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ON THE KIENZLER-DUAN FORMULA FOR THE HOOP 
STRESS AROUND A CIRCULAR VOID

Abstract
The derivation of the Kienzler-Duan formula for the hoop stress around a circu-

lar void caused by either a remote loading or nearby internal source of stress is pre-
sented based on the Fourier series analysis without referral to the Poisson coefficient 
of lateral contraction, as in the original derivation by Kienzler and Duan (1987). 
The formula for the longitudinal stress below the free surface of a half-space due 
to nearby internal source of stress is also derived by means of the limiting process 
from the solution to the problem of an internal source of stress near an infinitely 
large circular void, and by an independent analysis without referral to the former 
problem. The use of the derived formulas in the dislocation and inclusion problems 
of mechanics of solids and materials science is discussed.

O KIENZLER-DUANOVOJ FORMULI ZA OBRUČNI  
NAPON OKO KRUŽNOG OTVORA

Sažetak
Kienzler-Duanova formula za obručni napon oko kružnog otvora usljed spo-

ljašnjeg opterećenja ili unutrašnjeg izvora napona je izvedena na bazi Fourierove 
analize, bez uvođenja u analizu Poissonovog koeficijenta elastičnosti koji je kori-
šćen u radu Kienzlera i Duana (1987). Formula za uzdužni napon ispod slobodne 
površine poluprostora usljed obližnjeg unutrašnjeg izvora napona je izvedena kao 
granični slučaj unutrašnjeg izvora napona u blizini beskonačno velikog otvora, a 
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zatim nezavisnom analizom ne pozivajući se na rješenje problema beskonačnog pro-
stora oslabljenog kružnim otvorom. Diskutovan je značaj ovih formula za analizu 
dislokacionih problema i inkluzija u mehanici čvrstih tijela i nauci o materijalima.
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]
,
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f̂n(θ) = Ân cosnθ + Ĉn sinnθ , ĝn(θ) = B̂n cosnθ + D̂n sinnθ .

σ̂r(r, θ) =
Â0
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1(θ),

∞∑
n=2

[
(n+1)a−n−2f̂ ′

n(θ)+(n−1)a−nĝ′n(θ)
]
=

∞∑
n=2

[
(n−1)an−2f ′

n(θ)+(n+1)ang′n(θ)
]
.
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Â0 = −2a2A0 , Â1 = a4A1 , Ĉ1 = a4C1 ,

−n(n+ 1)a−n−2Ân − (n− 1)(n+ 2)a−nB̂n = n(n− 1)an−2An + (n+ 1)(n− 2)anBn ,

n(n+ 1)a−n−2Ân + n(n− 1)a−nB̂n = n(n− 1)an−2An + n(n+ 1)anBn .

(Ĉn, D̂n) (Cn, Dn)

(Ân, B̂n)

a−n−2Ân = (n− 1)an−2An +nanBn , a−nB̂n = −nan−2An − (n+1)anBn ,

(Ĉn, D̂n) (Cn, Dn)

σ̂θ(a, θ) = 2A0+2af1(θ)+
∞∑

n=2

[
3n(n−1)an−2fn(θ)+(3n−2)(n+1)angn(θ)

]
.

σ̂θ(a, θ) = 2A0 + σ0
θ(a, θ)− 2σ0

r(a, θ) , 2A0 =
1

2
[σ0

θ(0, θ) + σ0
r(0, θ)] .

σθ(a, θ) = σ0
θ(a, θ) + σ̂θ(a, θ) ,

σθ(a, θ) = 2[σ0
θ(a, θ)− σ0

r(a, θ)] +
1

2
[σ0

θ(0, θ) + σ0
r(0, θ)] .



20 Vlado Lubarda

�

�

�

�

� �
�

�

�

c x = 0

σy(0, y) = 2[σ0
y(0, y) − σ0

x(0, y)]

c

σy(0, y) x = 0

x = 0

x = 0

σx(0, y) σxy(0, y)

σ0 τ0

σ0
y(0, y) = σσ0

y (0, y) + στ0
y (0, y) .
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x = 0 σ0
x σ0

xy

x = 0

σ̂y(0, y) = −σσ0
y (0, y) + στ0

y (0, y) .

σ̂y(0, y)− σ0
y(0, y) = −2σσ0

y (0, y) , σ0 = σ0
x(0, y) .

σσ0
y (0, y) = σ0

x(0, y) .

σ̂y(0, y) = σ0
y(0, y)− 2σ0

x(0, y) .

σy(0, y)

σy(0, y) = σ0
y(0, y) + σ̂y(0, y) ,
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µby
2π(1− ν)
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(x2 + y2)2
, σ0

y(x, y) =
µby

2π(1− ν)
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(x2 + y2)2
,

c

σy(−c, y) = −σ̄y
4η2

(1 + η2)2
, σ̄y =

µ(by/c)

π(1− ν)
,

�

�

�

��

��

��

�

�

�

��
�

��
���

��

x = 0

x = 0 σ0
x(0, y)

σ0
y(0, y) = σ0

x(0, y)
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η = y/c y = ±c

σ̄y σ0
y(−c, 0) = −σ̄y/2

σy(−c, 0) = 0
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