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Abstract

An analysis of the projectile motion in stagnant air is presented for an evaporating
respiratory micro-droplet which has been ejected from the mouth as an isolated droplet.
It is assumed that the air resistance is a nonlinear function of the droplet’s velocity and
that the rate of decrease of the droplet’s external surface area depends only on the relative
humidity and the ambient temperature. The droplet’s initial content is considered to be 98
wt% water, 1 wt% salt and 1 wt% protein. The change of the average density of the droplet
due to water evaporation is determined, up to the instant when the droplet reduces to its
nucleus, consisting of salt and dry protein only. The numerical solution of the governing
differential equations of droplet’s motion gives the trajectories of different-sized droplets
ejected at different velocities and angles, and under different relative humidities and rates
of evaporation. The evaporation times are compared with the times for droplets to reach
the ground after being ejected from a given height. The maximum horizontal and vertical
distances reached by the droplet are evaluated in the presence of wind and discussed in the
context of possible infection spreading.

Keywords: density; drag force; droplet nucleus; evaporation rate; relative humidity; respiratory
droplet; SARS-CoV-2, wind effect

1 Introduction

There has been a large amount of research devoted to biophysical and chemical aspects of the in-
vestigation of infection spreading by inhalation of airborne droplets containing bacteria or viruses,
which has recently intensified due to the pandemic caused by SARS-Cov-2 (Stadnytskyi et al., 2020;
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Balachandar et al., 2020; Jayaweera et al., 2020; Lieber et al., 2021). Normal speaking and expira-
tory activities can emit thousands of respiratory droplets per second. The volume and droplet count
increase with loudness; loud speaking and coughing emit even more droplets. According to early
measurements by Duguid (1946), 95% of the emitted respiratory droplets had the diameter between
2 and 100 pm, the most common diameter being between 4 and 8 ym. Similar size distributions
were found in droplets produced by sneezing, coughing, and normal speaking; the smaller droplets
were relatively more numerous in the case of sneezing. More recent measurements with sub-micron
resolution indicate that 80 90% of particles produced by human expiratory activities are smaller
than 1 um (Papineni and Rosenthal, 1997). The measured size, however, could correspond to the
size of the dry droplet residue (Morawska et al., 2009), because the time spent in the air before the
droplet’s detection and its size measurement could have been long enough for significant evapora-
tion to take place; see also Xie et al. (2009) and Tellier et al. (2019). The fractional viral load of
respiratory droplets, i.e., the average number of virions per droplet, has been discussed by Mittal et
al. (2020). The motion of respiratory droplets can also be affected by their interaction with other
particles of non-biological origin present in the air (Morawska et al., 2006).

Small droplets (say less than 10 pm initial diameter, further decreasing in size due to evapora-
tion) are easily carried by a puff of exhaled air produced by breathing, talking, coughing, or sneezing,
with small relative velocity, and can remain afloat for a long time; they can be further convected
by outside wind or indoor draft or ventilation (Liu and Novoselac, 2014, Li et al., 2018; Wang et
al., 2019; Anchordoqui and Chudnovsky, 2020; Cheng et al., 2020). As a result, the probability
of their inhalation and thus infection, if they contain viruses such as SARS-CoV-2, substantially
increases. The Brownian motion of very small (aerosol) droplets has also been studied using the
Langevin differential equation with a stochastic term due to random interactions of the droplet with
the individual molecules of the air (Das et al., 2020). On the other hand, large droplets (say, greater
than 50 or 100 pm-diameter), if ejected from the mouth into the air outside of the exhaled puff,
move like projectiles. These droplets are rapidly slowed down by drag resistance from the ambient
air, and fall to the ground or nearby surfaces or people, which presents a risk of infection when
such droplets are touched and transmitted to mouth or eyes. If large droplets are ejected within the
exhaled jet stream, they initially move within the advancing and slowing puff, but can quickly exit
from it due to their large weight and developed velocity relative to the puff (Xie et al., 2007; Wang
et al., 2020). Once outside the puff, these droplets move as isolated projectiles with initial positions
and speeds determined from the more involved analysis describing their motion within the moving
and expanding puff, and corresponding to the instant when they exit the puff. Larger droplets may
also be potentially more infectious due to higher viral content (Li et al., 2021). The trajectories
of intermediate-size droplets are more complex as they move within the puff longer distances and
may evaporate to their nucleus size while still within the puff (Balachandar et al., 2020; Bourouiba,
2020; Giovanni, 2020; Vuorinen et al., 2020).

In this paper, we present an analysis of the projectile motion of an isolated micro-droplet ejected
from the mouth at different angles and initial velocities. The air resistance is represented by a non-
linear function of the droplet’s velocity, and the rate of decrease of the droplet’s external surface area
is assumed to depend only on the relative humidity and the ambient temperature. The droplet’s
initial content is considered to be 98 wt% water, 1 wt% salt (NaCl), and 1 wt% protein (mucus).
The change of the average density of the droplet caused by water evaporation is determined, up
to the instant when all water evaporates and the droplet reduces to its nucleus (droplet residue),
consisting of salt and dry protein only. This also specifies the change of the droplet’s mass, which
enables numerical solution of the governing differential equations of the droplet’s motion, for an
arbitrary angle of ejection and initial velocity, corresponding to either soft or loud speaking, cough-
ing, or sneezing. The trajectories of different-sized droplets are determined under different relative
humidities. In each case the maximum horizontal distance traveled by the droplet in stagnant air is
rapidly reached, which is followed by an essentially vertical descent of the droplet. The maximum
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horizontal reach in soft talking is compared to that in coughing. We also evaluate and compare the
time for the droplet to evaporate down to its nucleus size and the time for the droplet to reach the
ground when ejected from a given height. The effects of the angle of ejection of the droplet on its
maximum horizontal and vertical reach and the entire trajectory are discussed. The wind effects
are also included in the analysis and discussed in the context of infection spreading by transmission
of viruses and other pathogens via respiratory droplets.

2 Projectile motion of an evaporating droplet with a nonlinear
drag force

For smaller droplets and for sufficiently small initial velocities, the Reynolds number of an isolated
droplet is below 1 and the linear Stokes’ type drag model can be adopted in the study of such
droplet’s motion. For larger droplets (say, greater than about 5 microns) and for larger initial
velocities (e.g., velocities about 10 m/s as during coughing, or up to 50 m/s as during sneezing), the
Reynolds number, at least in the early stage of the droplet’s motion, is in the range 1<Re<1000,
and the drag force becomes a nonlinear function of velocity. To encompass the entire range of
Reynolds number, the drag force in still air is commonly written as

1
Fq = —3 pairAcqvv, A= TR? , (2.1)
where the drag coefficient ¢4 depends on the Reynolds number, in accord to experimental data
(Schlichting, 1979; White, 2006). The air density is pair, the current radius of the droplet is R, its
velocity vector is v, and v is its magnitude. The following expression fits this data sufficiently well
in the range 0.2 < Re < 3 x 10° (Lapple, 1951; Khan and Richardson, 1987)

_ J24Re™" 4+ 3Re™ ", 0.2 <Re < 10°, 2.2)
0458, 10° <Re < 3 x 10°. '

Below Re = 0.2, the dominant contribution to cq is 24/Re, which gives rise to linear drag force,
proportional to velocity (Stokes’ flow). Other fitting expressions have also been proposed and used,
e.g., Zhu et al. (2006), Xie et al. (2007), Wang et al. (2020), Cheng et al. (2020), and Lieber et al.
(2021). For example, Xie et al. (2007), used cq = 24Re™! + 4Re™ /3 for Re < 1000 and ¢q = 0.424
for Re > 1000. The Reynolds number at an arbitrary time ¢ during the motion of an evaporating
droplet is defined by

2R(t)v(t)

Vair

Re(t) = (2.3)

The kinematic viscosity of air is Vair = 7air/pPair, where nair is its dynamic viscosity. Typically,
the Reynolds number of a relatively large droplet is below 1,000; for example, for v, = 1.516 X



122 Marko V. Lubarda, Vlado A. Lubarda

y

|

mdv/dt |

m_% X

B A |

|

I

W, mg !
G # -

I |

I I

| |

1 1

'h |

I I

| |

1

| ground !

Figure 1: The motion of a droplet of initial mass mg ejected at height h above the ground
with initial velocity vg at an angle ¢y with respect to the horizontal x axis. In the position
shown at time ¢, the forces acting on the droplet are its weight mg and the drag force Fy,
opposite to its current velocity v. The horizontal and vertical components of velocity are
vy = vcos and vy = vsinp.

107°m?/s and at the instant when v = 10 m/s and R = 100 um, the Reynolds number is Re s 132.
On the other hand, for a small droplet of radius R = 5pum and current velocity v = 1 m/s, the
Reynolds number is Re ~ 0.66. If the air surrounding a droplet moves with the velocity va, the
relative velocity v — va should be used in place of the total velocity in the expression for the drag
force (2.1) and the definition of the Reynolds number (2.3).

Suppose that a droplet having initial mass mo and corresponding initial radius R is emitted
from the mouth at height h above the ground with initial velocity vo at an angle g relative to the
horizontal x direction (Fig. 1). At an arbitrary time ¢ during its projectile-type motion, the mass
of the droplet is m < muo, its radius R < Ro, and its velocity v < vg. The current inclination angle
of the velocity vector is ¢. The vectorial form of the differential equation of the droplet’s motion
in still air is then av am

L _g N 2.4
Mgy T T me T el gy (2.4)

The average ejection velocity, relative to the droplet, of all particles leaving the droplet due to
evaporation is Uyl = u — v, and g = {0, —g} is the gravitational acceleration. The buoyancy force
is ignored as the density of a respiratory droplet is about 1000 times greater than the density of
the air. By assuming that u,e1 = 0, the governing differential equations for the velocity components
(vz, vy) of the droplet are

dv, Ve dvy Vy

=—Fq —, m—szd;fmg, (2.5)

where Fq = pairAchQ/Q from (2.1). Upon substitution of the latter expression for Fy into (2.5) and
division by the current mass m = pV, where p is the (average) mass density of the droplet at time
tand V = 47TR3/3 is the droplet’s current volume, we get

dv, ~ 3pair cd dﬂ __ 3pair Ca

= VgV, =

at Sp R dt sp R

g, (2-6)
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with the drag coefficient ¢4 defined by (2.2). The accompanying initial conditions are v,(0) =
vp cos o and vy (0) = vo sin @o.

Equations (2.6) are two coupled differential equations, which require numerical integration,
provided that the expressions for R = R(t) and p = p(t) are determined, corresponding to the rate
by which the mass of the droplet evaporates, as elaborated upon in section 3. After the velocity
components v, and v, have been determined, the (z,y) coordinates of the trajectory of the droplet
follow by numerical quadrature from z(t) = fot vz(0)d and y(t) = fot vy (0) df, as reported in
section 4.

2.1 Motion of the droplet’s residue

At some instant of motion (t.), all water from a respiratory droplet evaporates and the droplet
is reduced to its nucleus (salt and dry protein residue) of a radius denoted by R.. From that
instant on, i.e., for time ¢ > t., the motion of this non-volatile residue proceeds as the motion of
a non-evaporating spherical particle of constant radius R.. The initial conditions for this motion
are Uz(t = s) = 0. COS @y, Vy(t = ti) = vising., and x(t = t.) = ., y(t = t.) = y«. The
quantities (f«, Vs, Y«, T+, y«) have been determined from the preceding analysis of the motion of
the evaporating droplet, and correspond to the end of that part of motion, i.e., the instant when
the droplet evaporates to its nucleus size of radius R.. The numerical analysis of the motion of
the evaporating droplet shows that the Reynolds number rapidly diminishes with time, after the
droplet’s emission from the mouth, because the droplet’s velocity rapidly diminishes, as well as its
radius. As a consequence, the motion of the droplet’s residue is in many cases the motion under
linear (Stokes’) drag force, Fq = cv, where ¢ = 6mnair R«. It then readily follows that the velocity
components of the droplet’s residue are
Vg (t) = Vs COS Py e TRt = £ .t >t

ot (2.7)
vy (t) = (v + vesingu) e B8

9
Ut , Vy = k7* 5
where m. = p.Vi is the mass of the droplet’s residue and Vi = 47R2/3 is its volume. The velocity
vy is the so-called terminal velocity, at which the drag force balances the gravity force (cvy = m.g).
The corresponding coordinates of the droplet’s residue are given by

1 ke (t—
z(t) — xy = T Ur COS P [l—e ko (t t*)], t>t,

1 . - —
y(t) — Y = kf ('Ut —+ Vs« Sln<p*) [1 —e K (t t*)] *Ut(t *t*).

(2.8)

By eliminating ¢ — ¢, in (2.8), the y = y(x) representation of the residue trajectory can also be

explicitly given. For sufficiently large times (¢ > t.), the residue approaches the vertical asymptote

T = oy + (v« /kx«) cos @«, with the residue’s time-dependent position y being given by

1
y(t) =y*+k—(vt+v* sinp.) — ve(t — t) . (2.9)

3 Evaporation of a droplet

Suppose that a respiratory droplet is exhaled from mouth as a spherical particle of initial radius
Ry and corresponding mass mo. It will be assumed that 98% of my is pure water (mi,), = 0.98my),
1% a salt (NaCl), and 1% a protein (mucin), i.e.,

mo = mby + ms +mp = my + femo + formo, (fs =0.01, f, =0.01). (3.1)
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This initial content of the respiratory saliva droplet is taken somewhat arbitrarily, from a large
variety of data found in the literature (Sarkar et al. 2019; Chaudhuri et al., 2020; Netz, 2020;
Stadnytskyi, 2020; Lieber, 2021), but the analysis proceeds similarly if the initial droplet’s content
is assumed differently, which mainly affects the size of the droplet’s residue. Furthermore, we
assume that the salt and protein are non-volatile at common ambient temperatures (ms = const.
and my, = const.), and that only water evaporates during the droplet’s motion, i.e., the time rate of
change of the droplet’s mass is equal to the time rate of change of the water content in the droplet
(dm/dt = dmy/dt). Initially, the water and salt in an exhaled droplet form an aqueous solution of
mass m>,; = mS +ms = mo — myp in which Na™ and C1~ ions are dispersed throughout the water,
with the initial mass (weight) concentration of salt

ms ms o fs
mo — Mp L—fp'

(3.2)

0
Mo

The objective is to determine the time-dependent decrease of the mass and density of the droplet
during its evaporation.

The evaporation of a droplet is a complicated physical and chemical process that can be analyzed
with various degrees of complexity and sophistication. This may include the consideration of the
energy equation and the heat and mass transfer between the droplet and its surroundings, and
the effects of the ambient temperature and the temperature of the droplet on its evaporation rate
(e.g., Kukkonen et al, 1989; Sun and Ji, 2007; Liu et al., 2019; Chaudhuri et al., 2020; Chen, 2020;
Netz; 2020). In our present analysis, we adopt a simplified phenomenological approach in which it
is assumed that during evaporation the time rate of change of the external surface of the droplet,
S(t) = 47 R2(t), is a given constant (s), dependent only on the relative humidity (RH) and the
ambient temperature (Tamb). Such an assumption is reasonable because the evaporation is driven
by the difference between the concentration of the water vapor at the surface of the droplet and in
the surrounding air. Thus, we write

5 . s = S(RH, Tam). (3.3)
dt
A possible effect of the velocity of the moving droplet on its evaporation rate s is not included in
(3.3). A surface evolution expression of the type (3.3) has also been adopted in the early work by
Wells (1934), and in the later work by Kayser and Bennett (1977). Alternative expressions could
also be adopted, such as dm/dt = —k and dm/dt = —uS, where k and ;o depend on the ambient
and droplet’s temperatures and other physical parameters of the evaporation process. The former
expression was derived by Kukkonen et al. (1989) and later used by Cheng et al. (2020).
Returning to the rate expression (3.3), to determine the dependence of s on RH at a given
temperature Thmpb, we use the results from the analysis of evaporation kinetics of water droplets by
Su et al. (2018). From their Fig. 5, the initial radius of a spherical droplet Ry = 25 pm is reduced
by evaporation to the radius R = 5 pum in approximately 2.2 seconds for RH=0%, 2.75 seconds
for RH=20%, 4.5 seconds for RH=50%, 11.5 seconds for RH=80%, and in about 23 seconds for
RH—90%. The ambient temperature was Tamb = 293 K. By using this, from (3.3) it follows that
the corresponding values of s are {3.427,2.742,1.676,0.656,0.328} x 10~%m?/s. These values are
well-interpolated by a linear fit s = so(1 — RH/100), where sop = 3.427 x 107°m?/s. Since saliva
droplets evaporate a little slower than pure water droplets, the value of sp can be taken a little
lower, and we adopt the following expression

s=150(1—RH/100), so=3.25x10""m?/s. (3.4)

For other than room ambient temperatures, the expression (3.4) may still approximately apply by
adjusting the value of the temperature-dependent coefficient so = so(Tamb). Because the evapora-
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tion is more rapid at higher ambient temperature, the coefficient sg is expected to be a monotonically
increasing function of Tamp.
By integrating (3.3), it follows that

t t\'*? So )
St)=S (1-—-), R{t)=Ro(1—-— , T=—, So=4nmRj. (3.5)
T T s
These expressions apply until all the water evaporates and the droplet’s radius reduces to the radius
of the droplet’s nucleus. The square-root dependence of R on time ¢ in (3.5) can be compared with
the well-known radius-square relation between the initial and the current radius of the droplet,
R? — R = kt (k = const.); see Jakubczyk (2012), Netz (2020), and Balachandar et al. (2020).
Salt is soluble in water up to its weight concentration of 0.357. In this range of concentration

the experimental data on the density of the aqueous solution of NaCl is well reproduced by a linear
fit

P = pu R, 0 < e < 0.357, (3.6)
msol sol

where p = 997kg/m3 is the mass density of water at room temperature, and x = 755 kg/m3 is
the slope of this linear fit. As the water evaporates from a droplet, the salt concentration increases,
and after it reaches the saturation concentration of 0.357, the water and salt make a two-phase
solution consisting of a solid (crystalline) salt phase sedimented in the aqueous solution with salt
concentration of 0.357. Finally, after all water evaporates, only salt remains, which, together with
dry protein, constitutes a droplet residue of mass

ma =ms +mp = (fs + fp)mo . (3.7)

3.1 Density of the evaporating droplet

As the respiratory droplet looses water by evaporation, its density increases. This affects the motion,
as seen from egs. (2.6) in which the density p appears in the denominator of both equations. We
therefore proceed to determine the density of the droplet as a function of time. The initial radius
of the droplet Ry and, thus, its initial volume V = 47ng/37 are assumed to be known. If the rate
of evaporation is specified by (3.5), the volume of the droplet at an arbitrary instant of evaporation
is

1/2 2
4m 3 t> 7 7_:47rR0. (3.8)

V(t)=—R(t R(t)=Ro(1——
0= 58O, Ro=R(1-1 L
The density expression will be first derived for the stage of the evaporation process during which
the concentration of dissolved salt in water is below the saturation value of 0.357. At an arbitrary

instant during this stage of evaporation, the mass of the droplet is
m=mly +mp=m + fpomo, miy =mw+ms=my+ fsmo. (3.9)

Furthermore, the volume of the droplet is taken to be the sum of the volumes of the protein and
the aqueous salt solution, i.e.,

V=vd4v,=va 42,1, 350kg/m?. (3.10)

sol sol
Pp

The mass density of the dry protein is pp = 1,350kg/m®, as frequently adopted in the literature
(e.g., Fisher et al., 2004), and is considered to be constant. Thus, from (3.10),

v = v - Lo, (3.11)
Pp
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The initial mass of the droplet mg is still unknown, because we assumed that only the initial
droplet’s volume Vj is given (as, for example, obtained by the measurement of the initial droplet’s
radius), although one may reasonably expect that mg is nearly equal to pwVh, because of the small
initial weight percents of salt and protein. By introducing the mass density of the aqueous salt
solution (p2%), we can write

mid —

Mgo1 = psol‘/s?:)cl1 ’ (312)
and the substitution of (3.6) and (3.11) into (3.12) gives the quadratic equation for m;

501 ’

(m29)° —bm —c=0 = m¥ =2 (b—l— Vb2 + 40) , (3.13)

where

b= puw (V—f},%Vo), ¢ = kfspoVo (V—f},@VO). (3.14)
P

To determine the initial density po, we apply (3.13) to the initial instant when (m?%)° =
mo —mp = (1 — fp)mo = (1 — f5)poVo. Upon solving for po, it follows that

(1 - fp)ﬂw + K fs
(A= fo)2+ fo(L= fo)pw/pp + Kfsho/pp

By substituting fs = f, = 0.01, py = 997kg/m®, p, = 1,350kg/m?*, and k = 775kg/m?, the initial
density of the droplet is found to be po = 1,007.2kg/m®. The corresponding initial mass of the

PO = (315)

droplet is then mo = poVh. It is noted that the initial 98 wt% of water content is equivalent to
an initial 99 vol% of water, which is obtained by multiplying 98 with po/pw = 1007.2/997 = 1.01.
Consequently, the initial 2 wt% of salt and protein together is equivalent to only 1 vol% of their
initial volume content.

Expressions (3.13) and (3.14) specify the mass m2 = m5}(Vo, V) in terms of the known Vp
and V, and all the other known parameters that appear in these expressions. The density of the
aqueous salt solution follows from (3.6) and is

o = pu + 1 £ 2200 (3.16)
LLLEST
where m?% is given by (3.13) and (3.14). In particular, it follows that (p2%)° = 1,004.6 kg/m®.
Finally, the total mass of the droplet is obtained by substituting (3.13) into (3.9). This gives

m =mgg +mp =mg + fopoVo, (3.17)

with the corresponding density
aq
_ M Mol Yo
p—V_ v +fpp0V7

where, again, mi% is as specified in (3.13) and (3.14).

(3.18)

29 decreases to the value

sol

The saturation point of the aqueous salt solution is reached when m,

Mm% such that

sol’
N ms fsm()

—0357 = WM = - — 0.028mp . 3.19
Msol = 0357 ~ 0.357 o (3.19)

The corresponding density of the saturated aqueous solution is, from (3.6),

Mg

~aq
sol

P2 = py + % = pw +0.357k = 1,273.7kg/m® , (3.20)
sol
while its volume is *aq
V2 = Dsol — 02225 (3.21)

sol
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The mass, volume, and density of the entire droplet at this instant are

. . a fsmi

m=miy +mp = WE)(; + fpmo = 0.038mo

9 (ra (7 a \%

V=V v, = Vg o forelo "Z" % =0.03V, (3.22)
P

b= % = 1.2795p0 = 1,288.7kg/m* .

The corresponding radius of the droplet and its bounding surface are

~N\ 1/3
R= @V) =0.31Ry, 8 =4rRk*=0.0965. (3.23)
™

Consequently, from (3.5), the time at the instant of saturation is

i So—8 _ 09045
S

S =0.9047, T=50/s. (3.24)

The parameter s depends on the relative humidity as defined in (3.4).

3.2 Density expressions after saturation of aqueous salt solution

As the water continues to evaporate beyond the saturation time ¢ given by (3.22), a portion of the
total salt amount ms (denoted by m/') precipitates, and the remaining portion of salt m/ = 0.357m%;
is dissolved in the saturated aqueous solution, so that ms = m,+m.. The total mass of the droplet

at this stage of evaporation is, thus,

m=m +m. +mp = m + (ms — ml) + myp = 0.643m% + ms + my, . (3.25)

Furthermore, the volume of the droplet is

sat " sat sat
@ . —0.357
V=V V4V = el T T Mol e 7 290 sl 4 e (3.26)
Psol Ps Pp Psol Ps Pp

where p2% = 1,273.7kg/m?, as determined in (3.20), and ps = 2,160 kg/m? is the density of solid

sat

(crystalline) NaCl. Equation (3.26) can be solved for mSi to obtain

et — paa V —ms/ps —mp/pp
sol = Pl T 0357 52 [ps

sol

(3.27)

where mg = fsmo, mp = fomo, mo = poVo, and V is still given by (3.8). With the numerical values
substituted, (3.27) becomes

med = a1V — Vo, a1 =1,613kg/m*, B =19.559kg/m". (3.28)

By substituting (3.27) into (3.25), we obtain

m=aV +pV, (3.29)
where
064325, Folps + Folpo
= B=po St fo— 064308 ). .
S 1ossrames o\ Pl T2°0.357 573 /pe (3:30)

The numerical values for a and § are a = 1,030kg/m?® and 8 = 7.657kg/m>. Finally, the density
of the droplet during this stage of its evaporation is, from (3.29),



128 Marko V. Lubarda, Vlado A. Lubarda

_ m
P=
3.3 Size of the droplet’s residue

—atpll. (3.31)

If all water evaporates and only salt and dry protein remain in their original amount, the mass of
the droplet’s residue is m. = ms + myp, as given in (3.7). (Proteins in aqueous solutions bind some
of the water molecules very firmly, but in our model we consider that all the droplet’s water can
eventually evaporate during the droplet’s motion in the air.) According to (3.29), m. must be equal
to aVi 4+ Vo, where Vi is the volume of the droplet’s residue, i.e.,

aVe+ Vo = (fs + fo)poVo . (3.32)

Thus,
1 V7
= @ [(fs + fo)po — BIVo = 0.0121Vj . (3.33)

The average density of the droplet’s residue is

s (fs + fo)pocx 3
o= = = s TIRIOT 6496, = 1,661.5kg/m? 3.34
PV T et fo)po — B po g/ (3:34)

while the corresponding radius and surface area are

1/3
R. = (24‘/*) = V0.0121 Ro = 0.23Ro, S. = 47R: = 0.66255; . (3.35)
7
The time at the instant when the droplet reaches its residue (nucleus) size is
t. = % =0.33757, 71=2S0/s. (3.36)

We note that the residue’s density can also be derived directly from the additive mass and
volume expressions

my = pu Vi = ms +mp = (fs + fp)mo,

s 2 (3.37)
Vi=Vit V=154 Mo <L+&)poVo,
Ps Pr Ps P
from which it follows that the density of the residue particle is
g Mty St (3.38)

Vi ms/ps +mp/pp  fs/ps+ fo/pp

4 Numerical results

Figure 2 shows the variations of the radius, surface, mass, and density of an evaporating droplet of
initial radius Rp = 25 pm under four indicated values of relative humidity. The initial mass of the
droplet is mo = 6.592 x 10~ kg and its average density is po = 1,007.2 kg/m3. The initial mass
of the aqueous salt solution of the droplet is (m2%)° = 6.526 x 10" kg and its density (p*%)° =
1,004.6 kg/m>. When the aqueous salt solution becomes saturated, its mass, volume, and density
are 2% = 1.8465 x 10712 kg, V29 = 1.458 x 107" m?, and p2% = 1,266.5kg/m?, respectively.
The corresponding radius, mass, volume, and density of the entire droplet at that instant are
R = 0.31Ry = 7.745 um, 1 = 0.038mo = 2.506 x 1072 kg, V = 0.03Vp = 1.946 x 107" m?,
and p = 1.278p0 = 1,287.5kg/m>. At the instant when all the water evaporates and the droplet
reduces to its residue size, its radius is R« = 0.23Ry = 5.743 um. The corresponding mass, volume,
and density are m. = 0.02mo = 1.318 x 1072 kg, V. = 0.0121Vp = 7.935 x 107 m?, and

p. = 1.6496p9 = 1,661.5kg/m?.
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The times for the aqueous salt solution to reach its saturation state and for the droplet to reach
its residue state depend on the relative humidity. For relative humidities of 0%, 25%, 50%, 75%,
these times are  =2.18, 2.91, 4.37, 8.74 seconds and t. =2.29, 3.05, 4.58, 9.16 seconds, respectively.
These values are for Ry = 25 um; the results for other values of the initial radius follow similarly.
The times ¢ and ¢, increase with the increase of the initial radius. For example, for a droplet of
initial radius Ro = 50 pum, the times are  =8.74, 11.65, 17.48, 34.96 seconds and t. =9.16, 12.21,
18.31, 36.62 seconds, respectively. Depending on the height from which the droplet is emitted, these

times may be much longer than the times it takes a droplet to reach the ground. This is discussed
below.
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Figure 2: The variation of the (a) radius, (b) surface, (¢) mass, and (d) density of an
evaporating droplet with initial radius Ro = 25um under four different relative humidities.
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Figure 3: The trajectories of droplets of initial radii Ry = 50 and 100 pm, ejected horizontally
with the velocities vo = 5, 10, 20 and 40 m/s, under the relative humidity RH = 25%. Upon
reaching its maximum horizontal distance, the droplet falls vertically downwards.

Figure 3 shows the trajectories of the droplets of initial radii o = 50 and 100 pm, emitted
horizontally from the mouth with initial velocities vo = 5, 10, 20, and 40 m/s, in stagnant air under
a relative humidity of 25%. Figure 4 shows the plots z = z(t) and y = y(¢) for droplets with initial
radii Ry = 50 and 100 pm under the same relative humidity of 25%. The vicinity of the maximum
horizontal distance is rapidly reached, which is followed by an essentially vertical descent of the
droplet. The maximum horizontal distance is strongly dependent on the magnitude of the initial
horizontal velocity vo, while the time variation y = y(¢) is only mildly affected by vo.

For the 50 pum initial radius, the droplet evaporates to its 11.5 um radius residue in about 12.2
seconds. This is followed by an essentially vertical fall of the non-evaporating residue toward the
ground (Fig. 4a), with its velocity approaching the terminal velocity (2/9)R2pg/mair = 2.62 cm/s.
If the ground is 2 m below the point of exhalation, then the droplet reaches the ground in about 21
seconds, i.e., about 9.5 seconds after it reaches its residue (nucleus) size. On the other hand, the 100
pm initial radius droplet is sufficiently large to reach the ground, 2 m below the point of exhalation,
in just 3 seconds, which is far shorter than 49 seconds that would be needed to evaporate to its
residue size of about 23 pum radius (Fig. 4d).

Figures 3 and 4 also quantify how much further the droplet moves horizontally upon coughing
(vo = 40 m/s) comparing to soft talking (vo = 5 m/s). For example, the maximum horizontal reach
of the droplet with initial radius 100 um is about 83 c¢m in the case vo = 40 m/s, while it is just
about 26 cm in the case vo = 5 m/s (both at a relative humidity of 25%). For the initial droplet’s
radius of 50 pm, the maximum horizontal reach is about 30 cm in the case vo = 40 m/s, while it is
less than 1/3 of that (8.5 cm) in the case vp = 5 m/s.

Figure 5 shows the effect of the rate of evaporation so on the time-variation of the droplet’s
position. Three values of s are used in the plots, so = se = 3.25 x 107%m?/s, so = (2/3)s., and
S0 = (4/3)se. The horizontal position (z coordinate) is very little affected by so, as the droplet
rapidly looses (within less than 0.2 seconds) its horizontal momentum due to aerodynamic drag,
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Figure 4: The variation of the = and y coordinates of the droplet’s trajectory with time ¢
for droplets of initial radii Ry = 50 (parts a and b), and 100 pm (parts ¢ and d), ejected
horizontally with the velocities v9 = 5, 10, 20 and 40 m/s, under the relative humidity
RH = 25%.
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Figure 5: The effect of the rate of evaporation sg on the time variation of the droplet’s (z,y)
coordinates. (a) The z coordinate is affected very little by the change of sg. (b) The y
coordinate is affected substantially as the droplet descends vertically and reaches its nucleus
size much sooner for higher values of sg. The relative humidity is RH = 25%.

before any substantial evaporation takes place. The vertical position (y coordinate) is, however,
affected substantially by the change of so, as the droplet descends vertically by the action of gravity,
while its size and weight substantially decrease due to evaporation. The droplet reaches its nucleus
size (the kink in the curves shown in Fig. 5) much sooner for higher values of so. The time it takes
for the droplet of initial radius 50 um, ejected at the speed of 10 m/s, to descend by 2 m is about
10 seconds in the case so = (2/3)se, 21 seconds in the case sy = se, and 35 seconds in the case
S0 = (4/3)se. The relative humidity in all three cases is assumed to be the same (RH=25%). Thus,
at higher ambient temperature (higher value of so), the droplet remains in the air at a higher height
longer, which increases the risk of infection (more rapidly evaporating droplets are lighter and fall
to the ground slower).

Finally, Fig. 6 shows the trajectories of a droplet of initial radius 100 pum, ejected with initial
velocities vg = 5, 10, 20 and 40 m/s under a relative humidity of 25% at the angles ¢o = £30° and
+45°. The results illustrate the effect of the initial angle on the horizontal reach of the droplet.
This is of importance because a person can, for example, speak while sitting in the chair next to the
person standing by the chair, or vice versa. Clearly, the maximum reach increases with the decrease
of the magnitude of the angle o, being the greatest for ¢o = 0°. These numerical results are of
importance for the evaluation of the risks of infection by transmitted pathogenic droplets and the
estimates of safe distancing while communicating during standing and/or sitting, or from different
elevations and heights. For example, the maximum vertical reach of a 100 gm-radius droplet ejected
by soft talking with vo = 5 m/s at ¢o = 45° IS Ymax = 11.6 cm, while its maximum horizontal reach
iS Tmax = 19.3 cm. On the other hand, the maximum vertical reach of the same droplet ejected by
coughing with vo = 40 m/s is Ymax = 51.2 m, while its maximum horizontal reach is Zmax = 60.3
cm. If the droplet was ejected horizontally (o = 0°), the maximum horizontal reach would have
been 25.9 cm in soft talking and 83.4 cm in coughing (Fig. 3d).
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Figure 6: The trajectories of the droplet of initial radius 100 pm, ejected from mouth with
the velocities vy = 5, 10, 20 and 40 m/s at the angles ¢y = £30° and £45°. The relative
humidity is RH = 25%.
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Figure 7: The trajectories of a droplet of initial radius 100 pm, ejected with the velocities
vo = 5, 10, 20 and 40 m/s at the angle ¢y = 0 in parts (a) and (b), and ¢y = 30° in parts
(c) and (d). The wind velocity in parts (a) and (c) is 1 m/s, and 2 m/s in parts (b) and (d).
The relative humidity is RH = 25%.
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Figure 8: The trajectories of a droplet of initial radius 25 pum, ejected horizontally with
the velocities vg = 5, 10, 20 and 40 m/s. The wind is absent in part (a), while the wind

velocity in parts (b), (¢), and (d) is 0.1, 0.5, and 1 m/s, respectively. The relative humidity
is RH = 25%.
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5 Wind effects

The projectile motion considered in previous sections was assumed to take place under quiescent
ambient conditions without any external air flow. The effect of external air flow (wind or ventilation)
can be readily included in the analysis. For example, if the wind is horizontal, with a constant
speed vy, the equations of motion are given by (2.6), with v, replaced by v, — vw, and v by
(Ve — vw)? +v2]*/2, while the Reynolds number in (2.3) becomes Re = 2R[(vz — vw)? +v2]Y/2 /Vair.
Figure 7 shows the the trajectories of a droplet of initial radius Ry = 100 pm, ejected with four
indicated initial velocities in the case of forward wind with speed 1 m/s and 2 m/s. The relative
humidity in all cases is assumed to be the same and equal to RH=25%. In Fig. 7a and 7b, the
droplet is ejected horizontally, and in Fig. 7c and 7d the ejection angle is o = 30°. If these
trajectories are compared with the trajectories shown in Fig. 3b and Fig. 6a without wind, we can
see that the presence of wind greatly affects the shape of the trajectory and the maximum horizontal
reach of the droplet. Similarly, Fig. 8 shows the comparison of the trajectories of a droplet with
an initial radius of only 25 pm, ejected horizontally in the absence of wind and in the direction of
wind whose velocity is 0.1, 0.5, and 1 m/s. While the maximum horizontal distance in the absence
of wind is only about 2.5 to 10.4 cm (depending on the ejection velocity vo), in the presence of even
a mild wind the horizontal reach of the droplet may extend to several meters, while the vertical
descent is only about 15 cm. This naturally contributes to the increase of the infection spreading
risk, if the droplets carry viruses or other pathogens. A recent numerical study of the influence of
wind on the COVID-19 airborne transmission has been presented by Feng et al. (2020).

5.1 Droplet’s motion against the wind

Figure 9 shows the trajectories of the droplet of initial radius 100 pm, considered in Fig. 7, but
now in the case of reversed wind direction. Upon its initial forward motion, the droplet reverses
the direction of its motion and moves backward. Note that, in the case of o = 45°, the reversal of
the direction of motion takes place below the line along the direction of the initial droplet velocity
vo for the wind speed vy, = —0.5 m/s, and above that line for the wind speed vy = —1 m/s. From
all four plots in Fig. 9 it follows that a droplet emitted by a taller person against the wind can
easily reach a person standing behind even at distances beyond one or two meters, particularly at
stronger winds.

Figure 10a shows the trajectory of the droplet of initial radius 100 um, ejected at o = 45°
with the initial velocity vo = 10 m/s against the wind with velocity vy = —1 m/s. Upon quick
reversal of its direction of motion, the droplet falls to the ground, 2 meters below the point of
ejection, in just 3.2 seconds, far before the droplet would reach its nucleus size of 23 um (in 49
seconds). Figure 10b shows the time variations © = z(t) and y = y(t) during the first 3.5 seconds.
The corresponding variations of the velocity components v, = v;(t) and vy = vy(¢) are shown in
Fig. 10c. The horizontal component of the droplet’s velocity quickly approaches the value of the
wind velocity (—0.1 m/s), while the vertical component asymptotically approaches the value of the
terminal velocity vy = 0.01 m/s, albeit in a much longer time (not shown in Fig. 10c). The slope
of the trajectory at such large times would be given by the ratio —v;/vw. The variations of the
Reynolds number Re and the drag coefficient ¢q with time (on the logarithmic scale, and extended
to more than 1,000 seconds) are shown in Fig. 10d. Only the early portion of Fig. 10d is relevant
for the droplet’s descent of the order of several or even several tens of meters, because the droplet
would descend by 20 m in less than 40 seconds, if not interrupted by the ground or another barrier.
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Figure 9: The trajectories of a droplet of initial radius 100 pm, ejected with the velocities
vg = 5, 10, 20 and 40 m/s against the horizontal wind. The direction of vy is at the angle
o = 0 in parts (a) and (b), and ¢o = 45° in parts (c) and (d). The wind velocity in parts
(a) and (c) is -0.5 m/s, and -1 m/s in parts (b) and (d). The relative humidity is RH = 25%.
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Figure 10: (a) The trajectory y = y(z) of a droplet of initial radius 100 pm, ejected with the
velocity vg = 10 m/s at the angle ¢y = 45° against the horizontal wind vy, = —1 m/s, under
the relative humidity RH = 25%. The corresponding time variations of (b) the coordinates
xz =xz(t) and y = y(t), and (c) the velocity components v, = v,(t) and vy = vy(t). (d) The
variations of the Reynolds number and the drag coefficient in the extended time range (on
the logarithmic scale).
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6 Conclusions

We have presented an analysis of the projectile motion of a micro-droplet ejected from the mouth at
an arbitrary angle and initial velocity, corresponding to soft or loud speaking, coughing or sneezing.
It is assumed that a droplet is ejected as an isolated droplet, outside of the puff of exhaled air. The
air resistance is represented by a drag force which is a nonlinear function of the droplet’s velocity.
The evaporation of the droplet is described by an expression based on the assumption that the
rate of decrease of the droplet’s external surface area is dependent only on the relative humidity
and the ambient temperature. The initial content of the respiratory droplet is taken to be 98 wt%
water, 1 wt% salt (NaCl), and 1 wt% protein (mucus). The change of the average density of the
droplet caused by evaporation of its water is determined throughout the concentration range, up to
the instant when all the water evaporates and the droplet reduces to its nucleus, consisting of salt
and dry protein only. The presented density analysis also specifies the change of the droplet’s mass
during evaporation, which enables the numerical solution of the governing differential equations of
the droplet’s motion after its emission from the mouth. The trajectories of different-sized droplets
ejected at different velocities and under different relative humidities are determined and discussed.
In each considered case the maximum horizontal distance traveled by a droplet is rapidly reached,
which is followed by an essentially vertical descent of the droplet in a stagnant air. A droplet’s
maximum horizontal reach is compared in the case of speaking vs. coughing or sneezing. The time
needed for a droplet to evaporate down to its nucleus size is compared with the time for the droplet
to reach the ground, after being ejected from a given height. The effect of the droplet’s evaporation
rate on its size and motion is quantified. More rapidly evaporating droplets are lighter and fall
to the ground slower, which increases the risk of infection. The effects of the ejection angle of a
droplet on its maximum horizontal and vertical reach and the entire trajectory are also evaluated
and discussed, which is of importance for the analysis of transmission of infection in the cases
when a person speaks while sitting near a standing person, or vice versa. The negative ejection
angles are also of interest in studying the projectile motion of the droplets that have escaped from
a moving puff. The wind effect on the droplet’s trajectory and its maximum horizontal reach is
also studied. For example, while the maximum horizontal distance of the droplet with 25 gm initial
radius in the absence of wind is only about 3 to 10 ¢m, depending on the ejection velocity, in the
presence of even a very mild wind the horizontal reach of the droplet extends to several meters.
This naturally contributes to the increase of the risk of infection, if the droplets carry viruses or
other pathogens. If an isolated droplet is ejected against the wind, subsequent to its initial forward
motion, the droplet reverses the direction of its motion and moves backward. If a droplet is emitted
by a taller person against the wind, it can easily reach a person standing behind even at distances
beyond a meter, particularly at stronger winds. The analysis can be readily extended to include
other in-plane wind directions. In the case of an out-of-plane wind (vo and v being non-coplanar),
the projectile motion becomes three-dimensional, which will be discussed elsewhere. The motion
of droplets that are trapped and carried by an exhaled air puff during its forward motion is more
involved and not considered in this paper. The motion of small droplets relative to the puff is rather
slow, and the model of linear drag may be adopted, but the main difficulty is the kinetic description
of the moving and expanding puff which carries the small droplets, as discussed in a recent review
by Balachandar et al. (2020) and the references cited therein.
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Mapko B.Jlybapoa, Baaoo A.Jlybapoa

O kperamy ncnapasajyhe pecuupaTopHe KalbHIE

CaxerTacx

V pazny je marta amanmu3a KpeTama Hcmapasajylie pecmpaTopHe KaIrbuile eMUTOBAHE TOBOPOM,
KalbamkeM win KujambeM. OTHop Ba3/yxa je npecTaB/beH HeTHHeapHOM (hYHKI]OM Op3UHe KATLbUIIe,
a 6p3uHA CMaberba [MOBPIIXHE OMOTAYa KaljbuIle (DYHKIHjOM DeTaTUBHE BIaKHOCTH U TEMIIEpaType
Bazayxa. IIpeTrnocraB/hbeHn IOYeTHH TeKUHCKH caIpKaj Kambune je 98% soma, 1% NaCl u 1% mpo-
Tenn. [TopacT rycrmHe Kampuile TOKOM FeHOI KpeTarma 1 ncrapasama je oapeljen 110 Tpenyrka kajia
KalJbUlld MCHAPU JI0 CBOI je3rpa (pe3ujlyyma) Koje ce cacToju oJ] coau u nporemna. Hymepuuko
pjenerse mudepeHIjaIHIX jeJHAYNHA Te(DUHAIIE TyTamky KATJBUIE PA3ININTE TOYeTHE BETNINHE
u Op3UHe eMUTOBaFba, IPHU PA3TUIUTHM BPH]eTHOCTUMA PETaTUBHE BJIAYKHOCTH U OpP3WHE MCrIapa-
Bama. MakcuMmasHe XOPH30HTAJHE ¥ BEPTHKAJIHE JAMCTAHIE KOje KAIl/BbUIE JIOCETHY Cy CpadyHaTe
Yy OJICYCTBY W IPHUCYCTBY CTpyjara Ba3jyxa. Pe3ynaraTu Cy aHaJu3upaHd y KOHTEKCTY PUBHKA O/
mupema Bnpyca KallJbUYHUM T[y’TeM.

Kipyune pujeun: Gp3uHa nCnapaBamba; TyCTHHA; KAIJBUIHO j€3TPO; CUJIA OTTIIOPA; PEJATHBHA BJIAYKHOCT;
pecnmparopua kamwbuna; SARS-CoV-2; yrumaj Bjerpa
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