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� *65;963 :@:;,4 65 ;/, *@*3, 0: +,�5,+ )@ ( =,36*0;@ v :466;/3@ +,7,5+05.
65 (5 (5.3, x 65 ;/, *09*3, (5+ ( *65;963 7(9(4,;,9� %, (::<4, ;/(; ;/0:
7(9(4,;,9 ),365.: ;6 ( :466;/ *36:,+ 4(50-63+ 69 ( +0:1605; <5065 6- :<*/

65,: >0;/ (; 3,(:; ;>6 +0�,9,5; 7605;: (5+ ;/(; (33 (+40::0)3, =,36*0;0,: (9,

76:0;0=,� ;/(; 0: v > 0.
�5 ��!�''�� � !#(�#" 6- ;/, *65;963 :@:;,4 0: (5 ():63<;,3@ *65;05<6<:

4(7 x : t �→ x(t) -964 ( ;04, 05;,9=(3 ;6 ;/, :@:;,4 7/(:, :7(*, :<*/ ;/(; (;

,(*/ 464,5; 6- +0�,9,5;0()030;@ 6- ;/, 4(7 ;/, 46;065 =,36*0;@ ),365.: ;6 ;/,

*65=,? /<33 6- ;/, (+40::0)3, =,36*0;0,: 6- ;/, :@:;,4�

� �-� �� !#(�#" 69 1<:; ( �-� � >0;/ ( 7,906+ T, T > 0, 0: +,�5,+ )@ (
7,906+0* (+40::0)3, 46;065 x, x(t + T ) ≡ x(t). �5 ( 79,:,5*, 6- ( *65;05<6<:
$&#�( ��"'�(- f 65 ;/, *09*3, (5 67;040A(;065 6- 7,906+0* 46;065 *6<3+ 3,(+ ;6
;/, 796)3,4 6- ;/, :,3,*;065 6- *@*30* 796*,:: >0;/ ;/, 4(?04<4 ;04, (=,9(.,+

796�;�

1

T

∫ T

0

f(x(t))dt → max .

$����9563+ :/6>: ;/(; 05 ( .,5,90* *(:, ;/, 67;04(3 :;9(;,.@ ,?0:;: (5+ 0:

9(;/,9 :0473,� �(4,3@� 0; <:,: ;/, 4(?04<4 (5+ 40504<4 =,36*0;0,: >/,5
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σ, σ > 0 :
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∫ T

0

e−σtf(x(t))dt → max . �
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�6336>05. $����9563+ &
' -69 (5 (+40::0)3, 46;065 x >, 05;96+<*, +,5:0;@
ρ, ρ(x(t)) = 1/ẋ(t). "/, +,5:0;@ 0: >,33 +,�5,+ (; (5@ 7605; 6- +0�,9,5;0()030;@
6- ;/, 46;065� !6 (346:; ,=,9@>/,9, >, /(=, dx(t) = ẋ(t)dt 69� ;(205. 05;6
(**6<5; ;/, 76:0;0=,5,:: 6- (+40::0)3, =,36*0;0,:� dt = ρ(x(t))dx(t)�

"/<: 6<9 ,?;9,4(3 796)3,4 �
� *6<3+ ), 9,>90;;,5 05 ;/, -694

Aρ(f) :=

2π∫

0

e
−σ

x∫
0

ρ(z)dz
f(x)ρ(x)dx/

2π∫

0

ρ(x)dx → max

69

Aρ(f) := (−σ)−1

2π∫

0

f(x)d(e−σφ(x))/

2π∫

0

d(φ(x)) → max . ���

>/,9, φ(x) =
x∫
0

ρ(z)dz. �5 :<*/ ( -694<3(;065 >, 5,,+ ;6 �5+ ( 4,(:<9()3,

+,5:0;@ ρ 65 ;/, *09*3, >/0*/ :(;0:�,: ;/, *65:;9(05;

r1 ≤ ρ ≤ r2 ���

(5+ :<*/ ;/(; ;/, 9,:7,*;0=, -<5*;065 φ 796=0+,: ;/, 4(?04<4 6- (=,9(.,+

796�; ���� �,9, r1 (5+ r2 (9, 76:0;0=, -<5*;065: ),05. 05=,9:, =(3<,: 6- 4(?0�

4<4 (5+ 40504<4 (+40::0)3, =,36*0;@� (5+ 0 (5+ 2π (9, :;(9; (5+ ,5+ 7605;:
6- ;/, *@*3,� 9,:7,*;0=,3@�
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����������� ���� #& � ��*�" �#"(�")#)' ��"'�(- f �"� �#"'(&��"( $#'��
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�#"'(&��"( �
� �' �#)"���� �#&� �,��( -
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max{|f(x)|, 0 ≤ x ≤ 2π}.
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ρ(z)dz
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m1(y − x) ≤ φn(y) − φn(x) ≤ m2(y − x) ��
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67;04(3 +,5:0;@ ρmax 0: )(5.�)(5. (5+ �5+ ;/, -694 6- ;/, 9,:7,*;0=, :>0;*/05.

-<5*;065�
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������ ���� �� �#& � �#"(�")#)' $&#�( ��"'�(- f �"� �#"(�")#)' $#'�(�*�

�#"'(&��"( �)"�(�#"' r1, r2 (�� !�,�!)! A #� �)"�(�#"� �" �	� �' $&#*���� �-

� ��"'�(- ρ '�(�'�-�"� �#"'(&��"( �
� (��" �( �"- $#�"( x� +��&� ρ �' ��&�*�(�*�

#� �(' �"(��&� � (�� *� )�

e
−σ

x∫
0

ρ(z)dz
f(x) − σ

2π∫

x

e
−σ

y∫
0

ρ(z)dz
f(y)ρ(y)dy − A ���

�' ��(��& "#"�$#'�(�*� #& "#"�"���(�*�� #& � '� .�&# �� (�� *� )� ρ(x) �' �%)� (#

��(��& r1(x) #& r2(x), #& � '� �� #"�' (# (r1(x), r2(x)), &�'$��(�*� -�

������"/, :;(;,4,5; 6- ;/, ;/,69,4 -6336>: -964 +09,*; *(3*<3(;065 6- ;/,

�9:; =(90(;065 6- -<5*;065(3 =(3<, Aρ(f) <5+,9 (+40::0)3, (7796790(;, =(90(;065
6- ;/, +,5:0;@ ρ. �65:0+,9 ( 7605; x (; >/0*/ ;/, -<5*;065 ρ ,8<(3: ;6 +,90=(;0=,
6- 0;: 05;,.9(3� %0;/6<; 36:: 6- .,5,9(30;@ >, (::<4, ;/(; ;/0: 7605; ),365.:

;6 ;/, 05;,9=(3 (0, 2π). �69 ;/, ,5+: 6- ;/, 05;,9=(3 ;/, 7966- 0: 79(*;0*(33@ ;/,
:(4,�

"(2, ( :4(33 76:0;0=, ν :<*/ ;/(; ;/, 05;,9=(3 [x, x + ν] 0: :<):,; 6- (0, 2π)
(5+ *65:0+,9 ( 5,> +,5:0;@ ρ̃ :<*/ ;/(; ;/, +0�,9,5*, ρ̃− ρ 0: ( :4(33 *65:;(5;
=(3<, h 65 ;/0: 05;,9=(3 (5+ A,96 6<;:0+, 0;� �69 ;/, +,5:0;0,: ρ (5+ ρ̃ ;/,
9,:7,*;0=, 7,906+: 6- 46;065 (365. ;/, *09*3, (9,

T =

∫ 2π

0

ρ(x)dx (5+ T̃ = T + hν

(: 0; 0: ,(:@ ;6 :,,� �(3*<3(;05. 56> ;/, 7(9;: 6- +0�,9,5*, Aρ̃(f)−Aρ(f) >/0*/
(9, 9,3(;,+ ;6 05;,9=(3: [0, x], [x, x + ν], (5+ [x + ν, 2π] >, .,; 9,:7,*;0=,3@

x∫
0

e
−σ

y∫
0

ρ(z)dz
f(y)ρ(y)dy

T + hν
−

x∫
0

e
−σ

y∫
0

ρ(z)dz
f(y)ρ(y)dy

T
=
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= −hν

T
×

x∫
0

e
−σ

y∫
0

ρ(z)dz
f(y)ρ(y)dx

T
+ . . . , ���

x+ν∫
x

e
−σ

y∫
0

(ρ(z)+h)dz
f(y)(ρ(y) + h)dy

T + hν
−

x+ν∫
x

e
−σ

x∫
0

ρ(z)dz
f(x)ρ(x)dx

T
=

=
hν

T
× e

−σ
x∫
0

ρ(z)dz
f(x) + . . . , ���

2π∫
x+ν

e
−σ[

y∫
0

ρ(z)dz+hν]
f(y)ρ(y)dy

T + hν
−

2π∫
x+ν

e
−σ

y∫
0

ρ(z)dz
f(y)ρ(y)dy

T
=

= −hν

T
× (σ +

1

T
)

2π∫

x

e
−σ

y∫
0

ρ(z)dz
f(y)ρ(y)dy + . . . , ���

>/,9, +6;: :;(@ -69 ;/, /0./,9 +,.9,, ;,94: >0;/ 9,:7,*; ;6 h (5+ ν. "/, :<4 6-
;/, 90./;/(5+ :0+,: 6- ���� ��� (5+ ��� .0=,: ;/, >/63, +0�,9,5*, Aρ̃(f)−Aρ(f)
05 ;/, -694

hν

T
×


e

−σ
x∫
0

ρ(z)dz
f(x) − σ

2π∫

x

e
−σ

y∫
0

ρ(z)dz
f(y)ρ(y)dy − A


 + . . . ���

>0;/ A = Aρ(f).
"/<: -69 ( :4(33 h (5+ ν > 0 ;/, :0.5 6- ;/, =(3<, 6- ;/0: +0�,9,5*, 0: +,�5,+

)@ ;/, :0.5 6- 796+<*; h >0;/ ;/, ,?79,::065 05 :8<(9, )9(*2,;: ),*(<:, )6;/
;/, 7,906+ T (5+ ν (9, 76:0;0=,� �69 (5 67;04(3 +,5:0;@ ρ ;/0: =(3<, :/6<3+ ),
565�76:0;0=, (; (5@ 7605; >/,9, ;/0: +,5:0;@ ,8<(3: ;6 +,90=(;0=, 6- 0;: 05;,.9(3�

�65:,8<,5;3@ ;/, ,?79,::065 05 :8<(9, )9(*2,;: /(: ;6 ), 565�76:0;0=,�

565�5,.(;0=, 69 A,96 0- ;/, =(3<, ρ(x) 0: ,8<(3 ;6 ,0;/,9 r1(x) 69 r2(x), 69 ,3:,
),365.: ;6 (r1(x), r2(x)), 9,:7,*;0=,3@� ),*(<:, 05 ;/,:, ;/9,, *(:,: >, *6<3+
;(2, ( :4(33 =(3<, 6- h (: 565�5,.(;0=,� 565�76:0;0=, (5+ )6;/ 565�5,.(;0=,
(5+ 565�76:0;0=,� 9,:7,*;0=,3@�
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�?79,::065 ��� +,�5,: ( -<5*;065 S, S = S(x). �5 :64, :,5:, ;/0: -<5*;065
73(@: ;/, 963, 6- :>0;*/05. -<5*;065� �; *6<3+ ), 9,>90;;,5 (:

e
−σ

x∫
0

ρ(z)dz
f(x) + σ

x∫

0

e
−σ

y∫
0

ρ(z)dz
f(y)ρ(y)dy − σP − A, �
	�

>/,9, P =
2π∫
0

e
−σ

y∫
0

ρ(z)dz
f(y)ρ(y)dy 0: ;/, 796�; (365. ;/, *@*3,� �6;, ;/(; -69

σ = 0 ;/0: -<5*;065 ;(2,: >,33 256>5 -694 &
'� &�'� &�'�

�69 +0�,9,5;0()3, 796�; +,5:0;@ ;/, :>0;*/05. -<5*;065 ;(2,: ;/, -694

f(0) +

∫ x

0

e−σ
∫ y
0 ρ(z)dzf ′(y)dy − σP − A �

�

(-;,9 (5 05;,.9(;065 05 7(9;: 05 �
	�� �,9, T 0: ;/, 7,906+ 6- ;/, *@*3,�

�694 �

� 6- -<5*;065 S 3,(+: ;6

����������� ���� #& � ����&�"(��� � $&#�( ��"'�(- f, �#"(�")#)' $#'��

(�*� �#"'(&��"( �)"�(�#"' r1, r2 �"� � !��')&�� � ��"'�(- ρ '�(�'�-�"� �
� (��

�)"�(�#" S �' ����&�"(��� � �"� ��' (�� '�!� �&�(��� $#�"(' +�(� (�� �)"�(�#"

f �

������ "(205. ;/, :>0;*/05. -<5*;065 S 05 ;/, -694 �

� >, .,;

S ′(x) = e−σ
∫ x
0 ρ(x)dzf ′(x)

),*(<:, 05 �

� ;/, 05;,.9(5; 0: *65;05<6<: -<5*;065� �<; ;/, ,?765,5; 5,=,9

=(50:/,:� �65:,8<,5;3@ ;/, +,90=(;0=,: 6- ;/, -<5*;065: f (5+ S /(=, ;/, :(4,
A,96:�

������ ���� #& � ����&�"(��� � $&#�( ��"'�(- f +�(� � �"�(� ")!��& k
#� �&�(��� $#�"(' �" #$(�!� ��"'�(- ρ �#) � �� (���" �' $����+�'� �#"(�")#)'

�)"�(�#"� �#&� �,��( -� �" ')�� � ��'� (�� #$(�!� ��"'�(- (���' ��(��& *� )�

r1 #& r2 �"'��� �"- �"(�&*� ��(+��" �#"'�%)�"( $#�"(' �&#! (�� .�&#' #� (��

'+�(���"� �)"�(�#" �"� (�� �"�' 0, 2π.

������ %/,5 ;/, +0�,9,5;0()3, 796�; +,5:0;@ /(: ( �50;, 5<4),9 k 6-
A,96: 6- 0;: +,90=(;0=, 65 ;/, 05;,9=(3 [0, 2π] ;/,5 ;/, :>0;*/05. -<5*;065 S +6,:
;/(; ;66� �65:,8<,5;3@ ;/, :>0;*/05. -<5*;065 *6<3+ =(50:/ (; 3,(:; (; k 7605;:
05:0+, ;/0: 05;,9=(3� !6 05 :<*/ ( *(:, (5 67;04(3 +,5:0;@ ρ ;(2,: =(3<,: ,0;/,9
ρ1 69 ρ2 05:0+, (5@ 05;,9=(3 ),;>,,5 *65:,8<,5; 7605;: -964 ;/, A,96: 6- ;/,

-<5*;065 S (5+ ;/, ,5+: 0, 2π.

A. Davydov, T. Shutkina



99
���� ������
 ������������ �� 	�	��	 ���	����� ���� 
��	���� ��

�� ���������������

%, ;/(52 $����(5*/,526 -69 <:,-<3 +0:*<::065: 6- ;/, 9,:<3;: (5+ (3:6  <:�

:0(5 �6<5+(;065 -69 �(:0*  ,:,(9*/ -69 ;/, 7(9;0(3 �5(5*0(3 :<7769; )@ .9(5;:

	��	
�		��
�( (5+ �!���		��		��
�

	���������

&
' ���� �&"# ��� �=,9(.,+ 67;040A(;065 (5+ 7/(:, ;9(5:0;065 05 *65;963 +@�

5(40*(3 :@:;,4:� �<5*;� �5(3� (5+ 0;: �773� �� � 
�

 �		��

&�' ���� ��*-�#*� �,5,90* 796�; :05.<3(90;0,: 05 �9563+�: 46+,3 6- *@*30*

796*,::,:� �96*,,+05.: 6- ;/, !;,236= �5:;0;<;, 6- 4(;/,4(;0*:� $���	 �

�	��� �		��

&�' ��� ��*-�#*� �� ��"����(#'� !05.<3(90;@ ;/,69@ (7796(*/ ;6 ;04, (=�

,9(.,+ 67;040A(;065� 05 !05.<3(90;0,: 05 .,64,;9@ (5+ ;67636.@� %693+

!*0,5;0�* �<)30:/05. �6� �;,� �;+�� �		�� ��������

Time averaged optimization of cyclic processes with discount




	A. Davydov, T. Shutkina: Time averaged optimization of cyclic processes with discount



