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0=3 C74 BD1BC8CDC8>= >5 ����� 8=C> ����� 68E4B C74 38�4A4=C80; 4@D0C8>= 5>A C74 8=CA>3D243 0DG8;80AH

5D=2C8>= ω = ω(r)	

∇2ω = − (1− 2ν)c1
2(1− ν)

, ∇2 =
d2

dr2
+

1

r

d

dr
. �����

+? C> 0= 8<<0C4A80; 2>=BC0=C	 C74 B>;DC8>= >5 C78B 38�4A4=C80; 4@D0C8>= 8B

ω = − (1− 2ν)c1
8(1− ν)

r2 + c2 ln r . �����




�>=B4@D4=C;H	 #>E4�B ?>C4=C80; ����� 8B

Ω =

[
− (1− 2ν)c1

8(1− ν)
r2 + c2 ln r

]
z +

1

6
c1z

3 . ���
��

*74 A0380; 38B?;024<4=C 8B >1C08=43 1H BD1BC8CDC8=6 ���
�� 8=C> ���
�	 F7827 68E4B

2µur =
(1− 2ν)c1
4(1− ν)

r − c2
r

. ���

�

)8<8;0A;H	 C74 8=
?;0=4 BCA4BB 2><?>=4=CB 5>;;>F 1H BD1BC8CDC8=6 ���
�� 8=C> �����	

σrr =
c1

4(1− ν)
+

c2
r2

, σθθ =
c1

4(1− ν)
− c2

r2
. ���
��

*74 >DC
>5
?;0=4 BCA4BB 2><?>=4=C 8B

σzz = ν(σrr + σθθ) =
νc1

2(1− ν)
. ���
��

 C 8B =>C43 C70C #>E4�B ?>C4=C80; Ω 8= ���
�� 8B A4;0C43 C> C74 �8AH BCA4BB 5D=2C8>= ϕ 5A>< �
���

1H

Ω = zϕ+
c1
12

z(2z2 − 3r2) , ���
��

1420DB4 C74 CF> B4CB >5 2>=BC0=CB (k1, k2) 0=3 (c1, c2)	 0??40A8=6 8= �
��� 0=3 ���
��	 0A4 A4;0C43 1H

c2 = k2 0=3 c1 = 4(1−ν)k1� *74 B42>=3 C4A< >= C74 A867C
70=3 B834 >5 ���
��	 8�4�	 c1z(2z
2−3r2)/12	

8B 0 70A<>=82 5D=2C8>=� '7HB820;;H	 C78B C4A< 68E4B A8B4 C> 0 D=85>A< BC0C4 >5 BCA4BB σrr = σθθ =

c1/2 0=3 σzz = −c1	 F8C7 C74 2>AA4B?>=38=6 38B?;024<4=C 2><?>=4=CB ur = c1r/(4µ) 0=3 uz =

−c1z/(2µ)�

��� ��
�����

�86DA4 
 B7>FB 0 7>;;>F 28A2D;0A 2H;8=34A >5 ;4=6C7 L F7>B4 4=3B 0A4 2>=BCA08=43 BD27 C70C uz = 0�

*74 >DC4A 1>D=30AH >5 C74 2H;8=34A r = b 8B BD1942C43 C> ?A4BBDA4 p	 F78;4 C74 8==4A 1>D=30AH r = a

8B 8= 2>=C02C F8C7 0 B<>>C7 A8683 8=2;DB8>= F7827 ?A4E4=CB A0380; 38B?;024<4=C	 ur(a) = 0� *7DB	

ur(r = a) = 0 :
(1− 2ν)c1
4(1− ν)

a− c2
a

= 0 ,

σrr(r = b) = −p :
c1

4(1− ν)
+

c2
b2

= −p ,
���
��

F7827 68E4B C74 5>;;>F8=6 4G?A4BB8>=B 5>A C74 2>=BC0=CB c1 0=3 c2	

c1 = − 4(1− ν)p

1 + (1− 2ν)a2/b2
, c2 = − (1− 2ν)a2p

1 + (1− 2ν)a2/b2
. ���
��

*7DB	 C74 38B?;024<4=C 0=3 BCA4BB 4G?A4BB8>=B 142><4

2µur = − (1− 2ν)p

1 + (1− 2ν)a2/b2

(
r − a2

r

)
, uz = 0 , ���
��

0=3

σrr = − p

1 + (1− 2ν)a2/b2

[
1 + (1− 2ν)

a2

r2

]
,

σθθ = − p

1 + (1− 2ν)a2/b2

[
1− (1− 2ν)

a2

r2

]
.

���
��

�
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�
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�
�

�

�

�
�

�31?</ �� � 29669A -3<-?6+< -C638./< 90 6/81>2 L A29=/ /8.= +</ -98=><+38/. ,C <313. @/<>3-+6

:+8/6= A23-2 :</@/8> 69813>?.38+6 ./09<7+>398	 '2/ 9?>/< ,9?8.+<C 90 >2/ -C638./< �r = b�

3= =?,4/->/. >9 :</==?</ p� A236/ >2/ 388/< ,9?8.+<C �r = a� 3= 38 -98>+-> A3>2 + =799>2

<313. 38-6?=398 A23-2 :</@/8>= <+.3+6 .3=:6+-/7/8>	

*74 >DC
>5
?;0=4 BCA4BB 8B

σzz = − 2νp

1 + (1− 2ν)a2/b2
. ���
��

�>A 0 ?A4BBDA8I43 B>;83 2H;8=34A �a = 0�	 C74 2>=BC0=CB 0A4 c1 = −4(1 − ν)p 0=3 c2 = 0	 0=3

#>E4�B ?>C4=C80; ���
�� A43D24B C>

Ω =
1

2
pz

[
(1− 2ν)r2 − 4

3
(1− ν)z2

]
. ������

*74 2>AA4B?>=38=6 BCA4BB4B 0A4 σrr = σθθ = −p 0=3 σzz = −2νp	 F8C7 C74 A0380; 38B?;024<4=C

ur = −(1− 2ν)pr/(2µ)�

����� ����� ������ 	���

 5 ν 8= ���
�� 0=3 ���
�� 8B A4?;0243 1H ν/(1+ν)	 F4 >1C08= C74 ?;0=4 BCA4BB E4AB8>= >5 C74 4G?A4BB8>=B

��86� ��	 8�4�	

2µur = − (1− ν)p

1 + ν + (1− ν)a2/b2

(
r − a2

r

)
, ����
�

0=3

σrr = − p

1 + ν + (1− ν)a2/b2

[
1 + ν + (1− ν)

a2

r2

]
,

σθθ = − p

1 + ν + (1− ν)a2/b2

[
1 + ν − (1− ν)

a2

r2

]
.

������

 = C74 ?;0=4 BCA4BB 20B4 σzz = 0	 F78;4

ϵzz = − ν

2µ(1 + ν)
(σrr + σθθ) =

νp/µ

1 + ν + (1− ν)a2/b2
. ������

*7DB	 B8=24 ϵzz = duz/dz	 C74 8=C46A0C8>= 68E4B

uz =
νp/µ

1 + ν + (1− ν)a2/b2
z , ������

�

�>=B4@D4=C;H	 #>E4�B ?>C4=C80; ����� 8B

Ω =

[
− (1− 2ν)c1

8(1− ν)
r2 + c2 ln r

]
z +

1

6
c1z

3 . ���
��

*74 A0380; 38B?;024<4=C 8B >1C08=43 1H BD1BC8CDC8=6 ���
�� 8=C> ���
�	 F7827 68E4B

2µur =
(1− 2ν)c1
4(1− ν)

r − c2
r

. ���

�

)8<8;0A;H	 C74 8=
?;0=4 BCA4BB 2><?>=4=CB 5>;;>F 1H BD1BC8CDC8=6 ���
�� 8=C> �����	

σrr =
c1

4(1− ν)
+

c2
r2

, σθθ =
c1

4(1− ν)
− c2

r2
. ���
��

*74 >DC
>5
?;0=4 BCA4BB 2><?>=4=C 8B

σzz = ν(σrr + σθθ) =
νc1

2(1− ν)
. ���
��

 C 8B =>C43 C70C #>E4�B ?>C4=C80; Ω 8= ���
�� 8B A4;0C43 C> C74 �8AH BCA4BB 5D=2C8>= ϕ 5A>< �
���

1H

Ω = zϕ+
c1
12

z(2z2 − 3r2) , ���
��

1420DB4 C74 CF> B4CB >5 2>=BC0=CB (k1, k2) 0=3 (c1, c2)	 0??40A8=6 8= �
��� 0=3 ���
��	 0A4 A4;0C43 1H

c2 = k2 0=3 c1 = 4(1−ν)k1� *74 B42>=3 C4A< >= C74 A867C
70=3 B834 >5 ���
��	 8�4�	 c1z(2z
2−3r2)/12	

8B 0 70A<>=82 5D=2C8>=� '7HB820;;H	 C78B C4A< 68E4B A8B4 C> 0 D=85>A< BC0C4 >5 BCA4BB σrr = σθθ =

c1/2 0=3 σzz = −c1	 F8C7 C74 2>AA4B?>=38=6 38B?;024<4=C 2><?>=4=CB ur = c1r/(4µ) 0=3 uz =

−c1z/(2µ)�

��� ��
�����

�86DA4 
 B7>FB 0 7>;;>F 28A2D;0A 2H;8=34A >5 ;4=6C7 L F7>B4 4=3B 0A4 2>=BCA08=43 BD27 C70C uz = 0�

*74 >DC4A 1>D=30AH >5 C74 2H;8=34A r = b 8B BD1942C43 C> ?A4BBDA4 p	 F78;4 C74 8==4A 1>D=30AH r = a

8B 8= 2>=C02C F8C7 0 B<>>C7 A8683 8=2;DB8>= F7827 ?A4E4=CB A0380; 38B?;024<4=C	 ur(a) = 0� *7DB	

ur(r = a) = 0 :
(1− 2ν)c1
4(1− ν)

a− c2
a

= 0 ,

σrr(r = b) = −p :
c1

4(1− ν)
+

c2
b2

= −p ,
���
��

F7827 68E4B C74 5>;;>F8=6 4G?A4BB8>=B 5>A C74 2>=BC0=CB c1 0=3 c2	

c1 = − 4(1− ν)p

1 + (1− 2ν)a2/b2
, c2 = − (1− 2ν)a2p

1 + (1− 2ν)a2/b2
. ���
��

*7DB	 C74 38B?;024<4=C 0=3 BCA4BB 4G?A4BB8>=B 142><4

2µur = − (1− 2ν)p

1 + (1− 2ν)a2/b2

(
r − a2

r

)
, uz = 0 , ���
��

0=3

σrr = − p

1 + (1− 2ν)a2/b2

[
1 + (1− 2ν)

a2

r2

]
,

σθθ = − p

1 + (1− 2ν)a2/b2

[
1− (1− 2ν)

a2

r2

]
.

���
��

�
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�
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�
�

�31?</ �� � 29669A -3<-?6+< -C638./< 90 6/81>2 L A29=/ /8.= +</ -98=><+38/. ,C <313. @/<>3-+6

:+8/6= A23-2 :</@/8> 69813>?.38+6 ./09<7+>398	 '2/ 9?>/< ,9?8.+<C 90 >2/ -C638./< �r = b�

3= =?,4/->/. >9 :</==?</ p� A236/ >2/ 388/< ,9?8.+<C �r = a� 3= 38 -98>+-> A3>2 + =799>2

<313. 38-6?=398 A23-2 :</@/8>= <+.3+6 .3=:6+-/7/8>	

*74 >DC
>5
?;0=4 BCA4BB 8B

σzz = − 2νp

1 + (1− 2ν)a2/b2
. ���
��

�>A 0 ?A4BBDA8I43 B>;83 2H;8=34A �a = 0�	 C74 2>=BC0=CB 0A4 c1 = −4(1 − ν)p 0=3 c2 = 0	 0=3

#>E4�B ?>C4=C80; ���
�� A43D24B C>

Ω =
1

2
pz

[
(1− 2ν)r2 − 4

3
(1− ν)z2

]
. ������

*74 2>AA4B?>=38=6 BCA4BB4B 0A4 σrr = σθθ = −p 0=3 σzz = −2νp	 F8C7 C74 A0380; 38B?;024<4=C

ur = −(1− 2ν)pr/(2µ)�

����� ����� ������ 	���

 5 ν 8= ���
�� 0=3 ���
�� 8B A4?;0243 1H ν/(1+ν)	 F4 >1C08= C74 ?;0=4 BCA4BB E4AB8>= >5 C74 4G?A4BB8>=B

��86� ��	 8�4�	

2µur = − (1− ν)p

1 + ν + (1− ν)a2/b2

(
r − a2

r

)
, ����
�

0=3

σrr = − p

1 + ν + (1− ν)a2/b2

[
1 + ν + (1− ν)

a2

r2

]
,

σθθ = − p

1 + ν + (1− ν)a2/b2

[
1 + ν − (1− ν)

a2

r2

]
.

������

 = C74 ?;0=4 BCA4BB 20B4 σzz = 0	 F78;4

ϵzz = − ν

2µ(1 + ν)
(σrr + σθθ) =

νp/µ

1 + ν + (1− ν)a2/b2
. ������

*7DB	 B8=24 ϵzz = duz/dz	 C74 8=C46A0C8>= 68E4B

uz =
νp/µ

1 + ν + (1− ν)a2/b2
z , ������

�

�
�

�

�
�

�

�

�
�

�31?</ �� � 29669A -3<-?6+< -C638./< 90 6/81>2 L A29=/ /8.= z = ±L/2 +</ ><+->398�0<//	 '2/

9?>/< ,9?8.+<C 90 >2/ -C638./< �r = b� 3= =?,4/->/. >9 :</==?</ p� A236/ >2/ 388/< ,9?8.+<C

�r = a� 3= 38 -98>+-> A3>2 + =799>2 <313. 38-6?=398 A23-2 :</@/8>= <+.3+6 .3=:6+-/7/8>	

F74A4 C74 2>>A38=0C4 >A868= 8B 8= C74 <833;4 2A>BB B42C8>= >5 C74 2H;8=34A	 0=3 8C 8B 0BBD<43 C70C

uz(0) = 0�  5 L ≪ b	 F4 70E4 C74 DBD0; C78=
38B: 2>=�6DA0C8>=	 0;C7>D67 =48C74A C74 A0380;

38B?;024<4=C ur 8= ����
�	 =>A C74 BCA4BB 2><?>=4=CB σrr 0=3 σθθ 8= ������ 34?4=3 >= L�

 = A4CA>B?42C	 8C 20= 14 B7>F= C70C #>E4�B ?>C4=C80; 5>A C74 ?;0=4 BCA4BB #0<O ?A>1;4< 8B

Ω =

[
− (1− ν)c̄1

4(2− ν)
r2 + c̄2 ln r

]
z +

1

6
c̄1z

3 , ������

F7827 2><?;4<4=CB C74 ?;0=4 BCA08= E4AB8>= ���
��� *74 8=C46A0C8>= 2>=BC0=CB 5>A C74 ?A>1;4< 8=

�86� � 0A4

c̄1 = − 2(2− ν)p

1 + ν + (1− ν)a2/b2
, c̄2 = − (1− ν)pa2

1 + ν + (1− ν)a2/b2
. ������

*74 B>;DC8>= >5 C74 #0<O ?A>1;4< 5>A <>A4 64=4A0; 0G80;;H BH<<4CA82 1>D=30AH 2>=38C8>=B	

F7827 4=2><?0BB 0;; ?>BB81;4 2><18=0C8>=B >5 :8=4<0C82 0=3 :8=4C82 2>=38C8>=B 0C C74 8==4A 0=3

>DC4A 1>D=30A84B >5 0 7>;;>F 2H;8=34A	 8B ?A4B4=C43 1H #D10A30 �������

����� ����������
 �����	�� 	����
��	�� 
��� �� � 
�������	�

�86DA4 � B7>FB C74 70;5
B?024 z ≥ 0	 F8C7 0= 8=�=8C4;H 4GC4=343 E4AC820; 28A2D;0A 2H;8=3A820; 7>;4

D=34A 8=C4A=0; ?A4BBDA4 p� *74 1>D=30AH z = 0 8B CA02C8>=
5A44� �H ?;028=6 C74 2>>A38=0C4 >A868= 0C

C74 24=C4A >5 C74 7>;4	 #>E4�B ?>C4=C80; 20= 14 4G?A4BB43 0B

Ω = kz ln r . ������

*74 2>=BC0=C k 20= 14 34C4A<8=43 5A>< C74 2>=38C8>= σrr(r = a) = −p	 F74A4 a 8B C74 A038DB >5 C74

7>;4� *78B 68E4B k = −pa2
� *74 2>AA4B?>=38=6 BCA4BB4B 0A4	 5A>< �����	

σrr = −p
a2

r2
, σθθ = p

a2

r2
, σzz = 0 . ������

*74 BCA4BB BC0C4 8B 34E80C>A82 0=3 => E>;D<4 270=64 0A8B4B 0C 0=H ?>8=C >5 C74 70;5
B?024� *74

38B?;024<4=C 2><?>=4=CB 0A4	 5A>< �����	

2µur = −k

r
= p

a2

r
, uz = 0 . ������

�
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�

�
�

�

�

�31?</ 
� '2/ 2+60�=:+-/ z ≥ 0� A3>2 +8 38�83>/6C /B>/8./. @/<>3-+6 -C638.<3-+6 -3<-?6+< 296/

?8./< 38>/<8+6 :</==?</ p	 '2/ ,9?8.+<C z = 0 90 >2/ 2+60�=:+-/ 3= ><+->398�0<//	

*74 34A8E43 B>;DC8>= 20= 0;B> 14 343D243 5A>< ���

� 0=3 ���
�� 8= C74 ;8<8C b → ∞� �420DB4

C74 38B?;024<4=C ur 0=3 C74 BCA4BB4B σrr 0=3 σθθ <DBC E0=8B7 0B r → ∞	 8C 5>;;>FB C70C	 8= ���

�

0=3 ���
��	 c1 = 0 0=3 c2 = k = −pa2
�  5 C74 �8AH BCA4BB 5D=2C8>= 5A>< B42C8>= 
 F0B DB43	 C74=

ϕ = k ln r 0=3	 C74A45>A4	 8= C78B 20B4 Ω = zϕ�

�= 0=0;HB8B >5 C7A44
38<4=B8>=0; BCA4BB 2>=24=CA0C8>= 0A>D=3 0 E4AC820; 2H;8=3A820; 7>;4 8= C74

70;5
B?024 D=34A A4<>C4 ;>038=6 ?0A0;;4; C> C74 ?;0=4 1>D=30AH >5 C74 70;5
B?024 70B 144= ?A4B4=C43

1H />D=6307; 0=3 )C4A=14A6 �
�����  5 C74 34?C7 >5 C74 7>;4 L ≫ a 8B �=8C4	 C74 4;0BC82 �4;3B

20= 14 34C4A<8=43 =D<4A820;;H 1H DB8=6 C74 �=8C4 4;4<4=C <4C7>3 �4�6�	 �D674B	 ����� (433H	

�����	 0;C7>D67 BD�284=C;H 0F0H 5A>< C74 4=3 >5 C74 7>;4 �z = L�	 C74 BCA4BB4B 20= 14 4E0;D0C43

0??A>G8<0C4;H 1H >C74A <40=B� �>A 4G0<?;4	 5>A z ≫ L �344? 14;>F C74 7>;4�	 C74 BCA4BB4B 20=

14 34C4A<8=43 5A>< $8=3;8=�B �
���� B>;DC8>= 2>AA4B?>=38=6 C> C74 E4AC820; 2>=24=CA0C43 5>A24 >5

<06=8CD34 P = πa2p� �= 0=0;HB8B >5 28A2D;0A 8=2;DB8>=B 8= 2>=24=CA82 2H;8=34AB 1H DB8=6 '0?:>E827�

%4D14A ?>C4=C80;B F0B ?A4B4=C43 1H #D10A30 �
���� 0=3 #D10A30 0=3 $0A:4=B2>� �
�����

� ���%$��� �� 
��,�#  "����� �( 	�%##���#!�#  �$��$���#

*74 38B?;024<4=C 2><?>=4=CB 20= 0;B> 14 4G?A4BB43 8= C4A<B >5 �>DBB8=4B@�B ?>C4=C80;B B 0=3 β	

F7827 0A4 34�=43 BD27 C70C �4�6�	 #D10A30 0=3 #D10A30	 �����

2µur = −∂A

∂r
, 2µuz = B − ∂A

∂z
, ���
�

F74A4

A = β +
zB

4(1− ν)
. �����

 = C74 01B4=24 >5 1>3H 5>A24	 C74 5D=2C8>=B B 0=3 β 0A4 70A<>=82 (∇2B = 0 0=3 ∇2β = 0��

*74 0DG8;80AH 5D=2C8>= A 8CB4;5 8B 1870A<>=82	 1420DB4 zB 8B 1870A<>=82� *74 2>AA4B?>=38=6 BCA4BB

�

�
�

�

�
�

�

�

�
�

�31?</ �� � 29669A -3<-?6+< -C638./< 90 6/81>2 L A29=/ /8.= z = ±L/2 +</ ><+->398�0<//	 '2/

9?>/< ,9?8.+<C 90 >2/ -C638./< �r = b� 3= =?,4/->/. >9 :</==?</ p� A236/ >2/ 388/< ,9?8.+<C

�r = a� 3= 38 -98>+-> A3>2 + =799>2 <313. 38-6?=398 A23-2 :</@/8>= <+.3+6 .3=:6+-/7/8>	

F74A4 C74 2>>A38=0C4 >A868= 8B 8= C74 <833;4 2A>BB B42C8>= >5 C74 2H;8=34A	 0=3 8C 8B 0BBD<43 C70C

uz(0) = 0�  5 L ≪ b	 F4 70E4 C74 DBD0; C78=
38B: 2>=�6DA0C8>=	 0;C7>D67 =48C74A C74 A0380;

38B?;024<4=C ur 8= ����
�	 =>A C74 BCA4BB 2><?>=4=CB σrr 0=3 σθθ 8= ������ 34?4=3 >= L�

 = A4CA>B?42C	 8C 20= 14 B7>F= C70C #>E4�B ?>C4=C80; 5>A C74 ?;0=4 BCA4BB #0<O ?A>1;4< 8B

Ω =

[
− (1− ν)c̄1

4(2− ν)
r2 + c̄2 ln r

]
z +

1

6
c̄1z

3 , ������

F7827 2><?;4<4=CB C74 ?;0=4 BCA08= E4AB8>= ���
��� *74 8=C46A0C8>= 2>=BC0=CB 5>A C74 ?A>1;4< 8=

�86� � 0A4

c̄1 = − 2(2− ν)p

1 + ν + (1− ν)a2/b2
, c̄2 = − (1− ν)pa2

1 + ν + (1− ν)a2/b2
. ������

*74 B>;DC8>= >5 C74 #0<O ?A>1;4< 5>A <>A4 64=4A0; 0G80;;H BH<<4CA82 1>D=30AH 2>=38C8>=B	

F7827 4=2><?0BB 0;; ?>BB81;4 2><18=0C8>=B >5 :8=4<0C82 0=3 :8=4C82 2>=38C8>=B 0C C74 8==4A 0=3

>DC4A 1>D=30A84B >5 0 7>;;>F 2H;8=34A	 8B ?A4B4=C43 1H #D10A30 �������

����� ����������
 �����	�� 	����
��	�� 
��� �� � 
�������	�

�86DA4 � B7>FB C74 70;5
B?024 z ≥ 0	 F8C7 0= 8=�=8C4;H 4GC4=343 E4AC820; 28A2D;0A 2H;8=3A820; 7>;4

D=34A 8=C4A=0; ?A4BBDA4 p� *74 1>D=30AH z = 0 8B CA02C8>=
5A44� �H ?;028=6 C74 2>>A38=0C4 >A868= 0C

C74 24=C4A >5 C74 7>;4	 #>E4�B ?>C4=C80; 20= 14 4G?A4BB43 0B

Ω = kz ln r . ������

*74 2>=BC0=C k 20= 14 34C4A<8=43 5A>< C74 2>=38C8>= σrr(r = a) = −p	 F74A4 a 8B C74 A038DB >5 C74

7>;4� *78B 68E4B k = −pa2
� *74 2>AA4B?>=38=6 BCA4BB4B 0A4	 5A>< �����	

σrr = −p
a2

r2
, σθθ = p

a2

r2
, σzz = 0 . ������

*74 BCA4BB BC0C4 8B 34E80C>A82 0=3 => E>;D<4 270=64 0A8B4B 0C 0=H ?>8=C >5 C74 70;5
B?024� *74

38B?;024<4=C 2><?>=4=CB 0A4	 5A>< �����	

2µur = −k

r
= p

a2

r
, uz = 0 . ������

�
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�

�
�

�

�

�31?</ 
� '2/ 2+60�=:+-/ z ≥ 0� A3>2 +8 38�83>/6C /B>/8./. @/<>3-+6 -C638.<3-+6 -3<-?6+< 296/

?8./< 38>/<8+6 :</==?</ p	 '2/ ,9?8.+<C z = 0 90 >2/ 2+60�=:+-/ 3= ><+->398�0<//	

*74 34A8E43 B>;DC8>= 20= 0;B> 14 343D243 5A>< ���

� 0=3 ���
�� 8= C74 ;8<8C b → ∞� �420DB4

C74 38B?;024<4=C ur 0=3 C74 BCA4BB4B σrr 0=3 σθθ <DBC E0=8B7 0B r → ∞	 8C 5>;;>FB C70C	 8= ���

�

0=3 ���
��	 c1 = 0 0=3 c2 = k = −pa2
�  5 C74 �8AH BCA4BB 5D=2C8>= 5A>< B42C8>= 
 F0B DB43	 C74=

ϕ = k ln r 0=3	 C74A45>A4	 8= C78B 20B4 Ω = zϕ�

�= 0=0;HB8B >5 C7A44
38<4=B8>=0; BCA4BB 2>=24=CA0C8>= 0A>D=3 0 E4AC820; 2H;8=3A820; 7>;4 8= C74

70;5
B?024 D=34A A4<>C4 ;>038=6 ?0A0;;4; C> C74 ?;0=4 1>D=30AH >5 C74 70;5
B?024 70B 144= ?A4B4=C43

1H />D=6307; 0=3 )C4A=14A6 �
�����  5 C74 34?C7 >5 C74 7>;4 L ≫ a 8B �=8C4	 C74 4;0BC82 �4;3B

20= 14 34C4A<8=43 =D<4A820;;H 1H DB8=6 C74 �=8C4 4;4<4=C <4C7>3 �4�6�	 �D674B	 ����� (433H	

�����	 0;C7>D67 BD�284=C;H 0F0H 5A>< C74 4=3 >5 C74 7>;4 �z = L�	 C74 BCA4BB4B 20= 14 4E0;D0C43

0??A>G8<0C4;H 1H >C74A <40=B� �>A 4G0<?;4	 5>A z ≫ L �344? 14;>F C74 7>;4�	 C74 BCA4BB4B 20=

14 34C4A<8=43 5A>< $8=3;8=�B �
���� B>;DC8>= 2>AA4B?>=38=6 C> C74 E4AC820; 2>=24=CA0C43 5>A24 >5

<06=8CD34 P = πa2p� �= 0=0;HB8B >5 28A2D;0A 8=2;DB8>=B 8= 2>=24=CA82 2H;8=34AB 1H DB8=6 '0?:>E827�

%4D14A ?>C4=C80;B F0B ?A4B4=C43 1H #D10A30 �
���� 0=3 #D10A30 0=3 $0A:4=B2>� �
�����

� ���%$��� �� 
��,�#  "����� �( 	�%##���#!�#  �$��$���#

*74 38B?;024<4=C 2><?>=4=CB 20= 0;B> 14 4G?A4BB43 8= C4A<B >5 �>DBB8=4B@�B ?>C4=C80;B B 0=3 β	

F7827 0A4 34�=43 BD27 C70C �4�6�	 #D10A30 0=3 #D10A30	 �����

2µur = −∂A

∂r
, 2µuz = B − ∂A

∂z
, ���
�

F74A4

A = β +
zB

4(1− ν)
. �����

 = C74 01B4=24 >5 1>3H 5>A24	 C74 5D=2C8>=B B 0=3 β 0A4 70A<>=82 (∇2B = 0 0=3 ∇2β = 0��

*74 0DG8;80AH 5D=2C8>= A 8CB4;5 8B 1870A<>=82	 1420DB4 zB 8B 1870A<>=82� *74 2>AA4B?>=38=6 BCA4BB

�

4G?A4BB8>=B 0A4

σrr = −∂2A

∂r2
+

ν

2(1− ν)

∂B

∂z
,

σθθ = −1

r

∂A

∂r
+

ν

2(1− ν)

∂B

∂z
,

σzz = −∂2A

∂z2
+

2− ν

2(1− ν)

∂B

∂z
.

�����

*74 BCA4BB 2><?>=4=CB σrr 0=3 σθθ 8= C74 #0<O ?A>1;4< 0A4 A40B>=01;H 4G?42C43 C> 14 8=34


?4=34=C >5 z	 F7827 <40=B C70C C74 ?>C4=C80; B B7>D;3 14 ;8=40A 8= z� *7DB	 F4 0BBD<4

B = b0z . �����

�DAC74A<>A4	 5>A C74 ?;0=4 BCA08= 2µuz = B − ∂A/∂z = 0	 F7827 8<?;84B C70C C74 5D=2C8>= A <DBC

14 @D03A0C82 8= z� �>=B4@D4=C;H	 8C 5>;;>FB 5A>< ����� C70C β <DBC 14 @D03A0C82 8= z	 0B F4;;�

*74A45>A4	 F4 0BBD<4 C70C

β = b1

(
z2 − 1

2
r2
)
+ b2 ln r , �����

F7827 8B 2;40A;H 70A<>=82 �∇2β = 0�	 1420DB4 z2 − r2/2 0=3 ln r 0A4 1>C7 70A<>=82 5D=2C8>=B�

*74 BD1BC8CDC8>= >5 ����� 0=3 ����� 8=C> ���
� =>F 68E4B

2µur = b1 r −
b2
r

, 2µuz =
1− 2ν

2(1− ν)
b0 − 2b1 = 0 . �����

�A>< C74 B42>=3 4G?A4BB8>= 8= ����� 8C 5>;;>FB C70C

b0 =
4(1− ν)

1− 2ν
b1 . �����

�H DB8=6 C78B 0=3 1H BD1BC8CDC8=6 ����� 0=3 ����� 8=C> �����	 C74 BCA4BB 2><?>=4=CB 0A4 5>D=3 C> 14

σrr =
b1

1− 2ν
− b2

r2
, σθθ =

b1
1− 2ν

+
b2
r2

, σzz =
2(2− ν)b1
1− 2ν

. �����

*74 2>=BC0=CB b1 0=3 b2 20= 14 34C4A<8=43 5A>< C74 B?428�43 1>D=30AH 2>=38C8>=B	 0B 38B2DBB43 8=

C74 ?A4E8>DB B42C8>=�

��� �����
������ ������

�� 
� ����� �� 	����� ������

�

�>DBB8=4B@�B ?>C4=C80;B B 0=3 β 0A4 A4;0C43 C> #>E4�B ?>C4=C80; Ω 1H �4�6�	 )033	 ��
�� #D10A30

0=3 #D10A30	 �����

B = 2(1− ν)∇2Ω , β =
∂Ω

∂z
− 1

2
z∇2Ω . �����

�>=B4@D4=C;H	 1H BD1BC8CDC8=6 ���
�� 8=C> �����	 F4 >1C08= 8= C74 20B4 >5 ?;0=4 BCA08=

B = c1z , β =
(1− 2ν)c1
4(1− ν)

(
z2 − 1

2
r2
)
+ c2 ln r . ���
��

*74 2><?0A8B>= >5 ���
�� F8C7 ����� 0=3 ����� 4BC01;8B74B C74 A4;0C8>=B78? 14CF44= C74 CF> B4CB >5

2>=BC0=CB	

b0 = c1 , b1 =
(1− 2ν)c1
4(1− ν)

, b2 = c2 . ���

�

�
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 = C74 20B4 >5 ?;0=4 BCA4BB	 C74 BD1BC8CDC8>= >5 ������ 8=C> ����� 68E4B

B = b̄0z , β = b̄1

(
z2 − 1

2
r2
)
+ b̄2 ln r , ���
��

F74A4

b̄0 =
2(1− ν)c̄1

2− ν
, b̄1 =

(1− ν)c̄1
2(2− ν)

, b̄2 = c̄2 . ���
��

�8=0;;H	 8C <0H 14 =>C43 C70C C74 2>=BC0=CB (b0, b1, b2) 0A4 A4;0C43 C> C74 2>=BC0=CB (k1, k2)	

0??40A8=6 8= C74 �8AH BCA4BB 5D=2C8>= �
���	 1H

b0 = 4(1− ν)k1 , b1 = (1− 2ν)k1 , b2 = k2 , ���
��

F8C7 B8<8;0A A4;0C8>=B78?B 4G8BC8=6 14CF44= C74 2>=BC0=CB (b̄0, b̄1, b̄2) 0=3 (k1, k2)�

� �"�##%"�)�� # ��"���� ���$����"

*> 34A8E4 #>E4�B 0=3 �>DBB8=4B@�B ?>C4=C80;B 5>A 0 ?A4BBDA8I43 B?74A820; 2>=C08=4A >5 8==4A A038DB

a 0=3 >DC4A A038DB b	 F4 DB4 C74 BD?4A?>B8C8>= >5 C74 A4BD;CB 5>A 0 ?A4BBDA8I43 B?74A820; 7>;4 8= 0=

8=�=8C4 <438D< 0=3 5>A C74 BC0C4 >5 D=85>A< 7H3A>BC0C82 ?A4BBDA4 8= 0= 8=�=8C4 <438D<� #>E4�B

?>C4=C80; 5>A C74 ?A>1;4< >5 0 ?A4BBDA8I43 B?74A820; 7>;4 8= 0= 8=�=8C4 <438D< 20= 14 A42>6=8I43

5A>< C74 F4;;
:=>F= A4BD;CB 5>A C74 24=C4A >5 38;0C0C8>= 8= 0= 8=�=8C4 <438D< �4�6�	 #>E4	 
����

*8<>B74=:> 0=3 �>>384A	 
����� *78B 68E4B

Ω =
1

2
p∗a

3 ln(ρ+ z) , ρ2 = r2 + z2, ���
�

F74A4 p∗ 8B C74 0??;843 ?A4BBDA4 >E4A C74 1>D=30AH >5 C74 7>;4 >5 A038DB a� *74 2>AA4B?>=38=6

BCA4BB4B 0A4

σrr = p∗a
3 z2 − 2r2

2ρ5
, σθθ = p∗a

3 1

2ρ3
,

σzz = p∗a
3 r2 − 2z2

2ρ5
, σzr = −3p∗a

3 rz

2ρ5
.

�����

#>E4�B ?>C4=C80; 5>A C74 BC0C4 >5 D=85>A< 7H3A>BC0C82 ?A4BBDA4 p 8= C74 4=C8A4 8=�=8C4 <438D<

�F8C7>DC C74 7>;4� 8B

Ω =
pz

2(1 + ν)

[
(1− 2ν)r2 +

1

3
(4ν − 5)z2

]
, �����

0B 20= 14 E4A8�43 1H 4E0;D0C8=6 C74 BCA4BB 2><?>=4=CB 0=3 B7>F8=6 C70C 8=3443 σrr = σθθ = σzz =

−p 0=3 σzr = 0�

*> B>;E4 C74 ?A4BBDA8I43 B?74A820; 2>=C08=4A ?A>1;4<	 F4 033 ���
� 0=3 ����� C> >1C08=

Ω =
1

2
p∗a

3 ln(ρ+ z) +
pz

2(1 + ν)

[
(1− 2ν)r2 +

1

3
(4ν − 5)z2

]
, �����

0=3 34C4A<8=4 p0 0=3 p 1H 8<?>B8=6 C74 1>D=30AH 2>=38C8>=B 0C ρ = a 0=3 ρ = b�

�

4G?A4BB8>=B 0A4

σrr = −∂2A

∂r2
+

ν

2(1− ν)

∂B

∂z
,

σθθ = −1

r

∂A

∂r
+

ν

2(1− ν)

∂B

∂z
,

σzz = −∂2A

∂z2
+

2− ν

2(1− ν)

∂B

∂z
.

�����

*74 BCA4BB 2><?>=4=CB σrr 0=3 σθθ 8= C74 #0<O ?A>1;4< 0A4 A40B>=01;H 4G?42C43 C> 14 8=34


?4=34=C >5 z	 F7827 <40=B C70C C74 ?>C4=C80; B B7>D;3 14 ;8=40A 8= z� *7DB	 F4 0BBD<4

B = b0z . �����

�DAC74A<>A4	 5>A C74 ?;0=4 BCA08= 2µuz = B − ∂A/∂z = 0	 F7827 8<?;84B C70C C74 5D=2C8>= A <DBC

14 @D03A0C82 8= z� �>=B4@D4=C;H	 8C 5>;;>FB 5A>< ����� C70C β <DBC 14 @D03A0C82 8= z	 0B F4;;�

*74A45>A4	 F4 0BBD<4 C70C

β = b1

(
z2 − 1

2
r2
)
+ b2 ln r , �����

F7827 8B 2;40A;H 70A<>=82 �∇2β = 0�	 1420DB4 z2 − r2/2 0=3 ln r 0A4 1>C7 70A<>=82 5D=2C8>=B�

*74 BD1BC8CDC8>= >5 ����� 0=3 ����� 8=C> ���
� =>F 68E4B

2µur = b1 r −
b2
r

, 2µuz =
1− 2ν

2(1− ν)
b0 − 2b1 = 0 . �����

�A>< C74 B42>=3 4G?A4BB8>= 8= ����� 8C 5>;;>FB C70C

b0 =
4(1− ν)

1− 2ν
b1 . �����

�H DB8=6 C78B 0=3 1H BD1BC8CDC8=6 ����� 0=3 ����� 8=C> �����	 C74 BCA4BB 2><?>=4=CB 0A4 5>D=3 C> 14

σrr =
b1

1− 2ν
− b2

r2
, σθθ =

b1
1− 2ν

+
b2
r2

, σzz =
2(2− ν)b1
1− 2ν

. �����

*74 2>=BC0=CB b1 0=3 b2 20= 14 34C4A<8=43 5A>< C74 B?428�43 1>D=30AH 2>=38C8>=B	 0B 38B2DBB43 8=

C74 ?A4E8>DB B42C8>=�

��� �����
������ ������

�� 
� ����� �� 	����� ������

�

�>DBB8=4B@�B ?>C4=C80;B B 0=3 β 0A4 A4;0C43 C> #>E4�B ?>C4=C80; Ω 1H �4�6�	 )033	 ��
�� #D10A30

0=3 #D10A30	 �����

B = 2(1− ν)∇2Ω , β =
∂Ω

∂z
− 1

2
z∇2Ω . �����

�>=B4@D4=C;H	 1H BD1BC8CDC8=6 ���
�� 8=C> �����	 F4 >1C08= 8= C74 20B4 >5 ?;0=4 BCA08=

B = c1z , β =
(1− 2ν)c1
4(1− ν)

(
z2 − 1

2
r2
)
+ c2 ln r . ���
��

*74 2><?0A8B>= >5 ���
�� F8C7 ����� 0=3 ����� 4BC01;8B74B C74 A4;0C8>=B78? 14CF44= C74 CF> B4CB >5

2>=BC0=CB	

b0 = c1 , b1 =
(1− 2ν)c1
4(1− ν)

, b2 = c2 . ���

�

�
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 = C74 20B4 >5 ?;0=4 BCA4BB	 C74 BD1BC8CDC8>= >5 ������ 8=C> ����� 68E4B

B = b̄0z , β = b̄1

(
z2 − 1

2
r2
)
+ b̄2 ln r , ���
��

F74A4

b̄0 =
2(1− ν)c̄1

2− ν
, b̄1 =

(1− ν)c̄1
2(2− ν)

, b̄2 = c̄2 . ���
��

�8=0;;H	 8C <0H 14 =>C43 C70C C74 2>=BC0=CB (b0, b1, b2) 0A4 A4;0C43 C> C74 2>=BC0=CB (k1, k2)	

0??40A8=6 8= C74 �8AH BCA4BB 5D=2C8>= �
���	 1H

b0 = 4(1− ν)k1 , b1 = (1− 2ν)k1 , b2 = k2 , ���
��

F8C7 B8<8;0A A4;0C8>=B78?B 4G8BC8=6 14CF44= C74 2>=BC0=CB (b̄0, b̄1, b̄2) 0=3 (k1, k2)�

� �"�##%"�)�� # ��"���� ���$����"

*> 34A8E4 #>E4�B 0=3 �>DBB8=4B@�B ?>C4=C80;B 5>A 0 ?A4BBDA8I43 B?74A820; 2>=C08=4A >5 8==4A A038DB

a 0=3 >DC4A A038DB b	 F4 DB4 C74 BD?4A?>B8C8>= >5 C74 A4BD;CB 5>A 0 ?A4BBDA8I43 B?74A820; 7>;4 8= 0=

8=�=8C4 <438D< 0=3 5>A C74 BC0C4 >5 D=85>A< 7H3A>BC0C82 ?A4BBDA4 8= 0= 8=�=8C4 <438D<� #>E4�B

?>C4=C80; 5>A C74 ?A>1;4< >5 0 ?A4BBDA8I43 B?74A820; 7>;4 8= 0= 8=�=8C4 <438D< 20= 14 A42>6=8I43

5A>< C74 F4;;
:=>F= A4BD;CB 5>A C74 24=C4A >5 38;0C0C8>= 8= 0= 8=�=8C4 <438D< �4�6�	 #>E4	 
����

*8<>B74=:> 0=3 �>>384A	 
����� *78B 68E4B

Ω =
1

2
p∗a

3 ln(ρ+ z) , ρ2 = r2 + z2, ���
�

F74A4 p∗ 8B C74 0??;843 ?A4BBDA4 >E4A C74 1>D=30AH >5 C74 7>;4 >5 A038DB a� *74 2>AA4B?>=38=6

BCA4BB4B 0A4

σrr = p∗a
3 z2 − 2r2

2ρ5
, σθθ = p∗a

3 1

2ρ3
,

σzz = p∗a
3 r2 − 2z2

2ρ5
, σzr = −3p∗a

3 rz

2ρ5
.

�����

#>E4�B ?>C4=C80; 5>A C74 BC0C4 >5 D=85>A< 7H3A>BC0C82 ?A4BBDA4 p 8= C74 4=C8A4 8=�=8C4 <438D<

�F8C7>DC C74 7>;4� 8B

Ω =
pz

2(1 + ν)

[
(1− 2ν)r2 +

1

3
(4ν − 5)z2

]
, �����

0B 20= 14 E4A8�43 1H 4E0;D0C8=6 C74 BCA4BB 2><?>=4=CB 0=3 B7>F8=6 C70C 8=3443 σrr = σθθ = σzz =

−p 0=3 σzr = 0�

*> B>;E4 C74 ?A4BBDA8I43 B?74A820; 2>=C08=4A ?A>1;4<	 F4 033 ���
� 0=3 ����� C> >1C08=

Ω =
1

2
p∗a

3 ln(ρ+ z) +
pz

2(1 + ν)

[
(1− 2ν)r2 +

1

3
(4ν − 5)z2

]
, �����

0=3 34C4A<8=4 p0 0=3 p 1H 8<?>B8=6 C74 1>D=30AH 2>=38C8>=B 0C ρ = a 0=3 ρ = b�

�

*74 2H;8=3A820; BCA4BB 2><?>=4=CB 0BB>280C43 F8C7 ����� 0A4

σrr = −p+ p∗a
3 z2 − 2r2

2ρ5
, σθθ = −p+ p∗a

3 1

2ρ3
,

σzz = −p+ p∗a
3 r

2 − 2z2

2ρ5
, σzr = −3p∗a

3 rz

2ρ5
.

�����

*74 2>AA4B?>=38=6 B?74A820; BCA4BB 2><?>=4=CB 0A4 40B8;H A42>6=8I43 C> 14
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ρ3
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2ρ3
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p+ p∗ = pi , p+ p∗
a3

b3
= po . �����

*78B 68E4B

p =
pob

3 − pia
3

b3 − a3
, p∗ = − (po − pi)b

3

b3 − a3
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B = 0 , β =
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3

2ρ
. �����
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BCA4BB p 0A4

B = −6(1− ν)

1 + ν
pz , β =

1− 2ν

2(1 + ν)
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��

�>=B4@D4=C;H	 C74 >E4A0;; �>DBB8=4B@�B ?>C4=C80;B 5>A 0 ?A4BBDA8I43 B?74A820; 2>=C08=4A 0A4

B = −6(1− ν)

1 + ν
pz , β =

1− 2ν

2(1 + ν)
p(r2 − 2z2) +

p∗a
3
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�
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E0A84B ;8=40A;H F8C7 z	 8�4�	 σrr = h(r)z	 F78;4 σzz 0=3 σzr 834=C820;;H E0=8B7� *7DB	 5A>< �����	 F4

20= FA8C4

ν∇2Ω− ∂2Ω

∂r2
=

1

2
h(r)z2 ,

(2− ν)∇2Ω− ∂2Ω

∂z2
= f(r) ,

(1− ν)∇2Ω− ∂2Ω

∂z2
= g(z) ,
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dr2
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1
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df

dr
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dz2
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dr2
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1
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df

dr
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d2g

dz2
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2
c1z
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4
c1(r

2 − 2z2) + c2 ln r . �����
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σrr = −p+ p∗a
3 z2 − 2r2

2ρ5
, σθθ = −p+ p∗a

3 1

2ρ3
,

σzz = −p+ p∗a
3 r

2 − 2z2

2ρ5
, σzr = −3p∗a

3 rz

2ρ5
.
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σρρ = −p− p∗
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ρ3
, σθθ = σϕϕ = −p+ p∗
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2ρ3
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p+ p∗ = pi , p+ p∗
a3

b3
= po . �����

*78B 68E4B

p =
pob

3 − pia
3

b3 − a3
, p∗ = − (po − pi)b
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B = 0 , β =
p∗a

3

2ρ
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BCA4BB p 0A4

B = −6(1− ν)

1 + ν
pz , β =

1− 2ν

2(1 + ν)
p(r2 − 2z2) . ���
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B = −6(1− ν)

1 + ν
pz , β =

1− 2ν

2(1 + ν)
p(r2 − 2z2) +

p∗a
3
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8C 5>;;>FB C70C

Ω =
1

2
(1− ν)

(
1

4
c1r

2 + c2 ln r

)
z2 − 1

24
(2− ν)c1z

4 +
ν

4

[
1

16
c1r

4 + c2(r
2 ln r − r2)

]
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σrr =
∂

∂z

(
ν∇2Ω− ∂2Ω

∂r2

)
, σθθ =

∂

∂z

(
ν∇2Ω− 1

r

∂Ω

∂r

)
. �����
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σrr =

[
−1

2
(1 + ν)c1 + (1− ν)

c2
r2

]
z , σθθ =

[
−1

2
(1 + ν)c1 − (1− ν)

c2
r2

]
z . �����
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h(r) = −1

2
(1 + ν)c1 + (1− ν)

c2
r2
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8B

M(r) =

∫ h/2

−h/2

σrrz dz =

[
−1

2
(1 + ν)c1 + (1− ν)

c2
r2

]
h3
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M(b) = Mb	 8�4�	

−1

2
(1 + ν)c1 + (1− ν)

c2
a2

=
12Ma

h3
, −1
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(1 + ν)c1 + (1− ν)

c2
b2

=
12Mb

h3
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24
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a2Ma − b2Mb

b2 − a2
, c2 =

12

(1− ν)h3

a2b2(Ma −Mb)

b2 − a2
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σrr =
12

h3(b2 − a2)

[
b2Mb − a2Ma + (Mb −Ma)

a2b2

r2

]
z ,

σθθ =
12

h3(b2 − a2)

[
b2Mb − a2Ma − (Mb −Ma)

a2b2

r2

]
z .
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σrr =
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∂z

(
ν∇2Ω− ∂2Ω

∂r2
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, σθθ =

∂

∂z

(
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∂Ω

∂r
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σrr =

[
−1
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