYlYa\] iTdT^fYd\ef\kYe^bWb

gdTVaYa\s� `bZab ^baefdg\dbVTfp dYlYa\s eb e^b_p gWbXab �c_bi\`\�

eVb]efVT`\	 A kTefabef\� `bWgf Uofp cbefdbYao dYlYa\s eb e^bdbefpr

dbefT Ub_YY kY` q^ecbaYaj\T_pabY	 ET`Yf\`� kfb ^TkYefVYaabY bf_\k\Y

dTee`Tfd\VTY`oi XVgi gdTVaYa\] ebidTasYfes XTZY cd\ e^b_p gWbXab

`T_oi h > 0� kfb aY ebbfVYfefVgYf aTl\` \afg\f\Vao` cdYXefTV_Ya\s`

bU bUnY^fTi \`Yrm\i YX\abY e\`Vb_\kYe^bY cdYXefTV_Ya\Y	 A XY]ef�

V\fY_pabef\� QCP aY aTe_YXgrf `abW\i [T`YkTfY_paoi eVb]efV bUo^�

abVYaaoi X\hhYdYaj\T_paoi gdTVaYa\]� aTcd\`Yd� eVb]efVb fbkYkab]

cb_abfo dYlYa\]� 3�cTdT`Yfd\kabefp dYlYa\] \ f	X	 F cbe_YXaYY�

dYlYa\s QCP V dTel\dYaab` hT[bVb` cdbefdTaefVY R × Rn
aY [TXTrf

X\aT`\kYe^b] e\efY`o� kfb e\_pab be_bZasYf \i \ee_YXbVTa\Y	 P�

k\foVTs VTZabefp cbe_YXaYWb� X_s gdTVaYa\] [TcT[XoVTrmYWb f\cT

J	J	 GdTebVe^\` Uo_b cdYX_bZYab \[gkTfp dYlYa\s V hga^j\baT_pab`

dTel\dYaab` hT[bVb` cdbefdTaefVY

R × C([−h, 0], Rn),

V ^bfbdb` dYlYa\s gZY [TXTrf X\aT`\kYe^gr e\efY`g	 JYXbefTfb^ fT^bWb

cbXibXT V fb`� kfb ba cd\`Ya\` fb_p^b ^ e\efY`T` [TcT[XoVTrmYWb f\cT

\ `abW\Y cb_gkYaaoY dY[g_pfTfo hbd`g_\dgrfes V fYd`\aTi aY \eibXabWb

gdTVaYa\s� T abVbWb dTel\dYaabWb hT[bVbWb cdbefdTaefVT	

C_s cdYbXb_Ya\s dT[doVT `YZXg eVb]efVT`\ dYlYa\] KCP \

QCP fbkYkabWb f\cT Uo_ cdYX_bZYa `YfbX� beabVTaao] aT WdgccbVoi

Л. А. Бекларян
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bebUYaabefsi fT^\i gdTVaYa\] %�&� kfb cb[Vb_\_b cb_gk\fp aY g_gklTY`oY

ge_bV\s� ^bfbdoY bcdYXY_srf ecbebUo dYWg_sdabWb dTel\dYa\s ^_TeeT

KCP V ^_TeeY QCP fbkYkabWb f\cT V e`oe_Y ebidTaYa\s fT^\i eVb]efV

dYlYa\] KCP� ^T^ egmYefVbVTa\Y \ YX\aefVYaabefp V [TXTaab` ^_TeeY

hga^j\]� aYcdYdoVaTs [TV\e\`befp dYlYa\s bf aTkT_paoi ge_bV\]�

fbkYkaTs cb_abfT dYlYa\]� 3�cTdT`Yfd\kabefp cdbefdTaefVT dYlYa\]�

�W_TX^befp� dYlYa\s� eVb]efVb �WdgUbef\� gdTVaYa\s \ f	X	 A dT`^Ti

fT^bWb cbXibXT dYlYa\s QCP fbkYkabWb f\cT \mgfes V UTaTibVb`

cdbefdTaefVY hga^j\] x(·) e VYeT`\

Ln
µC(k)(R) =

{
x(·) : x(·) ∈ C(k) (R, Rn) , max

0≤r≤k
sup
t∈R

‖x(r)(t)µ|t|‖Rn < +∞
}

,

µ ∈ (0, +∞), e abd`b]

‖x(·)‖(k)
µ = max

0≤r≤k
sup
t∈R

‖x(r)(t)µ|t|‖Rn .

Kf`YkYaaoY aYg_gklTY`oY ge_bV\s hbd`g_\dgrfes V fYd`\aTi

cdTVb] kTef\ QCP \ cTdT`YfdT µ �e`	 %�&� W_TVT �� > ��	

C_s cdbefbfo \ aTW_sXabef\ hbd`g_\dbV^\ beabVaoi dY[g_pfTfbV

UgXY` dTee`Tfd\VTfp e_gkT] cbefbsaaoi eb\[`Yd\`oi bf^_baYa\]

TdWg`YafT	

F[gkTYfes beabVaTs aTkT_pab�^dTYVTs [TXTkT

ẋ(t) = g(t, x(t + n1), · · · , x(t + ns)), t ∈ BR, nj ∈ Z, j = 1, . . . , s ���

ẋ(t) = ϕ(t), t ∈ R\BR, ϕ(.) ∈ L∞(R, Rn), ���

x(t̄) = x̄, t̄ ∈ R, x̄ ∈ Rn, . ���

IabZYefVb BR� _\Ub ^baYkao] \afYdVT_ [t0, t1], t0, t1 ∈ R� _\Ub cb_gcds�
`Ts [t0, +∞[, t0 ∈ R� _\Ub cds`Ts R	
KeabVaTs e_bZabefp \[gkYa\s fT^b] [TXTk\ V aY_b^T_pabef\ aTkT_pab

^dTYVoi ge_bV\]	

C_s bfbUdTZYa\s g : R×Rn×s �−→ Rn
ehbd`g_\dgY` e\efY`g ge_bV\]�

��� g(.) ∈ C(0)(R × Rn×s, Rn)�

���� X_s _rUoi t, zj, z̄j, j = 1, . . . , s

‖g (t, z1, . . . , zs) ‖Rn ≤ M0(t) + M1

s∑
j=1

‖zj‖Rn , M0(.) ∈ C(0)(R, R),

Проблема эквивалентности сильного поточечного и интегрального…
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‖g (t, z1, . . . , zs) − g (t, z̄1, . . . , z̄s) ‖Rn ≤ M2

s∑
j=1

‖zj − z̄j‖Rn ;

����� egmYefVgYf µ∗ ∈ R+ fT^bY� kfb VodTZYa\Y

sup
i∈Z

M0(t + i) (µ∗)|i|

X_s _rUbWb t ∈ R \`YYf ^baYkabY [aTkYa\Y \ ^T^ hga^j\s TdWg`YafT
t aYcdYdoVaT	

��$� egmYefVgYf µ∗ ∈ R+ fT^bY� kfb eY`Y]efVb hga^j\]

g̃i,z1,...,zs(t) = g(t + i, z1, . . . , zs)(µ
∗)|i|, i ∈ Z, z1, . . . , zs ∈ Rn×s

aT _rUb` ^baYkab` \afYdVT_Y dTVabefYcYaab aYcdYdoVab	

A e_gkTY 7;:2D:;0; 5:?2=/-8- ;<=21282:5K BR = [t0, t1]� UgXY`

cb_TWTfp� kfb hga^j\s g(.) gXbV_YfVbdsYf ge_bV\s` ��������	 De_\ BR

sV_sYfes <;8@<=K9;6� \_\ <=K9;6� UgXY` cb_TWTfp� kfb g(.) gXbV_YfVbdsYf

ge_bV\s` ����(IV )	

Kc\lY` VYep`T l\db^\] ^_Tee hga^j\] g(.)� gXbV_YfVbdsrm\i

bWdTa\kYa\s` ������$�	

����#���� �� &@>?H A@:7C5K g 5922? <=21>?-/82:52

g(t, z1, . . . , zs) = g1(z1, . . . , zs) + f(t),

/ 7;?;=;9 :2<=2=G/:-K A@:7C5K f(·) <=5:-18235? <=;>?=-:>?/@

Ln
µ∗C(0)(R)� µ∗ ∈ R+� - A@:7C5K g1 @1;/82?/;=K2? @>8;/5J "5<E5C-�

(;01- A@:7C5K g .@12? @1;/82?/;=K?H @>8;/5K9 ��������� � D->?:;>?5�

2>85 ;?;.=-32:52 g K/8K2?>K 85:26:G9 <; x1� � � � � xs� ?; 2>?H

g(t, z1, . . . , zs) =
s∑

j=1

Ajzj + f(t)

012 Aj � <;>?;K::G2 (n×n) 9-?=5CG� - f(·) <=5:-18235? <=;>?=-:>?/@

Ln
µ∗C(0)(R)� µ∗ ∈ R+� ?; g(·) .@12? @1;/82?/;=K?H @>8;/5K9 ���������

Io ehbd`g_\dbVT_\ ge_bV\s� ^bfbdo` Xb_ZaT gXbV_YfVbdsfp hga�

^j\s g� bc\eoVTrmTs cdTVgr kTefp hga^j\baT_pab�X\hhYdYaj\T_pab�

Wb gdTVaYa\s fbkYkabWb f\cT	 Pe_bV\s aYcdYdoVabef\� ge_bV\s dbefT cb

Л. А. Бекларян
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hT[bVo` cYdY`Yaao` \ cYdY`Yaab] VdY`Ya\� T fT^ZY ge_bV\Y H\cl\jT

�ge_bV\s ��������� sV_srfes efTaXTdfao`\ ge_bV\s`\ V fYbd\\ X\hhY�

dYaj\T_paoi gdTVaYa\]� V fb` k\e_Y \ V fYbd\\ bUo^abVYaaoi X\h�

hYdYaj\T_paoi gdTVaYa\]	 A XY]efV\fY_pabef\� V ���� ge_bV\Y dbefT

cb hT[bVo` cYdY`Yaao` \ cYdY`Yaab] VdY`Ya\ �cYdVbY aYdTVYaefVb�

sV_sYfes e_YXefV\Y` ge_bV\s H\cl\jT �VfbdbY aYdTVYaefVb�	 A`YefY e

fY` `o bfXY_pab Voc\eT_\ cYdVbY aYdTVYaefVb� kfbUo X_s hga^j\\ M0(.)

ehbd`g_\dbVTfp ge_bV\Y �����	 Pe_bV\Y ����� X_s hga^j\\ g eVs[Tab e

\[gkYa\Y` dYlYa\] aT cb_gcds`b] \ cds`b]� kfb fdYUgYf bcdYXY_Yaaoi

bWdTa\kYa\] aT dbef cdTVb] kTef\	 Lbe_YXaYY ge_bV\Y ��$� aYbUibX\`b

V e_gkTY cb_gcds`b] \_\ cds`b]� kfbUo \[UYZTfp Xbcb_a\fY_paoY

fYia\kYe^\Y e_bZabef\	


������ ��  >85 18K :27;?;=;0; µ ∈ ] 0, µ∗[∩] 0, 1[ /G<;8:K2?>K :2=-�

/2:>?/;

M2

s∑
j=1

µ−|nj | < ln µ−1, ����

?; 18K 8J.GB A57>5=;/-::GB ϕ(·) ∈ L∞ (R, Rn)� x̄ ∈ Rn
� >@F2>?/@2?

=2E2:52

x(·) ∈ Ln
µC

(0)(R)

;>:;/:;6 :-D-8H:;�7=-2/;6 4-1-D5 �������� (-7;2 =2E2:52 K/8K2?>K 215:�

>?/2::G9�

CdgW\` VTZao` TecY^fb` fYbd\\ QCP sV_sYfes cdbU_Y`T egmYefVb�

VTa\s \`cg_peaoi dYlYa\] �^gebkab TUeb_rfab aYcdYdoVaoY dYlYa\s�	

F[gkTYfes aTkT_pab�^dTYVTs [TXTkT

ẋ(t) = g(t, x(t + n1), · · · , x(t + ns)), t ∈ BR, nj ∈ Z, j = 1, . . . , s ����

ẋ(t) = ϕ(t), t ∈ R\BR, ϕ(.) ∈ L∞(R, Rn), ���

x(t̄) = x̄, t̄ ∈ R, x̄ ∈ Rn, ����

x(ti + 0) − x(ti − 0) = �i, ti ∈ R, ti < ti+1, �i ∈ Rn, i ∈ Z ����

V ^_TeeY \`cg_peaoi dYlYa\]	

IabZYefVb BR� _\Ub ^baYkao] \afYdVT_ [t0, t1], t0, t1 ∈ R� _\Ub cb_g�
cds`Ts [t0, +∞[, t0 ∈ R� _\Ub cds`Ts R	 IabZYefVb {ti : i ∈ Z} sV_sYfes
bUnYX\aYa\Y` ^baYkabWb k\e_T bdU\f Wdgcco eXV\WbV Q =< t + n1, . . . , t +

ns > .

Проблема эквивалентности сильного поточечного и интегрального…
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C_s _rUbWb µ ∈ R+ bcdYXY_\` UTaTibVb cdbefdTaefVb �cdbefdTaefVb

hga^j\] e VYeT`\�

Ln
µL∞(R) = {x(.) : x(·) ∈ L∞(R, Rn), sup

t∈R
;rai‖x(t)µ|t|‖Rn < +∞},

e abd`b]

‖x(.)‖µ = sup
t∈R
;rai‖x(t)µ|t|‖Rn .


������ ��  >85 18K :27;?;=;0; µ ∈ ] 0, µ∗[∩] 0, 1[ /G<;8:K2?>K :2=-�

/2:>?/;

M2

s∑
j=1

µ−|nj | < ln µ−1,

?; 18K 8J.GB A57>5=;/-::GB ϕ(.) ∈ L∞ (R, Rn)� x̄ ∈ Rn
� �i ∈ Rn, i ∈ Z,

sup
i∈Z

‖�i‖Rnµ|ti| < +∞

>@F2>?/@2? =2E2:52 �7@>;D:; -.>;8J?:; :2<=2=G/:;2�

x(·) ∈ Ln
µL∞(R)

;>:;/:;6 :-D-8H:; 7=-2/;6 4-1-D5 ��������� (-7;2 =2E2:52 K/8K2?>K

215:>?/2::G9�

De_\ beabVaTs aTkT_pab�^dTYVTs [TXTkT ������� bcdYXY_YaT aT bfdY[^Y

[t0, t1]� \_\ cb_gcds`b] [t0, +∞)� fb aY aTdglTs bUmabef\ `bZY` ek\fTfp�

kfb Vocb_aYab ge_bV\Y t0 > maxj∈{1,...,s} |nj|	 Ld\ ecYj\T_pab` aTkT_pab`
[aTkYa\\ VdY`Ya\ t = t0 aYdTVYaefVb ���� `bZab [T`Ya\fp aT Ub_YY e_TUbY

aYdTVYaefVb	


������ ��  >85 18K :27;?;=;0; µ ∈ ] 0, µ∗[∩] 0, 1[ /G<;8:K2?>K :2=-�

/2:>?/;

M2

s∑
j=1

µ−nj < ln µ−1, ����

?; 18K 8J.GB A57>5=;/-::GB ϕ(.) ∈ L∞ (R, Rn)� x̄ ∈ Rn
� >@F2>?/@2?

=2E2:52

x(.) ∈ Ln
µC(0)(R)

;>:;/:;6 :-D-8H:;�7=-2/;6 4-1-D5 �������� / 7;?;=;6 t = t0� (-7;2 =2E2�

:52 K/8K2?>K 215:>?/2::G9�

Л. А. Бекларян
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KkYV\Xab� kfb X_s gdTVaYa\s e [TcT[XoVTa\s`\ �nj ≤ 0� aYdTVYaefVb

���� Vocb_asYfes X_s VeYi µ `Yapl\i aY^bfbdbWb µ	 KferXT e_YXgYf� kfb

X_s gdTVaYa\] e [TcT[XoVTa\s`\ VeY dYlYa\s `TZbd\dgrfes aY^bfbdb]

[TXTaab] q^ecbaYafb]	

Ld\VYXY` YmY bXag hbd`g_\dbV^g fYbdY`o egmYefVbVTa\s	


������ ��  >85 18K :27;?;=;0; µ ∈ ] 0, µ∗[∩] 0, 1[ /G<;8:K2?>K :2=-�

/2:>?/;

M2[
s∑

j=1

µ−nj ]µ−|r| < ln µ−1, ����

?; 18K 8J.GB A57>5=;/-::GB ϕ(.) ∈ L∞ (R, Rn)� x̄ ∈ Rn
� >@F2>?/@2?

=2E2:52

x(·) ∈ Ln
µC

(0)(R)

;>:;/:;6 :-D-8H:;�7=-2/;6 4-1-D5 �������� (-7;2 =2E2:52 K/8K2?>K 215:�

>?/2::G9�

F[ cd\VYXYaaoi fYbdY` e_YXgYf� kfb X_s beabVab] aTkT_pab�^dTYVb]

[TXTk\ �������� bcdYXY_Yaab] aT VeY] cds`b] R� cd\`Ya\`T fb_p^b fYbdY`T
�	 A e_gkTY bfdY[^T� \_\ cb_gcds`b] `bWgf Uofp \ecb_p[bVTao fYbdY`o

�� �� �	 Ld\kY`� cd\ aTkT_pab` `b`YafY t ∈ (−∞, t0] e_YXgYf cd\`Ya\fp

fYbdY`g �� \Ub aYdTVYaefVb ���� sV_sYfes aT\Ub_YY e_TUo`	 A e_gkTY t ∈
[t0, +∞) e_YXgYf cd\`Ya\fp bXag \[ fYbdY` � \_\ �	

Nhbd`g_\dgY` fYbdY`g egmYefVbVTa\s \ YX\aefVYaabef\ dYlYa\s V

e_gkTY cdb\[Vb_paoi Wb`Yb`bdh\[`bV qj, j = 1, ..., s	 C_s qfbWb

bcdYXY_\`

νj = sup
t∈R

|t − qj(t)|.


������ ��  >85 18K :27;?;=;0; µ ∈ ] 0, µ∗[∩] 0, 1[ /G<;8:K2?>K :2=-�

/2:>?/;

M2

s∑
j=1

µ−νj < ln µ−1, ����

?; 18K 8J.GB A57>5=;/-::GB ϕ(.) ∈ L∞ (R, Rn)� x̄ ∈ Rn
� >@F2>?/@2?

=2E2:52

x(·) ∈ Ln
µC

(0)(R)

;>:;/:;6 :-D-8H:;�7=-2/;6 4-1-D5 �������� (-7;2 =2E2:52 K/8K2?>K 215:�

>?/2::G9�

Проблема эквивалентности сильного поточечного и интегрального…
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Ld\VYXYaaoY fYbdY`o cb^T[oVTrf� kfb `YZXg KCP \ QCP fbkYk�

abWb f\cT aYf a\^T^bWb dT[doVT� Ye_\ \e^Tfp dYlYa\s V cdbefdTaefVY

Ln
µC(0)(R)� X_s ^bfbdbWb cTdT`Yfd µ gXbV_YfVbdsYf ebbfVYfefVgrmY`g

aYdTVYaefVg \[ hbd`g_\dbV^\ fYbdY`o	

Pk\foVTs VTZabefp \`cg_peaoi dYlYa\] V dT[_\kaoi [TXTkTi� V

kTefabef\� cd\ \[gkYa\\ \`cg_peaoi dYlYa\] ebcdsZYaabWb gdTVaY�

a\s X_s gcdTV_sY`oi e\efY` e X\hhYdYaj\T_pab] eVs[pr V V\XY hga^�

j\baT_pab�X\hhYdYaj\T_paoi gdTVaYa\] fbkYkabWb f\cT� ehbd`g_\dgY`

dY[g_pfTf bfabe\fY_pab fT^\i dYlYa\]	

MTee`bfd\` aTkT_pab�^dTYVgr [TXTkg

ẋ(t) = g(t, x(q1(t)), · · · , x(qs(t))), t ∈ BR, nj ∈ Z, j = 1, . . . , s ����

ẋ(t) = ϕ(t), t ∈ R\BR, ϕ(.) ∈ L∞(R, Rn), ����

x(t̄) = x̄, t̄ ∈ R, x̄ ∈ Rn, ���

x(ti + 0) − x(ti − 0) = �i, ti ∈ R, ti < ti+1, �i ∈ Rn, i ∈ Z ���

V ^_TeeY \`cg_peaoi dYlYa\]	

IabZYefVb BR� _\Ub ^baYkao] \afYdVT_ [t0, t1], t0, t1 ∈ R� _\Ub cb_g�
cds`Ts [t0, +∞[� t0 ∈ R� _\Ub cds`Ts R	 IabZYefVb {ti : i ∈ Z} X\e^dYf�
abY	


������ ��  >85 18K :27;?;=;0; µ ∈ ] 0, µ∗[∩] 0, 1[ /G<;8:K2?>K :2=-�

/2:>?/;

M2

s∑
j=1

µ−νj < ln µ−1,

?; 18K 8J.GB A57>5=;/-::GB ϕ(.) ∈ L∞ (R, Rn), x̄ ∈ Rn, �i ∈ Rn, i ∈ Z,

sup
i∈Z

‖�i‖Rnµ|ti| < +∞

>@F2>?/@2? =2E2:52 �7@>;D:; -.>;8J?:; :2<=2=G/:;2�

x(.) ∈ Ln
µL∞(R)

;>:;/:;6 :-D-8H:; 7=-2/;6 4-1-D5 ��������� (-7;2 =2E2:52 K/8K2?>K

215:>?/2::G9�

CdgWb] VTZab] [TXTkY] X_s QCP fbkYkabWb f\cT sV_sYfes \i

^_Tee\h\^Tj\s cb e_bZabef\ f\cT bf^_baYa\] TdWg`YafT	 A beabVY
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fT^b] ^_Tee\h\^Tj\\ _YZ\f ^_Tee\h\^Tj\s ^baYkab cbdbZXYaaoi Wdgcc

Wb`Yb`bdh\[`bV Q =< q1, ...., qs >, [TXTVTY`oY hga^j\s`\ bf^_baYa\]

TdWg`YafT qj(.), j = 1, ..., s %�&	

�� ��������� � ������" ������ ���"��


C_s hbd`g_\dbV^\ dY[g_pfTfbV bcdYXY_\` VY^fbdabY cdbefdTaefVb

Kr =
∏
q∈Q

Rr
q, Rr

q = Rr, q ∈ Q.

eb efTaXTdfab] fbcb_bW\Y] cb_abWb cds`bWb cdb\[VYXYa\s �`Yfd\[gY`bY

cdbefdTaefVb�	 Lgefp

�x = {xq}q∈Q ∈ Kn, �ψ = {ψq}q∈Q ∈ Kn, �u = {uq}q∈Q ∈ Km.

C_s _rUoi t ∈ R, �x, �ψ ∈ Kn, �u ∈ Km
cb_bZ\`�

fq(t, �x, �u) = q̇(t)f(q(t), xq1q, ..., xqsq, uq1q, ..., uqsq), ��

ϕq(t) = ϕ(q(t)), ���

Hq(t, �x, �ψ, �u) = ψq[fq(t, �x, �u)χ[t0,t1](q(t)) + ϕq(t)χR\[t0,t1](q(t)). ���

KcdYXY_\` `abZYefVT

U = {�u : �u = {uq}q∈Q; ∀q ∈ Q, uq ∈ U}, ���

Ω = {�u(.) : �u(t) ∈ U X_s cbkf\ VeYi t ∈ [t0, t1]}. ���

LgefpQk, k = 0, 1, ... q_Y`Yafo WdgccoQ X_\ao aY Ub_YY kY` k� fb Yefp

^TZXo] q_Y`Yaf Qk
cb_gkTYfes e cb`bmpr aY Ub_YY kY` k egcYdcb[\j\]

bUdT[grm\i qj, j = 1, ..., s \ \i bUdTfaoi q_Y`YafbV	 Lb bcdYXY_Ya\r

cb_TWTY` Q∞ = Q, Q0 =< e > . C_s _rUbWb k = 0, 1, ... bcdYXY_\`

`abZYefVb q_Y`YafbV Q̄k
cb e_YXgrmY`g cdTV\_g

Q̄k =
s⋃

j=1

q−1
j (Qk).

Lb `abZYefVg Q̄k, k = 0, 1, ... \ [TXTaab`g gcdTV_Ya\r u(.) X_s cbkf\

VeYi t ∈ [t0, t1] bcdYXY_\`

Uk(t, u(.)) = {�u : �u ∈ U, �u = {uq}q∈Q; ∀q /∈ Q̄k, uq = u(q(t))}.

Проблема эквивалентности сильного поточечного и интегрального…
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KUdT[gY` 0�kTef\kagr hga^j\r LbafdsW\aT

Hk(t, �x, �ψ, �u) =
∑

q∈Q̄k

Hq(t, �x, �ψ, �u) ���

\ ^dTYVgr hga^j\r

F(x0, x1, lJ , lK) = lJJ(x0, x1) + lKK(x0, x1). ���

����"�� ������!��� &@>?H 0=@<<- Q K/8K2?>K 0=@<<;6 15AA2;�

9;=A549;/ diff 2
5 <=5:-18235? �:27;?;=;9@ 9->>5/:;9@ <;19:;32>�

?/@�
 A@:7C5K f :2<=2=G/:- 5 <; <2=/G9 (ns+1) <2=292::G9 :2<=2=G/�

:;�15AA2=2:C5=@29-
 7=-2/-K A@:7C5K ϕ(.) :2<=2=G/:;�15AA2=2:C5=@29-�

 >85 (x̂(.), û(.)) ?;D7- >58H:;0; 8;7-8H:;0; 95:59@9- 4-1-D5 �� ?;

:-612?>K A@:7C5K ψ̂(.) -.>;8J?:; :2<=2=G/:-K :- (−∞, t0) ∪ (t0, t1) ∪
(t1, +∞)� / ?;D7-B t0, t1 592JF-K =-4=G/G <2=/;0; =;1-
 A@:7C5;:-8G

lJ ∈ R, lJ ≥ 0, lK ∈ (Rp)
′
?-752� D?; /G<;8:KJ?>K @>8;/5K	

18K 8J.GB k = 0, 1, ... 5 <;D?5 />2B t ∈ R

x̂e(t)

dt
=

∂Hk(t, �̂x(t),
�̂
ψ(t), �̂u(t))

∂ψe

, ���

ψ̂e(t)

dt
=

∂Hk(t, �̂x(t),
�̂
ψ(t), �̂u(t))

∂xe

, ����

∀q, t, q ∈ Q, t ∈ R, x̂q(t) = x̂(q(t)), ψ̂q(t) = ψ̂(q(t)), ����

∀q, q ∈ Q, 5 t ∈ R, ûq(t) = û(q(t)); ���

/G<;8:KJ?>K 0=-:5D:G2 @>8;/5K

∂F(.)

∂lK
= 0, ����

ψ̂(t0) =
∂F(.)

∂x0

, ψ̂(t1) =
∂F(.)

∂x1

; ����

@>8;/52 :;=95=;/75

lJ + ‖ψ̂‖L∞ + ‖lK‖ > 0; ����

>58H:G6 <;?;D2D:G6 <=5:C5< 9-7>59@9-

Hk(t, �̂x(t),
�̂
ψ(t), �̂u(t)) = max

�u∈Uk(t,û(.))
Hk(t, �̂x(t),

�̂
ψ(t), �u). ����
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����#���� �� � @>8;/55 :;=95=;/75 <=5>@?>?/@2? >;<=K32::-K

<2=292::-K ψ̂� ,?; >/;6>?/2::; 5>78JD5?28H:; 18K @<=-/8K29GB >5>�

?29 > 15AA2=2:C5-8H:;6 >/K4HJ� 4-1-/-29;6 A@:7C5;:-8H:;�15AA2=2:�

C5-8H:G9 @=-/:2:529� �8K 15AA2=2:C5-8H:GB >/K426� 4-1-/-29GB *�)

4-<-41G/-JF20; ?5<- 585 ;<2=23-JF20; ?5<- �;D2/51:;� D?; %�)

?-732 ;?:;>5?>K 7 ?-7;9@ ?5<@�� / @>8;/55 :;=95=;/75 A@:7C5K ψ̂

;?>@?>?/@2?�

����#���� ��  >85 18K >;<=K32::;0; @=-/:2:5K ���� /G<;8:KJ?>K

@>8;/5K ?2;=29G �� ?; =2E2:52 4-1-D5 !;E5 18K >;<=K32::;0; @=-/�

:2:5K 215:>?/2::;2� � >58@ I?;0; >/;6>?/-� / @>8;/55 :;=95=;/75

>;<=K32::-K <2=292::-K ψ̂ ;?>@?>?/@2?�

A e_gkTY k = 0 ge_bV\Y ���� UgXY` aT[oVTfp >8-.G9 <;?;D2D:G9 <=5:�

C5<;9 9-7>59@9-	 OT^b] cd\aj\c `T^e\`g`T X_s aT\Ub_YY l\db^bWb

^_TeeT hga^j\] bf^_baYa\s TdWg`YafT cb_gkYa V dTUbfY %&	

����������� �� )>8;/52

∫ +∞

−∞
He(t, �̂x(t),

�̂
ψ(t), �̂u(t))dt = max

�u(.)∈Ω

∫ +∞

−∞
He(t, �̂x(t),

�̂
ψ(t), �u(t))dt ����

:-4G/-2?>K <=5:C5<;9 9-7>59@9- &;:?=K05:- / 5:?20=-8H:;6 A;=92�

F[ cd\aj\cT `T^e\`g`T V \afYWdT_pab] hbd`Y e_YXgYf e\_pao]

cbfbkYkao] cd\aj\c `T^e\`g`T	 A eVs[\ e qf\`� T^fgT_pao e_YXgrm\Y

aYdYlYaaoY cdbU_Y`o�

��� X_s ^T^\i Wdgcc Wb`Yb`bdh\[`bV cds`b]� cbdbZXYaaoi hga^j\s`\

bf^_baYa\s TdWg`YafT� cd\aj\co `T^e\`g`T LbafdsW\aT V

\afYWdT_pab] \ e\_pab] cbfbkYkab] hbd`Y q^V\VT_Yafao��

�� X_s Vb[`bZab l\db^bWb ^_TeeT hga^j\] bf^_baYa\s TdWg`YafT

cb_gk\fp cd\aj\c `T^e\`g`T V \afYWdT_pab] hbd`Y	

A e_gkTY cbefbsaaoi bf^_baYa\] TdWg`YafT e\_pao] cbfbkYkao]

cd\aj\c `T^e\`g`T \ cd\aj\c `T^e\`g`T V \afYWdT_pab] hbd`Y

q^V\VT_Yafao	

MYlYa\Y cYdVb] cdbU_Y`o V e_gkTY cdb\[Vb_paoi bf^_baYa\] TdWg�

`YafT eVs[Tab e cb_gkYa\Y` qdWbX\kYe^\i fYbdY` f\cT fYbdY`o @\d^WbhT�

R\ak\aT X_s aY^b``gfTf\Vaoi Wdgcc Wb`Yb`bdh\[`bV cds`b]	 Sfb cd\�
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VbX\f ^ \[gkYa\r `Yfd\kYe^\i \aVTd\TafbV X_s fT^\i Wdgcc \ \i qdWbX\�

kYe^\i eVb]efV	 JT qfb` cgf\ bc\eTao \aVTd\TafaoY `Ydo� cdbY^f\Vab

\aVTd\TafaoY `Ydo� T fT^ZY Ub_YY bUm\Y `Yfd\kYe^\Y \aVTd\Tafo V V\XY

ω�cdbY^f\Vab \aVTd\Tafaoi `Yd %�&	

���� ���� � >5?@-C55 �;.F20; <;8;32:5K� >58H:G6 <;?;D2D:G6

<=5:C5< 9-7>59@9- I7/5/-82:?2: >821@JF29@ <=5:C5<@ 9-7>59@9- /

5:?20=-8H:;6 A;=92

+∞∫

−∞

ρ(t)He(t, �̂x(t),
�̂
ψ(t), �̂u(t))dt= max

�u(.)∈Ω

+∞∫

−∞

ρ(t)He(t, �̂x(t),
�̂
ψ(t), �u(t))dt, ρ(t) ≥ 0.

����

	����� �����
����

%�& �� ���� �� ������� ������ �3974*:)9/43 94 �:3)9/43'1 �/�+7+39/'1 �6:'�

9/438

 �551/+*  '9.+2'9/)'1 ")/+3)+8 ������� ��� "57/3-+7�$+71'-	

%& ���� �=@?J:;/� Ab[`gmYa\s q^efdY`T_paoi [TXTk e bWdTa\kYa\s`\

\ aYbUibX\`oY ge_bV\s bcf\`T_pabef\

 FfbW\ JTg^\ \ OYia\^\	

NYd\s `TfY`	 TaT_\[	 ������� O	�	 N	������	

%�& "��� �278-=K:� AVYXYa\Y V fYbd\r hga^j\aT_pab�X\hhYdYaj\T_p�

aoi gdTVaYa\]	 BdgccbVb] cbXibX	 � I	� QT^fbd\T_ LdYee� �����	 �

�� e	

%�& "��� �278-=K:� Bdgcco Wb`Yb`bdh\[`bV cds`b] \ b^dgZabef\	

Obcb_bW\kYe^\Y iTdT^fYd\ef\^\ \ `Yfd\kYe^\Y \aVTd\Tafo 

 PecYi\

`TfY`Tf\kYe^\i aTg^ ������ O	��� = �� N	����	

%�& "��� �278-=K:� ATd\Tj\baaTs [TXTkT e [TcT[XoVTrm\` TdWg`Yafb`

\ YY eVs[p e aY^bfbdb] cb_gWdgccb] bfbUdTZYa\] bfdY[^T V

eYUs

Cb^_	?J NNNM	������� O	��� = �	 N	���������	

%�& "��� �278-=K:� ETXTkT bcf\`T_pabWb gcdTV_Ya\s X_s e\efY` e

bf^_basrm\`es TdWg`Yafb` \ YY eVs[p e ^baYkab�cbdbZXYaab]
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Wdgccb] Wb`Yb`bdh\[`bV R� cbdbZXYaab] hga^j\s`\

bf^_baYa\s

Cb^_TXo ?J NNNM ������� O	���� = �� N	�������	

%�& ���� ���������� �(4:9 �'343/)'1 #/5+8 4, 9.+ �/�+7+39/'1 �6:'9/438 </9.

�+;/'9/3- �7-:2+39

 �	�:3e)9/43'1 �/�+7+39/'1 �6:'9/438	 ������ = ��

	 !	����	
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