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calculus of variations problems
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(/ =2+66 -98=3./< >2/ 09669A381 .3=-</>/ -+6-?6?= 90 @+<3+>398= :<9,6/7�

minimize f0(x0, xN) +
N−1∑
i=0

f(xi+1, ∆xi); ���

ϕ(xi) = 0, i = 0, N, ψ(xi) ≤ 0 i = 0, N, ���

K1(x0, xN) = 0, K2(x0, xN) ≤ 0, �
�

A2/</

f0(x0, xN) : Rn × Rn → R, f(x, u) : Rn × Rn → R,

ϕ(x) : Rn → Rm1 , ψ(x) : Rn → Rm2 ,

K1(x0, xN) : Rn × Rn → Rk1 , K2(x0, xN) : Rn × Rn → Rk2

+</ >A3-/ -98>38?9?=6C .3�/</8>3+,6/ 0?8->398= +8. A2/</ >2/ 09<A+<. .3�/<�

/8-/ 9:/<+>9< 3= ./89>/. ,C ∆� 3	/	� ∆xi = xi+1−xi. (/ +==?7/ >2+> m1 ≤ n
+8. k1 ≤ 2n	
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'/->9< ξ = (x0, x1, . . . , xN) 3= -+66/. + ><+4/->9<C	 �0 >2/ -98.3>398= ��� +8.
�
� +</ =+>3=�/. >2/8 A/ =+C >2+> >2/ ><+4/->9<C ξ 3= 0/+=3,6/	 %2/ .3=-</>/
-+6-?6?= 90 @+<3+>398= :<9,6/7 3= >9 738373D/ >2/ 0?8->398

J(ξ) = K0(x0, xN) +
N−1∑
i=0

f(xi+1, ∆xi), ���

98 >2/ =/> 90 0/+=3,6/ ><+4/->9<3/=	 � 0/+=3,6/ ><+4/->9<C ξ̂ = (x̂0, x̂1, . . . , x̂N)
3= -+66/. + 69-+6 73837?7 09< >2/ :<9,6/7 �����
� 30 09< =97/ ε > 0� >2/
><+4/->9<C ξ̂ 738373D/= J(ξ) 9@/< +66 0/+=3,6/ ><+4/->9<3/= ξ =+>3=0C381

||xi − x̂i||n < ε, i = 0, N,

A2/</ || · ||n 3= +8C 89<7 38 Rn
	

!:>37+63>C -98.3>398= 09< >2/ 383>3+6 :<9,6/7 A3>29?> 38/;?+63>C >C:/ 90

/8.:938> -98=><+38>= +8. A3>29?> -98=><+38>= 98 ><+4/->9<3/= 2+@/ ,//8 +

</=/+<-2 09-?= 90 7+8C +?>29<=� =// )�* +8. </0/</8-/= >2/</38	 �8 )
* .3=-</>/

��</1?6+<3>C -98.3>398 A+= ?=/. 09< =/8=3>3@3>C +8+6C=3= 38 .3=-</>/ 9:>37+6

-98><96 :<9,6/7=	 (/ +6=9 </0/< >9 )�* A2/</ .3=-</>/ 9:>37+6 -98><96 :<9,6/7=

A3>2 /;?+63>C >C:/ 90 -98=><+38>= +</ -98=3./</.� +8. >2/</ A/</ 9,>+38/.

�<=> +8. =/-98.�9<./< 8/-/==+<C 9:>37+63>C -98.3>398= ,+=/. 98 >2/ .3=-</>/

��</1?6+<3>C -98.3>398 	

%2/ 9,>+38/. </=?6>= 38 >23= :+:/< +</ ,+=/. 98 >2/ 1/8/<+6 >2/9<C ./@/6�

9:/. 38 )�*	

�� ���������
� �����
���� ����������

$?::9=/ >2+> ξ̂ 3= >2/ 9:>37+6 ><+4/->9<C 09< >2/ 383>3+6 :<9,6/7	
�9< -98@/83/8-/� A/ .3=-+<. +66 -98=><+38>= -9<</=:98.381 >9 38.3-/= j =?-2

>2+>

K2,j(x̂0, x̂N) < 0,

+8. A/ +==?7/ >2+>

K2(x̂0, x̂N) = 0.

"?>

∂ϕ

∂x
(x̂i) = Vi,

∂ψ

∂x
(x̂i) = Wi,

∂ψj

∂x
(x̂i) = Wji

A. V. Arutyunov, B. Marinković
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∂K1

∂x0

(x̂0, x̂N) = K10,
∂K1

∂xN

(x̂0, x̂N) = K1N ,

∂K2

∂x0

(x̂0, x̂N) = K20,
∂K2

∂xN

(x̂0, x̂N) = K2N ,

∂2ϕ

∂x2
(x̂i) = V 2

i ,
∂2ψ

∂x2
(x̂i) = W 2

i ,
∂2ψj

∂x2
(x̂i) = W 2

ji

∂2K1

∂x2
0

(x̂0, x̂N) = K2
10,

∂2K1

∂x2
N

(x̂0, x̂N) = K2
1N ,

∂2K1

∂x0∂xN

(x̂0, x̂N) = K2
10N

+8.

∂2K2

∂x2
0

(x̂0, x̂N) = K2
20,

∂2K2

∂x2
N

(x̂0, x̂N) = K2
2N ,

∂2K2

∂x0∂xN

(x̂0, x̂N) = K2
20N

�9< + �B/. @/->9< h = (h0, h1, . . . , hN)T ∈ Rn(N+1)
6/> ?= ./�8/ >2/ 638/+<

9:/<+>9<

N(h) : Rn(N+1) → Rm1(N+1) × Rk1

,C

N(h)h = (ỹ0, . . . , ỹN , z̃)T

A2/</

ỹi = V 2
i [hi, hi], i = 0, N,

z̃ = K2
10[h0, h0] + K2

1N [hN , hN ] + K2
10N [h0, hN ] + K2

10N [h0, hN ].

�/> Q = {(ỹ, z̃) | ṽ ∈ Rm1(N+1), w̃ ∈ Rk1} ,/ >2/ =96?>398 =/> 90 >2/
09669A381 =C=>/7 90 >2/ 638/+< /;?+>398=�

V T
0 ỹ0 + KT

10z̃ = 0, ���

V T
i ỹi = 0, i = 1, N − 1, ���

V T
N ỹN + KT

1N z̃ = 0. ���

+8. ./89>/ ,C P >2/ 9<>29198+6 :<94/->9< 98>9 >2/ 638/+< =?,=:+-/ Q ⊂
Rm1(N+1) × Rk1

	

"?>

I = {j : ψj(x̂i) = 0}, i = 0, N.

2-regularity condition in discrete calculus of variations problems
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�/89>/ ,C A� B +8. C >2/ >2/ 09669A381 ,69-5 7+><3B

A =




V0 0 . . . 0

0 V1 . . . 0

	

	

	

	

	

	

0 0 . . . VN

K10 0 . . . K1N




, B =




W0 0 . . . 0

0 W1 . . . 0

	

	

	

	

	

	

0 0 . . . WN

K20 0 . . . K2N




,

+8.

C =




∂f0

∂x0

(x̂0, x̂N) − ∂f

∂u
(x̂1, x̂1 − x̂0)

∂f

∂x
(x̂1, x̂1 − x̂0) +

∂f

∂u
(x̂1, x̂1 − x̂0) − ∂f

∂x
(x̂2, x̂2 − x̂1)

	

	

	

∂f0

∂xN

(x̂0, x̂N) +
∂f

∂x
(x̂N , x̂N + x̂N−1) +

∂f

∂u
(x̂N , x̂N − x̂N−1)




T

A2/</ ,C 0 A/ ./89>/ >2/ D/<9 7+><3B 90 >2/ -9<</=:98.381 =3D/	
�/> H1(ξ̂) ,/ >2/ -98/ 90 +66 @/->9<= h = (h0, h1, . . . , hN)T

=?-2 >2+>

Ah = 0� Wjihi ≤ 0� j ∈ I� i = 0, N +8. K20h0 + K2NhN ≤ 0 296.=	

�/> H2(ξ̂) ,/ >2/ =/> 90 +66 @/->9<= h ∈ H1(ξ̂) 09< A23-2 >2/</ /B3=>=
u ∈ Rn(N+1)

=?-2 >2+>

Au = −N(h)h, Wjiui + W 2
ji[hi, hi] ≤ 0, ∀j ∈ I, i = 0, N,

K20h0 + K2NhN + K2
20[h0, h0] + K2

2N [hN , hN ] ≤ 0

296.=	

�/89>/ ,C H1
2 (ξ̂) >2/ =/> 90 +66 @/->9<= h ∈ H2(ξ̂) =?-2 >2+> 09< /@/<C

w ∈ H1(ξ̂) 296.=
PN(h)w = Q

+8. >2/</ /B3=>= @/->9<= η1 ∈ Rn(N+1)
+8. η2 ∈ H1(ξ̂) =?-2 >2+> >2/ 09669A381

-98.3>398=

Aη1 = −N(h)η2, Wjiη
1
i + W 2

ji[hi, η
2
i ] < 0, ∀j ∈ I, i = 0, N,

K20η
1
0 + K2Nη1

N + K2
20[h0, η

2
0] + K2

2N [hN , η2
N ] < 0

A. V. Arutyunov, B. Marinković
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296.	

�/�8/ >2/ 0?8->398=

H(ξ,p1,p2,q1,q2,hi) :Rn(N+1) × Rm1 × Rm1 × Rm2 × Rm2 × Rn→R,i = 0,N,

+8.

l(x0,xN ,λ1,λ2,µ1,µ2,h0,hN) :Rn×Rn× Rk1×Rk1×Rk1×Rk1×Rn×Rn→R

,C

H(ξ, p1, p2, q1, q2, hi) = 〈p1, ϕ(xi)〉 +

〈
p2,

∂ϕ

∂x
(xi)hi

〉
+ 〈q1, ψ(xi)〉

+

〈
q2,

∂ψ

∂x
(xi)hi

〉
+ f0(x0, xN) +

N−1∑
i=0

f(xi+1, ∆xi), i = 0, N,

+8.

l(x0, xN , λ1, λ2, µ1, µ2, h0, hN) = 〈λ1, K1(x0, xN)〉 + 〈µ1, K2(x0, xN)〉

+

〈
λ2,

∂K1

∂(x0, xN)
(x0, xN)(h0, hN)

〉
+

〈
µ2,

∂K2

∂(x0, xN)
(x0, xN)(h0, hN)

〉
.

������� ���� � - ξ̂ � -# )*-$'�& ,)&.-$)( !)+ -# *+)�& ' ����

�
�� �# ( -# +  1$,-, ��"+�(" '.&-$*&$ + λ = (p1, p2, q1, q2, λ1, λ2, µ1, µ2)�
p1, p2 ∈ Rm1(N+1)

� q1, q2 ∈ Rm2(N+1)
� λ1, λ2 ∈ Rk1

� µ1, µ2 ∈ Rk2
� ,.�# -#�-

!)+  / +2 h ∈ H1
2 (ξ̂)� ,.�# -#�- Ch ≤ 0 #)&�,� -# !)&&)0$(" �)(�$-$)(, �+ 

,�-$,� ��

∂H

∂x0

(ξ̂, p1
0, p

2
0, q

1
0, q

2
0, h0) = − ∂l

∂x0

(x0, xN , λ1, λ2, µ1, µ2, h0, hN), ���

∂H

∂xi

(ξ, p1
i , p

2
i , q

1
i , q

2
i , hi) = 0, i = 1, N − 1, ���

∂H

∂xN

(ξ, p1
N , p2

N , q1
N , q2

N , hN) = − ∂l

∂xN

(x0, xN , λ1, λ2, µ1, µ2, h0, hN), ��
�

AT (p2, λ2)T + BT (q2, µ2)T = 0, ����

q1 ≥ 0, 〈q1
i , ψ(x̂i)〉 = 0, i = 0, N, q2 ≥ 0, 〈q2

i , ψ(x̂i)〉 = 0, i = 0, N. ����

2-regularity condition in discrete calculus of variations problems
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����� �/�8/ >2/ 0?8->398= f(ξ)� F (ξ) +8. g(ξ) ,C

f(ξ) = f0(x0, xN) +
N−1∑
i=0

f(xi+1, ∆xi),

F (ξ) = (ϕ(x0), . . . , ϕ(xN), K1(x0, xN))T ,

g(ξ) = (ψ(x0), . . . , ψ(xN), K2(x0, xN))T .

(/ =2+66 </09<7?6+>/ >2/ 383>3+6 :<9,6/7 38>9 + 7+>2/7+>3-+6 :<91<+7�

7381 :<9,6/7 �=// )�� 
� �*��

minimize f(ξ); ��
�

F (ξ) = 0, g(ξ) ≤ 0. ����

!,@39?=6C� ξ̂ 3= + 69-+6 73837?7 09< >2/ :</-/.381 :<9,6/7	

"?>

Ĩ = {i : gi(ξ̂) = 0}.
�/> ?= -98=3./< >2/ 09669A381 =/>=�

�	 H̃1(ξ̂) = {h ∈ Rn(N+1) |F ′(ξ̂)h = 0, 〈g′
i(ξ̂), h〉 ≤ 0, ∀i ∈ Ĩ}.

�	 H̃2(ξ̂) 3= >2/ =/> 90 +66 h ∈ H̃1(ξ̂) 09< A23-2 >2/</ /B3=>= v ∈ Rn(N+1)

=?-2 >2+>

F ′(ξ̂)v + F ′′(ξ̂)[h, h] = 0, 〈g′
i(ξ̂), v〉 + g′′

i (ξ̂)[h, h] ≤ 0,∀i ∈ Ĩ

296.=	


	 H̃1
2 (ξ̂) 3= >2/ =/> 90 +66 h ∈ H̃2(ξ̂) =?-2 >2+>

37F ′(ξ̂) + F ′′(ξ̂)[h,H1(ξ̂)] = Rm1(N+1)+k1
����

+8. 09< A23-2 >2/</ /B3=>= η1 ∈ Rn(N+1)
+8. η2 ∈ H1(ξ̂) =?-2 >2+>

F ′(ξ̂)η1 + F ′′(ξ̂)[h, η2] = 0, 〈g′
i(ξ̂), η

1〉 + g′′
i (ξ̂)[h, η2] < 0,∀i ∈ Ĩ ����

296.=	

�	 C̃2(ξ̂) = {h ∈ H̃2(ξ̂) | 〈f ′(ξ̂), h〉 ≤ 0}.
�	 C̃1

2(ξ̂) = C̃2(ξ̂) ∩ H̃1
2 (ξ̂).

A. V. Arutyunov, B. Marinković



51
�������
���� ���
����� �� 
������� �
������ �� �
��
����� �������� ��

�/> ?= 38><9.?-/ >2/ 1/8/<+63D/. �+1<+813+8 0?8->398 ,C

L2(ξ, λ̃, h) = f(ξ) + 〈p̃1, F (ξ)〉 +
〈
p̃2, F ′(ξ)h

〉
+ 〈q̃1, g(ξ)〉 +

〈
q̃2, g′(ξ)h

〉
,

A2/</ λ̃ = (p̃1, p̃2, q̃1, q̃2) +8. A2/</ h ∈ C̃1
2 3= + :+<+7/>/<	

�8 >2/9</7 
 0<97 )�* A+= :<9@/. >2+> >2/</ /B3=>= �+1<+81/ 7?6>3:63/< λ̃
=?-2 >2+> 09< /@/<C h ∈ C̃1

2(ξ̂) >2/ 09669A381 -98.3>398= 296.�

∂L2

∂ξ
(ξ̂, λ̃, h) = 0, ����

(F ′(ξ̂))T p̃2 + (g′(ξ̂))T q̃2 = 0, ����

q̃1 ≥ 0, 〈q̃1, g(ξ̂)〉 = 0, q̃2 ≥ 0, 〈q̃2, g(ξ̂)〉 = 0. ����

�3<=>� 3> 3= /+=C >9 =// >2+> F ′(ξ̂) 3= 13@/8 ,C >2/ 7+><3B A� g′(ξ̂) 3= 13@/8
,C >2/ 7+><3B B +8. f ′(ξ̂) 3= 13@/8 ,C >2/ 7+><3B C	
��<97 >2/ ./�83>398 90 >2/ 9:/<+>9< N(h) +8. 0<97 >2/ :</-/.381 0+->=�

A/ 2+@/ >2+> H̃2(ξ̂) = H2(ξ̂)	
�6=9� 0<97 >2/ 0+-> >2+>

(
37 (F ′(ξ̂)

)⊥
= 5/<F ′(ξ̂)T ,

+8. 0<97 >2/ /;?+>398= �������� A/ 2+@/ >2+> H̃1
2 (ξ̂) = H1

2 (ξ̂)	
�38+66C� 3> 3= /+=C >9 =// >2+> C̃1

2(ξ̂) 3= /;?+6 >9 >2/ =/> 90 +66 h ∈ H1
2 (ξ̂)�

=?-2 >2+>

Ch ≤ 0

296.=	

�/> ?= -6+<30C >2/ </6+>398 ����	 �<97 >2/ 0+-> >2+>

L2(ξ̂, λ̃, h) = f0(x̂0, x̂N) +
N−1∑
i=0

f(x̂i+1, ∆x̂i) +
N∑

i=0

〈p1
i , ϕ(x̂i)〉

+
N∑

i=0

〈
p2

i ,
∂ϕ

∂x
(x̂i)hi

〉
+

N∑
i=0

〈q1
i , ψ(xi)〉 +

N∑
i=0

〈
q2
i ,

∂ψ

∂x
(x̂i)hi

〉

+〈λ1, K1(x̂0, x̂N)〉 +

〈
λ2,

∂K1

∂(x0, xN)
(x̂0, x̂N)(h0, hN)

〉

+〈µ1, K2(x̂0, x̂N)〉 +

〈
µ2,

∂K2

∂(x0, xN)
(x̂0, x̂N)(h0, hN)

〉

2-regularity condition in discrete calculus of variations problems
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A2/</ p̃1 = (p1, λ1), p̃2 = (p2, λ2), q̃1 = (q1, µ1), +8. q̃2 = (q2, µ2)� A/ 2+@/

∂L2

∂x0

(ξ̂, λ̃, h) =
∂l̂

∂x0

+
∂Ĥ

∂x0

, ��
�

∂L2

∂xi

(ξ̂, λ̃, h) =
∂Ĥ

∂xi

, i = 1, N − 1, ����

∂L̂2

∂xN

(ξ̂, λ̃, h) =
∂l̂

∂xN

+
∂Ĥ

∂xN

, ����

A2/</

∂l̂

∂x0

=
∂l

∂x0

(x̂0, x̂N , λ1, λ2, µ1, µ2, h0, hN),

∂l̂

∂xN

=
∂l

∂xN

(x̂0, x̂N , λ1, λ2, µ1, µ2, h0, hN)

+8.

∂Ĥ

∂xi

=
∂H

∂xi

(ξ̂, p1
i , p

2
i , q

1
i , q

2
i , hi).

!,@39?=6C >2+> 0<97 ��
�� ���� +8. ���� A/ 9,>+38 >2+> ���� ��� +8. ��
�

296.	 �<97 ���� +8. ���� A/ 2+@/ >2+> ���� +8. ���� 296.	 %2/9</7 A+=

:<9@/.	

�� 	
��������
� �����
���� ����������

$?::9=/ >2+> >2/ 0?8->398= f0(x0, xN)� f(x, u)� ϕ(x)� ψ(x)� K1(x0, xN)
+8. K2(x0, xN) +</ >2<// >37/= -98>38?9?=6C .3�/</8>3+,6/	
�9< + 13@/8 �+1<+81/ 7?6>3:63/< λ ./�8/ >2/ ,3638/+< 09<7

Ωλ[h, h] =
∂2l̂

∂x2
0

[h0, h0] +
∂2l̂

∂x2
N

[hN , hN ]+

2
∂2l̂

∂x0∂xN

[h0, hN ] + 2
∂2f0

∂x0∂xN

(x̂0, x̂N)[h0, hN ]+

N∑
i=0

∂2Ĥ

∂x2
i

[hi, hi] + 2
N−1∑
i=0

∂2Ĥ

∂xi∂xi+1

[hi, hi+1].

A. V. Arutyunov, B. Marinković
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A2/</

∂2l̂2
∂x2

0

�

∂2l̂2
∂x2

N

�

∂2l̂2
∂x0∂xN

�

∂2Ĥ

∂x2
i

+8.

∂2Ĥ

∂xi∂xi+1

+</ 38><9.?-/. +8+6919?=6C

+= 38 >2/ :</@39?= =/->398 986C A3>2 p2
i /3� q2

i /3� λ2/3 +8. µ2/3 38=>/+. 90 p2
i �

q2
i � λ

2
+8. µ2

	

������� ���� � - ξ̂ � -# )*-$'�& ,)&.-$)( !)+ -# *+)�& ' �����
��

�# ( -# +  1$,-, ��"+�(" '.&-$*&$ + λ ,.�# -#�- -# �,, +-$)(, )! -# )+ '

	�� #)&�� �(� !)+  / +2 h ∈ H2
1 (ξ̂)� ,.�# -#�- C(h) ≤ 0 #)&�,� 0 #�/ 

Ωλ[h, h] ≥ 0. ��
�


����� �8+6919?=6C += 38 >2/ :<990 90 >2/9</7 �	� A/ -98=3./< >2/ 7+>2�

/7+>3-+6 :<91<+77381 :<9,6/7 ��
������	 �> 3= /+=C >9 =// >2+> Ωλ 3= >2/

=/-98. ./<3@+>3@/ A3>2 </=:/-> >9 ξ 90 >2/ 0?8->398 L2(ξ̂, λ̃, h)	 �<97 )�*� >2/�

9</7 � +8. 0<97 >2/ :</-/.381 0+->= A/ 9,>+38 >2+> >2/ +==/<>398= 90 >2/9</7


	� 296.	

�
�
�
��
�

)�* ���� �/�%)/� ���� �+.-2.()/� ���� �3'�$&)/�  /-/==+<C -98.3>398= 09<

+8 /B></7?7 38 + 7+>2/7+>3-+6 :<91<+77381 :<9,6/7� "<9-//.381= 90

>2/ $>/569@ 38=>3>?>/ 90 7+>2/7+>3-=� @96	 ���� ���� ��

��	

)�* ���� �+.-2.()/� 
� ��+$(%)/$���  /-/==+<C -98.3>398= 09< 9:>37+63>C 38

.3=-</>/ 9:>37+6 -98><96 :<9,6/7=� '/=>835 ��&	 $/<	 ��	 � �
��� ��

��

�38 #?==3+8�	

)
* 
� ��+$(%)/$��� $/8=3>3@3>C +8+6C=3= 09< .3=-</>/ 9:>37+6 -98><96 :<9,�

6/7=� �+>2/7+>3-+6 �/>29.= 90 !:/<+>398= #/=/+<-2� �� �
� ��
����

��

��	

)�* 
� ��+$(%)/$��� !:>37+63>C -98.3>398= 38 .3=-</>/ 9:>37+6 -98><96 :<9,�

6/7=� !:>373D+>398 �/>29.= � $90>A+</� ��

�� �%9 +::/+<�	

)�* �� �$&,�# +� �� � $��( �  988/1+>3@3>C +8. :9=3>3@3>C 90 + ;?+.<+>3-

0?8->398+6 38 >2/ .3=-</>/ -+6-?6?= 90 @+<3+>398=� �	 �3�/<	 �;?+>398=

�::6	 �� ��� ������� ��

��	
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