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=DG>ODCI6A G:68= >C HD;I I6A@>C< >H 8DBE6G:9 ID I=6I >C 8DJ<=>C<� 2: 6AHD :K6AJ6I: 6C9 8DBE6G: I=:

I>B: ;DG I=: 9GDEA:I ID :K6EDG6I: 9DLC ID >IH CJ8A:JH H>O: 6C9 I=: I>B: ;DG I=: 9GDEA:I ID G:68= I=:

<GDJC9 L=:C :?:8I:9 ;GDB 6 <>K:C =:><=I� /=: :�:8IH D; I=: 6C<A: D; :?:8I>DC D; I=: 9GDEA:I DC >IH

B6M>BJB =DG>ODCI6A 6C9 K:GI>86A G:68= 6C9 I=: :CI>G: IG6?:8IDGN 6G: 9>H8JHH:9� /=: L>C9 :�:8IH

6G: 6AHD >C8AJ9:9 >C I=: 6C6ANH>H 6C9 9>H8JHH:9 >C I=: 8DCI:MI D; >C;:8I>DC HEG:69>C< 7N IG6CHB>HH>DC

D; K>GJH:H 6C9 DI=:G E6I=D<:CH K>6 G:HE>G6IDGN 9GDEA:IH�

� 
����� ��� �� ��� �� �� �"����� ��� ������ #� � � ���������

���� �����

!DG HB6AA:G 9GDEA:IH 6C9 ;DG HJ�8>:CIAN HB6AA >C>I>6A K:AD8>I>:H
 I=: -:NCDA9H CJB7:G D; 6C >HDA6I:9

9GDEA:I >H 7:ADL � 6C9 I=: A>C:6G .ID@:H� INE: 9G6< BD9:A 86C 7: 69DEI:9 >C I=: HIJ9N D; HJ8=

9GDEA:I�H BDI>DC� !DG A6G<:G 9GDEA:IH �H6N
 <G:6I:G I=6C 67DJI � B>8GDCH	 6C9 ;DG A6G<:G >C>I>6A

K:AD8>I>:H �:�<�
 K:AD8>I>:H 67DJI �� B
H 6H 9JG>C< 8DJ<=>C<
 DG JE ID �� B
H 6H 9JG>C< HC::O>C<	
 I=:

-:NCDA9H CJB7:G
 6I A:6HI >C I=: :6GAN HI6<: D; I=: 9GDEA:I�H BDI>DC
 >H >C I=: G6C<: ��-:�����


6C9 I=: 9G6< ;DG8: 7:8DB:H 6 CDCA>C:6G ;JC8I>DC D; K:AD8>IN� /D :C8DBE6HH I=: :CI>G: G6C<: D;

-:NCDA9H CJB7:G
 I=: 9G6< ;DG8: >C HI>AA 6>G >H 8DBBDCAN LG>II:C 6H

Fd = −1

2
ρairAcdvv , A = πR2 , ����	

L=:G: I=: 9G6< 8D:�8>:CI cd 9:E:C9H DC I=: -:NCDA9H CJB7:G
 >C 688DG9 ID :ME:G>B:CI6A 96I6

�.8=A>8=I>C<
 ����� 2=>I:
 ����	� /=: 6>G 9:CH>IN >H ρair
 I=: 8JGG:CI G69>JH D; I=: 9GDEA:I >H R
 >IH

K:AD8>IN K:8IDG >H v
 6C9 v >H >IH B6<C>IJ9:� /=: ;DAADL>C< :MEG:HH>DC �IH I=>H 96I6 HJ�8>:CIAN L:AA

>C I=: G6C<: 0.2 < Re ≤ 3× 105 �'6EEA:
 ����� &=6C 6C9 ->8=6G9HDC
 ����	

cd =

{
24Re−1 + 3Re−0.28, 0.2 ≤ Re ≤ 103 ,

0.458 , 103 ≤ Re ≤ 3× 105 .
����	

�:ADL Re = 0.2
 I=: 9DB>C6CI 8DCIG>7JI>DC ID cd >H 24/Re
 L=>8= <>K:H G>H: ID A>C:6G 9G6< ;DG8:


EGDEDGI>DC6A ID K:AD8>IN �.ID@:H� �DL	� *I=:G �II>C< :MEG:HH>DCH =6K: 6AHD 7::C EGDEDH:9 6C9 JH:9


:�<�
 5=J :I 6A� �����	
 3>: :I 6A� �����	
 26C< :I 6A� �����	
 �=:C< :I 6A� �����	
 6C9 '>:7:G :I 6A�

�����	� !DG :M6BEA:
 3>: :I 6A� �����	
 JH:9 cd = 24Re−1 + 4Re−1/3
;DG Re ≤ 1000 6C9 cd = 0.424

;DG Re ≥ 1000� /=: -:NCDA9H CJB7:G 6I 6C 6G7>IG6GN I>B: t 9JG>C< I=: BDI>DC D; 6C :K6EDG6I>C<

9GDEA:I >H 9:�C:9 7N

Re(t) =
2R(t)v(t)

νair
. ����	

/=: @>C:B6I>8 K>H8DH>IN D; 6>G >H νair = ηair/ρair
 L=:G: ηair >H >IH 9NC6B>8 K>H8DH>IN� /NE>86AAN


I=: -:NCDA9H CJB7:G D; 6 G:A6I>K:AN A6G<: 9GDEA:I >H 7:ADL �
���� ;DG :M6BEA:
 ;DG νair = 1.516 ×

�
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�

� �

�

��
��
�

�

�

�

� ��� ��

�

������

�

�'%30# �� �&# +-2'-, -$ � "0-.*#2 -$ ','2'�* +�11 m0 #(#!2#" �2 &#'%&2 h � -4# 2&# %0-3,"

5'2& ','2'�* 4#*-!'27 v0 �2 �, �,%*# φ0 5'2& 0#1.#!2 2- 2&# &-0'8-,2�* x �6'1	 �, 2&# .-1'2'-,

1&-5, �2 2'+# t� 2&# $-0!#1 �!2',% -, 2&# "0-.*#2 �0# '21 5#'%&2 mg �," 2&# "0�% $-0!# Fd�

-..-1'2# 2- '21 !300#,2 4#*-!'27 v	 �&# &-0'8-,2�* �," 4#02'!�* !-+.-,#,21 -$ 4#*-!'27 �0#

vx = v cosφ �," vy = v sinφ	

10−5 m2/s 6C9 6I I=: >CHI6CI L=:C v = 10 B
H 6C9 R = 100µm
 I=: -:NCDA9H CJB7:G >H Re ≈ 132�

*C I=: DI=:G =6C9
 ;DG 6 HB6AA 9GDEA:I D; G69>JH R = 5µm 6C9 8JGG:CI K:AD8>IN v = 1 B
H
 I=:

-:NCDA9H CJB7:G >H Re ≈ 0.66� $; I=: 6>G HJGGDJC9>C< 6 9GDEA:I BDK:H L>I= I=: K:AD8>IN va
 I=:

G:A6I>K: K:AD8>IN v − va H=DJA9 7: JH:9 >C EA68: D; I=: IDI6A K:AD8>IN >C I=: :MEG:HH>DC ;DG I=: 9G6<

;DG8: ����	 6C9 I=: 9:�C>I>DC D; I=: -:NCDA9H CJB7:G ����	�

.JEEDH: I=6I 6 9GDEA:I =6K>C< >C>I>6A B6HH m0 6C9 8DGG:HEDC9>C< >C>I>6A G69>JH R0 >H :B>II:9

;GDB I=: BDJI= 6I =:><=I h 67DK: I=: <GDJC9 L>I= >C>I>6A K:AD8>IN v0 6I 6C 6C<A: φ0 G:A6I>K: ID I=:

=DG>ODCI6A x 9>G:8I>DC �!><� �	� �I 6C 6G7>IG6GN I>B: t 9JG>C< >IH EGD?:8I>A:�INE: BDI>DC
 I=: B6HH

D; I=: 9GDEA:I >H m < m0
 >IH G69>JH R < R0
 6C9 >IH K:AD8>IN v < v0� /=: 8JGG:CI >C8A>C6I>DC 6C<A:

D; I=: K:AD8>IN K:8IDG >H φ� /=: K:8IDG>6A ;DGB D; I=: 9>�:G:CI>6A :FJ6I>DC D; I=: 9GDEA:I�H BDI>DC

>C HI>AA 6>G >H I=:C

m
dv

dt
= Fd +mg − urel

dm

dt
. ����	

/=: 6K:G6<: :?:8I>DC K:AD8>IN
 G:A6I>K: ID I=: 9GDEA:I
 D; 6AA E6GI>8A:H A:6K>C< I=: 9GDEA:I 9J: ID

:K6EDG6I>DC >H urel = u− v
 6C9 g = {0,−g} >H I=: <G6K>I6I>DC6A 688:A:G6I>DC� /=: 7JDN6C8N ;DG8:
>H ><CDG:9 6H I=: 9:CH>IN D; 6 G:HE>G6IDGN 9GDEA:I >H 67DJI ���� I>B:H <G:6I:G I=6C I=: 9:CH>IN D;

I=: 6>G� �N 6HHJB>C< I=6I urel = 0
 I=: <DK:GC>C< 9>�:G:CI>6A :FJ6I>DCH ;DG I=: K:AD8>IN 8DBEDC:CIH

(vx, vy) D; I=: 9GDEA:I 6G:

m
dvx
dt

= −Fd
vx
v

, m
dvy
dt

= −Fd
vy
v

−mg , ����	

�

�

� �

�

��
��
�

�

�

�

� ��� ��

�

������

�

�'%30# �� �&# +-2'-, -$ � "0-.*#2 -$ ','2'�* +�11 m0 #(#!2#" �2 &#'%&2 h � -4# 2&# %0-3,"

5'2& ','2'�* 4#*-!'27 v0 �2 �, �,%*# φ0 5'2& 0#1.#!2 2- 2&# &-0'8-,2�* x �6'1	 �, 2&# .-1'2'-,

1&-5, �2 2'+# t� 2&# $-0!#1 �!2',% -, 2&# "0-.*#2 �0# '21 5#'%&2 mg �," 2&# "0�% $-0!# Fd�

-..-1'2# 2- '21 !300#,2 4#*-!'27 v	 �&# &-0'8-,2�* �," 4#02'!�* !-+.-,#,21 -$ 4#*-!'27 �0#

vx = v cosφ �," vy = v sinφ	

10−5 m2/s 6C9 6I I=: >CHI6CI L=:C v = 10 B
H 6C9 R = 100µm
 I=: -:NCDA9H CJB7:G >H Re ≈ 132�

*C I=: DI=:G =6C9
 ;DG 6 HB6AA 9GDEA:I D; G69>JH R = 5µm 6C9 8JGG:CI K:AD8>IN v = 1 B
H
 I=:

-:NCDA9H CJB7:G >H Re ≈ 0.66� $; I=: 6>G HJGGDJC9>C< 6 9GDEA:I BDK:H L>I= I=: K:AD8>IN va
 I=:

G:A6I>K: K:AD8>IN v − va H=DJA9 7: JH:9 >C EA68: D; I=: IDI6A K:AD8>IN >C I=: :MEG:HH>DC ;DG I=: 9G6<

;DG8: ����	 6C9 I=: 9:�C>I>DC D; I=: -:NCDA9H CJB7:G ����	�

.JEEDH: I=6I 6 9GDEA:I =6K>C< >C>I>6A B6HH m0 6C9 8DGG:HEDC9>C< >C>I>6A G69>JH R0 >H :B>II:9

;GDB I=: BDJI= 6I =:><=I h 67DK: I=: <GDJC9 L>I= >C>I>6A K:AD8>IN v0 6I 6C 6C<A: φ0 G:A6I>K: ID I=:

=DG>ODCI6A x 9>G:8I>DC �!><� �	� �I 6C 6G7>IG6GN I>B: t 9JG>C< >IH EGD?:8I>A:�INE: BDI>DC
 I=: B6HH

D; I=: 9GDEA:I >H m < m0
 >IH G69>JH R < R0
 6C9 >IH K:AD8>IN v < v0� /=: 8JGG:CI >C8A>C6I>DC 6C<A:

D; I=: K:AD8>IN K:8IDG >H φ� /=: K:8IDG>6A ;DGB D; I=: 9>�:G:CI>6A :FJ6I>DC D; I=: 9GDEA:I�H BDI>DC

>C HI>AA 6>G >H I=:C

m
dv

dt
= Fd +mg − urel

dm

dt
. ����	

/=: 6K:G6<: :?:8I>DC K:AD8>IN
 G:A6I>K: ID I=: 9GDEA:I
 D; 6AA E6GI>8A:H A:6K>C< I=: 9GDEA:I 9J: ID

:K6EDG6I>DC >H urel = u− v
 6C9 g = {0,−g} >H I=: <G6K>I6I>DC6A 688:A:G6I>DC� /=: 7JDN6C8N ;DG8:
>H ><CDG:9 6H I=: 9:CH>IN D; 6 G:HE>G6IDGN 9GDEA:I >H 67DJI ���� I>B:H <G:6I:G I=6C I=: 9:CH>IN D;

I=: 6>G� �N 6HHJB>C< I=6I urel = 0
 I=: <DK:GC>C< 9>�:G:CI>6A :FJ6I>DCH ;DG I=: K:AD8>IN 8DBEDC:CIH

(vx, vy) D; I=: 9GDEA:I 6G:

m
dvx
dt

= −Fd
vx
v

, m
dvy
dt

= −Fd
vy
v

−mg , ����	

�

L=:G: Fd = ρairAcdv
2/2 ;GDB ����	� 0EDC HJ7HI>IJI>DC D; I=: A6II:G :MEG:HH>DC ;DG Fd >CID ����	 6C9

9>K>H>DC 7N I=: 8JGG:CI B6HH m = ρV 
 L=:G: ρ >H I=: �6K:G6<:	 B6HH 9:CH>IN D; I=: 9GDEA:I 6I I>B:

t 6C9 V = 4πR3/3 >H I=: 9GDEA:I�H 8JGG:CI KDAJB:
 L: <:I

dvx
dt

= −3ρair
8ρ

cd
R

vxv ,
dvy
dt

= −3ρair
8ρ

cd
R

vyv − g , ����	

L>I= I=: 9G6< 8D:�8>:CI cd 9:�C:9 7N ����	� /=: 688DBE6CN>C< >C>I>6A 8DC9>I>DCH 6G: vx(0) =

v0 cosφ0 6C9 vy(0) = v0 sinφ0�

 FJ6I>DCH ����	 6G: ILD 8DJEA:9 9>�:G:CI>6A :FJ6I>DCH
 L=>8= G:FJ>G: CJB:G>86A >CI:<G6I>DC


EGDK>9:9 I=6I I=: :MEG:HH>DCH ;DG R = R(t) 6C9 ρ = ρ(t) 6G: 9:I:GB>C:9
 8DGG:HEDC9>C< ID I=: G6I:

7N L=>8= I=: B6HH D; I=: 9GDEA:I :K6EDG6I:H
 6H :A67DG6I:9 JEDC >C H:8I>DC �� �;I:G I=: K:AD8>IN

8DBEDC:CIH vx 6C9 vy =6K: 7::C 9:I:GB>C:9
 I=: (x, y) 8DDG9>C6I:H D; I=: IG6?:8IDGN D; I=: 9GDEA:I

;DAADL 7N CJB:G>86A FJ69G6IJG: ;GDB x(t) =
∫ t

0
vx(θ) dθ 6C9 y(t) =

∫ t

0
vy(θ) dθ
 6H G:EDGI:9 >C

H:8I>DC ��

��� ������ �
 ��� ��������� �������

�I HDB: >CHI6CI D; BDI>DC �t∗	
 6AA L6I:G ;GDB 6 G:HE>G6IDGN 9GDEA:I :K6EDG6I:H 6C9 I=: 9GDEA:I

>H G:9J8:9 ID >IH CJ8A:JH �H6AI 6C9 9GN EGDI:>C G:H>9J:	 D; 6 G69>JH 9:CDI:9 7N R∗� !GDB I=6I

>CHI6CI DC
 >�:�
 ;DG I>B: t ≥ t∗
 I=: BDI>DC D; I=>H CDC�KDA6I>A: G:H>9J: EGD8::9H 6H I=: BDI>DC D;

6 CDC�:K6EDG6I>C< HE=:G>86A E6GI>8A: D; 8DCHI6CI G69>JH R∗� /=: >C>I>6A 8DC9>I>DCH ;DG I=>H BDI>DC

6G: vx(t = t∗) = v∗ cosφ∗
 vy(t = t∗) = v∗ sinφ∗
 6C9 x(t = t∗) = x∗
 y(t = t∗) = y∗� /=:

FJ6CI>I>:H (t∗, v∗, φ∗, x∗, y∗) =6K: 7::C 9:I:GB>C:9 ;GDB I=: EG:8:9>C< 6C6ANH>H D; I=: BDI>DC D;

I=: :K6EDG6I>C< 9GDEA:I
 6C9 8DGG:HEDC9 ID I=: :C9 D; I=6I E6GI D; BDI>DC
 >�:�
 I=: >CHI6CI L=:C

I=: 9GDEA:I :K6EDG6I:H ID >IH CJ8A:JH H>O: D; G69>JH R∗� /=: CJB:G>86A 6C6ANH>H D; I=: BDI>DC D;

I=: :K6EDG6I>C< 9GDEA:I H=DLH I=6I I=: -:NCDA9H CJB7:G G6E>9AN 9>B>C>H=:H L>I= I>B:
 6;I:G I=:

9GDEA:I�H :B>HH>DC ;GDB I=: BDJI=
 7:86JH: I=: 9GDEA:I�H K:AD8>IN G6E>9AN 9>B>C>H=:H
 6H L:AA 6H >IH

G69>JH� �H 6 8DCH:FJ:C8:
 I=: BDI>DC D; I=: 9GDEA:I�H G:H>9J: >H >C B6CN 86H:H I=: BDI>DC JC9:G

A>C:6G �.ID@:H�	 9G6< ;DG8:
 Fd = cv
 L=:G: c = 6πηairR∗� $I I=:C G:69>AN ;DAADLH I=6I I=: K:AD8>IN

8DBEDC:CIH D; I=: 9GDEA:I�H G:H>9J: 6G:

vx(t) = v∗ cosφ∗ e
−k∗(t−t∗) , k∗ =

c

m∗
, t ≥ t∗ ,

vy(t) = (vt + v∗ sinφ∗) e
−k∗(t−t∗) − vt , vt =

g

k∗
,

����	

L=:G: m∗ = ρ∗V∗ >H I=: B6HH D; I=: 9GDEA:I�H G:H>9J: 6C9 V∗ = 4πR3
∗/3 >H >IH KDAJB:� /=: K:AD8>IN

vt >H I=: HD�86AA:9 I:GB>C6A K:AD8>IN
 6I L=>8= I=: 9G6< ;DG8: 76A6C8:H I=: <G6K>IN ;DG8: �cvt = m∗g	�

/=: 8DGG:HEDC9>C< 8DDG9>C6I:H D; I=: 9GDEA:I�H G:H>9J: 6G: <>K:C 7N

x(t)− x∗ =
1

k∗
v∗ cosφ∗

[
1− e−k∗(t−t∗)

]
, t ≥ t∗ ,

y(t)− y∗ =
1

k∗
(vt + v∗ sinφ∗)

[
1− e−k∗(t−t∗)

]
− vt(t− t∗).

����	

�N :A>B>C6I>C< t − t∗ >C ����	
 I=: y = y(x) G:EG:H:CI6I>DC D; I=: G:H>9J: IG6?:8IDGN 86C 6AHD 7:

:MEA>8>IAN <>K:C� !DG HJ�8>:CIAN A6G<: I>B:H �t ≫ t∗	
 I=: G:H>9J: 6EEGD68=:H I=: K:GI>86A 6HNBEIDI:

�
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123On the Motion of an Evaporating  Respiratory Droplet

L=:G: Fd = ρairAcdv
2/2 ;GDB ����	� 0EDC HJ7HI>IJI>DC D; I=: A6II:G :MEG:HH>DC ;DG Fd >CID ����	 6C9

9>K>H>DC 7N I=: 8JGG:CI B6HH m = ρV 
 L=:G: ρ >H I=: �6K:G6<:	 B6HH 9:CH>IN D; I=: 9GDEA:I 6I I>B:

t 6C9 V = 4πR3/3 >H I=: 9GDEA:I�H 8JGG:CI KDAJB:
 L: <:I

dvx
dt

= −3ρair
8ρ

cd
R

vxv ,
dvy
dt

= −3ρair
8ρ

cd
R

vyv − g , ����	

L>I= I=: 9G6< 8D:�8>:CI cd 9:�C:9 7N ����	� /=: 688DBE6CN>C< >C>I>6A 8DC9>I>DCH 6G: vx(0) =

v0 cosφ0 6C9 vy(0) = v0 sinφ0�

 FJ6I>DCH ����	 6G: ILD 8DJEA:9 9>�:G:CI>6A :FJ6I>DCH
 L=>8= G:FJ>G: CJB:G>86A >CI:<G6I>DC


EGDK>9:9 I=6I I=: :MEG:HH>DCH ;DG R = R(t) 6C9 ρ = ρ(t) 6G: 9:I:GB>C:9
 8DGG:HEDC9>C< ID I=: G6I:

7N L=>8= I=: B6HH D; I=: 9GDEA:I :K6EDG6I:H
 6H :A67DG6I:9 JEDC >C H:8I>DC �� �;I:G I=: K:AD8>IN

8DBEDC:CIH vx 6C9 vy =6K: 7::C 9:I:GB>C:9
 I=: (x, y) 8DDG9>C6I:H D; I=: IG6?:8IDGN D; I=: 9GDEA:I

;DAADL 7N CJB:G>86A FJ69G6IJG: ;GDB x(t) =
∫ t

0
vx(θ) dθ 6C9 y(t) =

∫ t

0
vy(θ) dθ
 6H G:EDGI:9 >C

H:8I>DC ��

��� ������ �
 ��� ��������� �������

�I HDB: >CHI6CI D; BDI>DC �t∗	
 6AA L6I:G ;GDB 6 G:HE>G6IDGN 9GDEA:I :K6EDG6I:H 6C9 I=: 9GDEA:I

>H G:9J8:9 ID >IH CJ8A:JH �H6AI 6C9 9GN EGDI:>C G:H>9J:	 D; 6 G69>JH 9:CDI:9 7N R∗� !GDB I=6I

>CHI6CI DC
 >�:�
 ;DG I>B: t ≥ t∗
 I=: BDI>DC D; I=>H CDC�KDA6I>A: G:H>9J: EGD8::9H 6H I=: BDI>DC D;

6 CDC�:K6EDG6I>C< HE=:G>86A E6GI>8A: D; 8DCHI6CI G69>JH R∗� /=: >C>I>6A 8DC9>I>DCH ;DG I=>H BDI>DC

6G: vx(t = t∗) = v∗ cosφ∗
 vy(t = t∗) = v∗ sinφ∗
 6C9 x(t = t∗) = x∗
 y(t = t∗) = y∗� /=:

FJ6CI>I>:H (t∗, v∗, φ∗, x∗, y∗) =6K: 7::C 9:I:GB>C:9 ;GDB I=: EG:8:9>C< 6C6ANH>H D; I=: BDI>DC D;

I=: :K6EDG6I>C< 9GDEA:I
 6C9 8DGG:HEDC9 ID I=: :C9 D; I=6I E6GI D; BDI>DC
 >�:�
 I=: >CHI6CI L=:C

I=: 9GDEA:I :K6EDG6I:H ID >IH CJ8A:JH H>O: D; G69>JH R∗� /=: CJB:G>86A 6C6ANH>H D; I=: BDI>DC D;

I=: :K6EDG6I>C< 9GDEA:I H=DLH I=6I I=: -:NCDA9H CJB7:G G6E>9AN 9>B>C>H=:H L>I= I>B:
 6;I:G I=:

9GDEA:I�H :B>HH>DC ;GDB I=: BDJI=
 7:86JH: I=: 9GDEA:I�H K:AD8>IN G6E>9AN 9>B>C>H=:H
 6H L:AA 6H >IH

G69>JH� �H 6 8DCH:FJ:C8:
 I=: BDI>DC D; I=: 9GDEA:I�H G:H>9J: >H >C B6CN 86H:H I=: BDI>DC JC9:G

A>C:6G �.ID@:H�	 9G6< ;DG8:
 Fd = cv
 L=:G: c = 6πηairR∗� $I I=:C G:69>AN ;DAADLH I=6I I=: K:AD8>IN

8DBEDC:CIH D; I=: 9GDEA:I�H G:H>9J: 6G:

vx(t) = v∗ cosφ∗ e
−k∗(t−t∗) , k∗ =

c

m∗
, t ≥ t∗ ,

vy(t) = (vt + v∗ sinφ∗) e
−k∗(t−t∗) − vt , vt =

g

k∗
,

����	

L=:G: m∗ = ρ∗V∗ >H I=: B6HH D; I=: 9GDEA:I�H G:H>9J: 6C9 V∗ = 4πR3
∗/3 >H >IH KDAJB:� /=: K:AD8>IN

vt >H I=: HD�86AA:9 I:GB>C6A K:AD8>IN
 6I L=>8= I=: 9G6< ;DG8: 76A6C8:H I=: <G6K>IN ;DG8: �cvt = m∗g	�

/=: 8DGG:HEDC9>C< 8DDG9>C6I:H D; I=: 9GDEA:I�H G:H>9J: 6G: <>K:C 7N

x(t)− x∗ =
1

k∗
v∗ cosφ∗

[
1− e−k∗(t−t∗)

]
, t ≥ t∗ ,

y(t)− y∗ =
1

k∗
(vt + v∗ sinφ∗)

[
1− e−k∗(t−t∗)

]
− vt(t− t∗).

����	

�N :A>B>C6I>C< t − t∗ >C ����	
 I=: y = y(x) G:EG:H:CI6I>DC D; I=: G:H>9J: IG6?:8IDGN 86C 6AHD 7:

:MEA>8>IAN <>K:C� !DG HJ�8>:CIAN A6G<: I>B:H �t ≫ t∗	
 I=: G:H>9J: 6EEGD68=:H I=: K:GI>86A 6HNBEIDI:

�

x = x∗ + (v∗/k∗) cosφ∗
 L>I= I=: G:H>9J:�H I>B:�9:E:C9:CI EDH>I>DC y 7:>C< <>K:C 7N

y(t) = y∗ +
1

k∗
(vt + v∗ sinφ∗)− vt(t− t∗) . ����	

� 	"����� ��� �� � ������ 

.JEEDH: I=6I 6 G:HE>G6IDGN 9GDEA:I >H :M=6A:9 ;GDB BDJI= 6H 6 HE=:G>86A E6GI>8A: D; >C>I>6A G69>JH

R0 6C9 8DGG:HEDC9>C< B6HH m0� $I L>AA 7: 6HHJB:9 I=6I 98% D; m0 >H EJG: L6I:G �m
0
w = 0.98m0	


1% 6 H6AI �)6�A	
 6C9 1% 6 EGDI:>C �BJ8>C	
 >�:�


m0 = m0
w +ms +mp = m0

w + fsm0 + fpm0 , (fs = 0.01 , fp = 0.01) . ����	

/=>H >C>I>6A 8DCI:CI D; I=: G:HE>G6IDGN H6A>K6 9GDEA:I >H I6@:C HDB:L=6I 6G7>IG6G>AN
 ;GDB 6 A6G<:

K6G>:IN D; 96I6 ;DJC9 >C I=: A>I:G6IJG: �.6G@6G :I 6A� ����� �=6J9=JG> :I 6A�
 ����� ):IO
 �����

.I69CNIH@N>
 ����� '>:7:G
 ����	
 7JI I=: 6C6ANH>H EGD8::9H H>B>A6GAN >; I=: >C>I>6A 9GDEA:I�H 8DCI:CI

>H 6HHJB:9 9>�:G:CIAN
 L=>8= B6>CAN 6�:8IH I=: H>O: D; I=: 9GDEA:I�H G:H>9J:� !JGI=:GBDG:
 L:

6HHJB: I=6I I=: H6AI 6C9 EGDI:>C 6G: CDC�KDA6I>A: 6I 8DBBDC 6B7>:CI I:BE:G6IJG:H �ms = const.

6C9 mp = const.	
 6C9 I=6I DCAN L6I:G :K6EDG6I:H 9JG>C< I=: 9GDEA:I�H BDI>DC
 >�:�
 I=: I>B: G6I: D;

8=6C<: D; I=: 9GDEA:I�H B6HH >H :FJ6A ID I=: I>B: G6I: D; 8=6C<: D; I=: L6I:G 8DCI:CI >C I=: 9GDEA:I

�dm/dt = dmw/dt	� $C>I>6AAN
 I=: L6I:G 6C9 H6AI >C 6C :M=6A:9 9GDEA:I ;DGB 6C 6FJ:DJH HDAJI>DC D;

B6HH m0
sol = m0

w +ms = m0 −mp >C L=>8= Na+ 6C9 Cl− >DCH 6G: 9>HE:GH:9 I=GDJ<=DJI I=: L6I:G


L>I= I=: >C>I>6A B6HH �L:><=I	 8DC8:CIG6I>DC D; H6AI

ms

m0
sol

=
ms

m0 −mp
=

fs
1− fp

. ����	

/=: D7?:8I>K: >H ID 9:I:GB>C: I=: I>B:�9:E:C9:CI 9:8G:6H: D; I=: B6HH 6C9 9:CH>IN D; I=: 9GDEA:I

9JG>C< >IH :K6EDG6I>DC�

/=: :K6EDG6I>DC D; 6 9GDEA:I >H 6 8DBEA>86I:9 E=NH>86A 6C9 8=:B>86A EGD8:HH I=6I 86C 7: 6C6ANO:9

L>I= K6G>DJH 9:<G::H D; 8DBEA:M>IN 6C9 HDE=>HI>86I>DC� /=>H B6N >C8AJ9: I=: 8DCH>9:G6I>DC D; I=:

:C:G<N :FJ6I>DC 6C9 I=: =:6I 6C9 B6HH IG6CH;:G 7:IL::C I=: 9GDEA:I 6C9 >IH HJGGDJC9>C<H
 6C9

I=: :�:8IH D; I=: 6B7>:CI I:BE:G6IJG: 6C9 I=: I:BE:G6IJG: D; I=: 9GDEA:I DC >IH :K6EDG6I>DC G6I:

�:�<�
 &J@@DC:C :I 6A
 ����� .JC 6C9 %>
 ����� '>J :I 6A�
 ����� �=6J9=JG> :I 6A�
 ����� �=:C
 �����

):IO� ����	� $C DJG EG:H:CI 6C6ANH>H
 L: 69DEI 6 H>BEA>�:9 E=:CDB:CDAD<>86A 6EEGD68= >C L=>8= >I

>H 6HHJB:9 I=6I 9JG>C< :K6EDG6I>DC I=: I>B: G6I: D; 8=6C<: D; I=: :MI:GC6A HJG;68: D; I=: 9GDEA:I


S(t) = 4πR2(t)
 >H 6 <>K:C 8DCHI6CI �s	
 9:E:C9:CI DCAN DC I=: G:A6I>K: =JB>9>IN �-#	 6C9 I=:

6B7>:CI I:BE:G6IJG: �Tamb	� .J8= 6C 6HHJBEI>DC >H G:6HDC67A: 7:86JH: I=: :K6EDG6I>DC >H 9G>K:C

7N I=: 9>�:G:C8: 7:IL::C I=: 8DC8:CIG6I>DC D; I=: L6I:G K6EDG 6I I=: HJG;68: D; I=: 9GDEA:I 6C9 >C

I=: HJGGDJC9>C< 6>G� /=JH
 L: LG>I:

dS

dt
= −s , s = s(RH, Tamb) . ����	

� EDHH>7A: :�:8I D; I=: K:AD8>IN D; I=: BDK>C< 9GDEA:I DC >IH :K6EDG6I>DC G6I: s >H CDI >C8AJ9:9 >C

����	� � HJG;68: :KDAJI>DC :MEG:HH>DC D; I=: INE: ����	 =6H 6AHD 7::C 69DEI:9 >C I=: :6GAN LDG@ 7N

2:AAH �����	
 6C9 >C I=: A6I:G LDG@ 7N &6NH:G 6C9 �:CC:II �����	� �AI:GC6I>K: :MEG:HH>DCH 8DJA9

6AHD 7: 69DEI:9
 HJ8= 6H dm/dt = −κ 6C9 dm/dt = −µS
 L=:G: κ 6C9 µ 9:E:C9 DC I=: 6B7>:CI

�
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x = x∗ + (v∗/k∗) cosφ∗
 L>I= I=: G:H>9J:�H I>B:�9:E:C9:CI EDH>I>DC y 7:>C< <>K:C 7N

y(t) = y∗ +
1

k∗
(vt + v∗ sinφ∗)− vt(t− t∗) . ����	

� 	"����� ��� �� � ������ 

.JEEDH: I=6I 6 G:HE>G6IDGN 9GDEA:I >H :M=6A:9 ;GDB BDJI= 6H 6 HE=:G>86A E6GI>8A: D; >C>I>6A G69>JH

R0 6C9 8DGG:HEDC9>C< B6HH m0� $I L>AA 7: 6HHJB:9 I=6I 98% D; m0 >H EJG: L6I:G �m
0
w = 0.98m0	


1% 6 H6AI �)6�A	
 6C9 1% 6 EGDI:>C �BJ8>C	
 >�:�


m0 = m0
w +ms +mp = m0

w + fsm0 + fpm0 , (fs = 0.01 , fp = 0.01) . ����	

/=>H >C>I>6A 8DCI:CI D; I=: G:HE>G6IDGN H6A>K6 9GDEA:I >H I6@:C HDB:L=6I 6G7>IG6G>AN
 ;GDB 6 A6G<:

K6G>:IN D; 96I6 ;DJC9 >C I=: A>I:G6IJG: �.6G@6G :I 6A� ����� �=6J9=JG> :I 6A�
 ����� ):IO
 �����

.I69CNIH@N>
 ����� '>:7:G
 ����	
 7JI I=: 6C6ANH>H EGD8::9H H>B>A6GAN >; I=: >C>I>6A 9GDEA:I�H 8DCI:CI

>H 6HHJB:9 9>�:G:CIAN
 L=>8= B6>CAN 6�:8IH I=: H>O: D; I=: 9GDEA:I�H G:H>9J:� !JGI=:GBDG:
 L:

6HHJB: I=6I I=: H6AI 6C9 EGDI:>C 6G: CDC�KDA6I>A: 6I 8DBBDC 6B7>:CI I:BE:G6IJG:H �ms = const.

6C9 mp = const.	
 6C9 I=6I DCAN L6I:G :K6EDG6I:H 9JG>C< I=: 9GDEA:I�H BDI>DC
 >�:�
 I=: I>B: G6I: D;

8=6C<: D; I=: 9GDEA:I�H B6HH >H :FJ6A ID I=: I>B: G6I: D; 8=6C<: D; I=: L6I:G 8DCI:CI >C I=: 9GDEA:I

�dm/dt = dmw/dt	� $C>I>6AAN
 I=: L6I:G 6C9 H6AI >C 6C :M=6A:9 9GDEA:I ;DGB 6C 6FJ:DJH HDAJI>DC D;

B6HH m0
sol = m0

w +ms = m0 −mp >C L=>8= Na+ 6C9 Cl− >DCH 6G: 9>HE:GH:9 I=GDJ<=DJI I=: L6I:G


L>I= I=: >C>I>6A B6HH �L:><=I	 8DC8:CIG6I>DC D; H6AI

ms

m0
sol

=
ms

m0 −mp
=

fs
1− fp

. ����	

/=: D7?:8I>K: >H ID 9:I:GB>C: I=: I>B:�9:E:C9:CI 9:8G:6H: D; I=: B6HH 6C9 9:CH>IN D; I=: 9GDEA:I

9JG>C< >IH :K6EDG6I>DC�

/=: :K6EDG6I>DC D; 6 9GDEA:I >H 6 8DBEA>86I:9 E=NH>86A 6C9 8=:B>86A EGD8:HH I=6I 86C 7: 6C6ANO:9

L>I= K6G>DJH 9:<G::H D; 8DBEA:M>IN 6C9 HDE=>HI>86I>DC� /=>H B6N >C8AJ9: I=: 8DCH>9:G6I>DC D; I=:

:C:G<N :FJ6I>DC 6C9 I=: =:6I 6C9 B6HH IG6CH;:G 7:IL::C I=: 9GDEA:I 6C9 >IH HJGGDJC9>C<H
 6C9

I=: :�:8IH D; I=: 6B7>:CI I:BE:G6IJG: 6C9 I=: I:BE:G6IJG: D; I=: 9GDEA:I DC >IH :K6EDG6I>DC G6I:

�:�<�
 &J@@DC:C :I 6A
 ����� .JC 6C9 %>
 ����� '>J :I 6A�
 ����� �=6J9=JG> :I 6A�
 ����� �=:C
 �����

):IO� ����	� $C DJG EG:H:CI 6C6ANH>H
 L: 69DEI 6 H>BEA>�:9 E=:CDB:CDAD<>86A 6EEGD68= >C L=>8= >I

>H 6HHJB:9 I=6I 9JG>C< :K6EDG6I>DC I=: I>B: G6I: D; 8=6C<: D; I=: :MI:GC6A HJG;68: D; I=: 9GDEA:I


S(t) = 4πR2(t)
 >H 6 <>K:C 8DCHI6CI �s	
 9:E:C9:CI DCAN DC I=: G:A6I>K: =JB>9>IN �-#	 6C9 I=:

6B7>:CI I:BE:G6IJG: �Tamb	� .J8= 6C 6HHJBEI>DC >H G:6HDC67A: 7:86JH: I=: :K6EDG6I>DC >H 9G>K:C

7N I=: 9>�:G:C8: 7:IL::C I=: 8DC8:CIG6I>DC D; I=: L6I:G K6EDG 6I I=: HJG;68: D; I=: 9GDEA:I 6C9 >C

I=: HJGGDJC9>C< 6>G� /=JH
 L: LG>I:

dS

dt
= −s , s = s(RH, Tamb) . ����	

� EDHH>7A: :�:8I D; I=: K:AD8>IN D; I=: BDK>C< 9GDEA:I DC >IH :K6EDG6I>DC G6I: s >H CDI >C8AJ9:9 >C

����	� � HJG;68: :KDAJI>DC :MEG:HH>DC D; I=: INE: ����	 =6H 6AHD 7::C 69DEI:9 >C I=: :6GAN LDG@ 7N

2:AAH �����	
 6C9 >C I=: A6I:G LDG@ 7N &6NH:G 6C9 �:CC:II �����	� �AI:GC6I>K: :MEG:HH>DCH 8DJA9

6AHD 7: 69DEI:9
 HJ8= 6H dm/dt = −κ 6C9 dm/dt = −µS
 L=:G: κ 6C9 µ 9:E:C9 DC I=: 6B7>:CI

�

6C9 9GDEA:I�H I:BE:G6IJG:H 6C9 DI=:G E=NH>86A E6G6B:I:GH D; I=: :K6EDG6I>DC EGD8:HH� /=: ;DGB:G

:MEG:HH>DC L6H 9:G>K:9 7N &J@@DC:C :I 6A� �����	 6C9 A6I:G JH:9 7N �=:C< :I 6A� �����	�

-:IJGC>C< ID I=: G6I: :MEG:HH>DC ����	
 ID 9:I:GB>C: I=: 9:E:C9:C8: D; s DC -# 6I 6 <>K:C

I:BE:G6IJG: Tamb
 L: JH: I=: G:HJAIH ;GDB I=: 6C6ANH>H D; :K6EDG6I>DC @>C:I>8H D; L6I:G 9GDEA:IH 7N

.J :I 6A� �����	� !GDB I=:>G !><� �
 I=: >C>I>6A G69>JH D; 6 HE=:G>86A 9GDEA:I R0 = 25µB >H G:9J8:9

7N :K6EDG6I>DC ID I=: G69>JH R = 5µB >C 6EEGDM>B6I:AN ��� H:8DC9H ;DG -#���
 ���� H:8DC9H

;DG -#����
 ��� H:8DC9H ;DG -#����
 ���� H:8DC9H ;DG -#����
 6C9 >C 67DJI �� H:8DC9H ;DG

-#����� /=: 6B7>:CI I:BE:G6IJG: L6H Tamb = 293 &� �N JH>C< I=>H
 ;GDB ����	 >I ;DAADLH I=6I

I=: 8DGG:HEDC9>C< K6AJ:H D; s 6G: {3.427, 2.742, 1.676, 0.656, 0.328} × 10−9 m2/s� /=:H: K6AJ:H 6G:

L:AA�>CI:GEDA6I:9 7N 6 A>C:6G �I s = s0(1 − RH/100)
 L=:G: s0 = 3.427 × 10−9 m2/s� .>C8: H6A>K6

9GDEA:IH :K6EDG6I: 6 A>IIA: HADL:G I=6C EJG: L6I:G 9GDEA:IH
 I=: K6AJ: D; s0 86C 7: I6@:C 6 A>IIA:

ADL:G
 6C9 L: 69DEI I=: ;DAADL>C< :MEG:HH>DC

s = s0(1− RH/100) , s0 = 3.25× 10−9 m2/s . ����	

!DG DI=:G I=6C GDDB 6B7>:CI I:BE:G6IJG:H
 I=: :MEG:HH>DC ����	 B6N HI>AA 6EEGDM>B6I:AN 6EEAN 7N

69?JHI>C< I=: K6AJ: D; I=: I:BE:G6IJG:�9:E:C9:CI 8D:�8>:CI s0 = s0(Tamb)� �:86JH: I=: :K6EDG6�

I>DC >H BDG: G6E>9 6I =><=:G 6B7>:CI I:BE:G6IJG:
 I=: 8D:�8>:CI s0 >H :ME:8I:9 ID 7: 6 BDCDIDC>86AAN

>C8G:6H>C< ;JC8I>DC D; Tamb�

�N >CI:<G6I>C< ����	
 >I ;DAADLH I=6I

S(t) = S0

(
1− t

τ

)
, R(t) = R0

(
1− t

τ

)1/2

, τ =
S0

s
, S0 = 4πR2

0 . ����	

/=:H: :MEG:HH>DCH 6EEAN JCI>A 6AA I=: L6I:G :K6EDG6I:H 6C9 I=: 9GDEA:I�H G69>JH G:9J8:H ID I=: G69>JH

D; I=: 9GDEA:I�H CJ8A:JH� /=: HFJ6G:�GDDI 9:E:C9:C8: D; R DC I>B: t >C ����	 86C 7: 8DBE6G:9 L>I=

I=: L:AA�@CDLC G69>JH�HFJ6G: G:A6I>DC 7:IL::C I=: >C>I>6A 6C9 I=: 8JGG:CI G69>JH D; I=: 9GDEA:I


R2 −R2
0 = kt �k = const.	� H:: %6@J78ON@ �����	
 ):IO �����	
 6C9 �6A68=6C96G :I 6A� �����	�

.6AI >H HDAJ7A: >C L6I:G JE ID >IH L:><=I 8DC8:CIG6I>DC D; ������ $C I=>H G6C<: D; 8DC8:CIG6I>DC

I=: :ME:G>B:CI6A 96I6 DC I=: 9:CH>IN D; I=: 6FJ:DJH HDAJI>DC D; )6�A >H L:AA G:EGD9J8:9 7N 6 A>C:6G

�I

ρaqsol = ρw + κ
ms

maq
sol

, 0 ≤ ms

maq
sol

≤ 0.357 , ����	

L=:G: ρw = 997 kg/m3
>H I=: B6HH 9:CH>IN D; L6I:G 6I GDDB I:BE:G6IJG:
 6C9 κ = 755 kg/m3

>H

I=: HADE: D; I=>H A>C:6G �I� �H I=: L6I:G :K6EDG6I:H ;GDB 6 9GDEA:I
 I=: H6AI 8DC8:CIG6I>DC >C8G:6H:H


6C9 6;I:G >I G:68=:H I=: H6IJG6I>DC 8DC8:CIG6I>DC D; �����
 I=: L6I:G 6C9 H6AI B6@: 6 ILD�E=6H:

HDAJI>DC 8DCH>HI>C< D; 6 HDA>9 �8GNHI6AA>C:	 H6AI E=6H: H:9>B:CI:9 >C I=: 6FJ:DJH HDAJI>DC L>I= H6AI

8DC8:CIG6I>DC D; ������ !>C6AAN
 6;I:G 6AA L6I:G :K6EDG6I:H
 DCAN H6AI G:B6>CH
 L=>8=
 ID<:I=:G L>I=

9GN EGDI:>C
 8DCHI>IJI:H 6 9GDEA:I G:H>9J: D; B6HH

m∗ = ms +mp = (fs + fp)m0 . ����	

��� ������� �
 ��� ��
���
���� �������

�H I=: G:HE>G6IDGN 9GDEA:I ADDH:H L6I:G 7N :K6EDG6I>DC
 >IH 9:CH>IN >C8G:6H:H� /=>H 6�:8IH I=: BDI>DC


6H H::C ;GDB :FH� ����	 >C L=>8= I=: 9:CH>IN ρ 6EE:6GH >C I=: 9:CDB>C6IDG D; 7DI= :FJ6I>DCH� 2:

I=:G:;DG: EGD8::9 ID 9:I:GB>C: I=: 9:CH>IN D; I=: 9GDEA:I 6H 6 ;JC8I>DC D; I>B:� /=: >C>I>6A G69>JH

�
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125On the Motion of an Evaporating  Respiratory Droplet

6C9 9GDEA:I�H I:BE:G6IJG:H 6C9 DI=:G E=NH>86A E6G6B:I:GH D; I=: :K6EDG6I>DC EGD8:HH� /=: ;DGB:G

:MEG:HH>DC L6H 9:G>K:9 7N &J@@DC:C :I 6A� �����	 6C9 A6I:G JH:9 7N �=:C< :I 6A� �����	�

-:IJGC>C< ID I=: G6I: :MEG:HH>DC ����	
 ID 9:I:GB>C: I=: 9:E:C9:C8: D; s DC -# 6I 6 <>K:C

I:BE:G6IJG: Tamb
 L: JH: I=: G:HJAIH ;GDB I=: 6C6ANH>H D; :K6EDG6I>DC @>C:I>8H D; L6I:G 9GDEA:IH 7N

.J :I 6A� �����	� !GDB I=:>G !><� �
 I=: >C>I>6A G69>JH D; 6 HE=:G>86A 9GDEA:I R0 = 25µB >H G:9J8:9

7N :K6EDG6I>DC ID I=: G69>JH R = 5µB >C 6EEGDM>B6I:AN ��� H:8DC9H ;DG -#���
 ���� H:8DC9H

;DG -#����
 ��� H:8DC9H ;DG -#����
 ���� H:8DC9H ;DG -#����
 6C9 >C 67DJI �� H:8DC9H ;DG

-#����� /=: 6B7>:CI I:BE:G6IJG: L6H Tamb = 293 &� �N JH>C< I=>H
 ;GDB ����	 >I ;DAADLH I=6I

I=: 8DGG:HEDC9>C< K6AJ:H D; s 6G: {3.427, 2.742, 1.676, 0.656, 0.328} × 10−9 m2/s� /=:H: K6AJ:H 6G:

L:AA�>CI:GEDA6I:9 7N 6 A>C:6G �I s = s0(1 − RH/100)
 L=:G: s0 = 3.427 × 10−9 m2/s� .>C8: H6A>K6

9GDEA:IH :K6EDG6I: 6 A>IIA: HADL:G I=6C EJG: L6I:G 9GDEA:IH
 I=: K6AJ: D; s0 86C 7: I6@:C 6 A>IIA:

ADL:G
 6C9 L: 69DEI I=: ;DAADL>C< :MEG:HH>DC

s = s0(1− RH/100) , s0 = 3.25× 10−9 m2/s . ����	

!DG DI=:G I=6C GDDB 6B7>:CI I:BE:G6IJG:H
 I=: :MEG:HH>DC ����	 B6N HI>AA 6EEGDM>B6I:AN 6EEAN 7N

69?JHI>C< I=: K6AJ: D; I=: I:BE:G6IJG:�9:E:C9:CI 8D:�8>:CI s0 = s0(Tamb)� �:86JH: I=: :K6EDG6�

I>DC >H BDG: G6E>9 6I =><=:G 6B7>:CI I:BE:G6IJG:
 I=: 8D:�8>:CI s0 >H :ME:8I:9 ID 7: 6 BDCDIDC>86AAN

>C8G:6H>C< ;JC8I>DC D; Tamb�

�N >CI:<G6I>C< ����	
 >I ;DAADLH I=6I

S(t) = S0

(
1− t

τ

)
, R(t) = R0

(
1− t

τ

)1/2

, τ =
S0

s
, S0 = 4πR2

0 . ����	

/=:H: :MEG:HH>DCH 6EEAN JCI>A 6AA I=: L6I:G :K6EDG6I:H 6C9 I=: 9GDEA:I�H G69>JH G:9J8:H ID I=: G69>JH

D; I=: 9GDEA:I�H CJ8A:JH� /=: HFJ6G:�GDDI 9:E:C9:C8: D; R DC I>B: t >C ����	 86C 7: 8DBE6G:9 L>I=

I=: L:AA�@CDLC G69>JH�HFJ6G: G:A6I>DC 7:IL::C I=: >C>I>6A 6C9 I=: 8JGG:CI G69>JH D; I=: 9GDEA:I


R2 −R2
0 = kt �k = const.	� H:: %6@J78ON@ �����	
 ):IO �����	
 6C9 �6A68=6C96G :I 6A� �����	�

.6AI >H HDAJ7A: >C L6I:G JE ID >IH L:><=I 8DC8:CIG6I>DC D; ������ $C I=>H G6C<: D; 8DC8:CIG6I>DC

I=: :ME:G>B:CI6A 96I6 DC I=: 9:CH>IN D; I=: 6FJ:DJH HDAJI>DC D; )6�A >H L:AA G:EGD9J8:9 7N 6 A>C:6G

�I

ρaqsol = ρw + κ
ms

maq
sol

, 0 ≤ ms

maq
sol

≤ 0.357 , ����	

L=:G: ρw = 997 kg/m3
>H I=: B6HH 9:CH>IN D; L6I:G 6I GDDB I:BE:G6IJG:
 6C9 κ = 755 kg/m3

>H

I=: HADE: D; I=>H A>C:6G �I� �H I=: L6I:G :K6EDG6I:H ;GDB 6 9GDEA:I
 I=: H6AI 8DC8:CIG6I>DC >C8G:6H:H


6C9 6;I:G >I G:68=:H I=: H6IJG6I>DC 8DC8:CIG6I>DC D; �����
 I=: L6I:G 6C9 H6AI B6@: 6 ILD�E=6H:

HDAJI>DC 8DCH>HI>C< D; 6 HDA>9 �8GNHI6AA>C:	 H6AI E=6H: H:9>B:CI:9 >C I=: 6FJ:DJH HDAJI>DC L>I= H6AI

8DC8:CIG6I>DC D; ������ !>C6AAN
 6;I:G 6AA L6I:G :K6EDG6I:H
 DCAN H6AI G:B6>CH
 L=>8=
 ID<:I=:G L>I=

9GN EGDI:>C
 8DCHI>IJI:H 6 9GDEA:I G:H>9J: D; B6HH

m∗ = ms +mp = (fs + fp)m0 . ����	

��� ������� �
 ��� ��
���
���� �������

�H I=: G:HE>G6IDGN 9GDEA:I ADDH:H L6I:G 7N :K6EDG6I>DC
 >IH 9:CH>IN >C8G:6H:H� /=>H 6�:8IH I=: BDI>DC


6H H::C ;GDB :FH� ����	 >C L=>8= I=: 9:CH>IN ρ 6EE:6GH >C I=: 9:CDB>C6IDG D; 7DI= :FJ6I>DCH� 2:

I=:G:;DG: EGD8::9 ID 9:I:GB>C: I=: 9:CH>IN D; I=: 9GDEA:I 6H 6 ;JC8I>DC D; I>B:� /=: >C>I>6A G69>JH

�

D; I=: 9GDEA:I R0 6C9
 I=JH
 >IH >C>I>6A KDAJB: V0 = 4πR3
0/3
 6G: 6HHJB:9 ID 7: @CDLC� $; I=: G6I:

D; :K6EDG6I>DC >H HE:8>�:9 7N ����	
 I=: KDAJB: D; I=: 9GDEA:I 6I 6C 6G7>IG6GN >CHI6CI D; :K6EDG6I>DC

>H

V (t) =
4π

3
R3(t) , R(t) = R0

(
1− t

τ

)1/2

, τ =
4πR2

0

s
. ����	

/=: 9:CH>IN :MEG:HH>DC L>AA 7: �GHI 9:G>K:9 ;DG I=: HI6<: D; I=: :K6EDG6I>DC EGD8:HH 9JG>C< L=>8=

I=: 8DC8:CIG6I>DC D; 9>HHDAK:9 H6AI >C L6I:G >H 7:ADL I=: H6IJG6I>DC K6AJ: D; ������ �I 6C 6G7>IG6GN

>CHI6CI 9JG>C< I=>H HI6<: D; :K6EDG6I>DC
 I=: B6HH D; I=: 9GDEA:I >H

m = maq
sol +mp = maq

sol + fpm0 , maq
sol = mw +ms = mw + fsm0 . ����	

!JGI=:GBDG:
 I=: KDAJB: D; I=: 9GDEA:I >H I6@:C ID 7: I=: HJB D; I=: KDAJB:H D; I=: EGDI:>C 6C9

I=: 6FJ:DJH H6AI HDAJI>DC
 >�:�


V = V aq
sol + Vp = V aq

sol +
mp

ρp
, ρp = 1, 350 kg/m3 . �����	

/=: B6HH 9:CH>IN D; I=: 9GN EGDI:>C >H ρp = 1, 350 kg/m3

 6H ;G:FJ:CIAN 69DEI:9 >C I=: A>I:G6IJG:

�:�<�
 !>H=:G :I 6A�
 ����	
 6C9 >H 8DCH>9:G:9 ID 7: 8DCHI6CI� /=JH
 ;GDB �����	


V aq
sol = V − fp

ρp
m0 . �����	

/=: >C>I>6A B6HH D; I=: 9GDEA:I m0 >H HI>AA JC@CDLC
 7:86JH: L: 6HHJB:9 I=6I DCAN I=: >C>I>6A

9GDEA:I�H KDAJB: V0 >H <>K:C �6H
 ;DG :M6BEA:
 D7I6>C:9 7N I=: B:6HJG:B:CI D; I=: >C>I>6A 9GDEA:I�H

G69>JH	
 6AI=DJ<= DC: B6N G:6HDC67AN :ME:8I I=6I m0 >H C:6GAN :FJ6A ID ρwV0
 7:86JH: D; I=: HB6AA

>C>I>6A L:><=I E:G8:CIH D; H6AI 6C9 EGDI:>C� �N >CIGD9J8>C< I=: B6HH 9:CH>IN D; I=: 6FJ:DJH H6AI

HDAJI>DC �ρaqsol	
 L: 86C LG>I:

maq
sol = ρaqsolV

aq
sol , �����	

6C9 I=: HJ7HI>IJI>DC D; ����	 6C9 �����	 >CID �����	 <>K:H I=: FJ69G6I>8 :FJ6I>DC ;DG maq
sol


(maq
sol)

2 − bmaq
sol − c = 0 ⇒ maq

sol =
1

2

(
b+

√
b2 + 4c

)
, �����	

L=:G:

b = ρw

(
V − fp

ρ0
ρp

V0

)
, c = κfsρ0V0

(
V − fp

ρ0
ρp

V0

)
. �����	

/D 9:I:GB>C: I=: >C>I>6A 9:CH>IN ρ0
 L: 6EEAN �����	 ID I=: >C>I>6A >CHI6CI L=:C (maq
sol)

0 =

m0 −mp = (1− fp)m0 = (1− fp)ρ0V0� 0EDC HDAK>C< ;DG ρ0
 >I ;DAADLH I=6I

ρ0 =
(1− fp)ρw + κfs

(1− fp)2 + fp(1− fp)ρw/ρp + κfsfp/ρp
. �����	

�N HJ7HI>IJI>C< fs = fp = 0.01
 ρw = 997 kg/m3

 ρp = 1, 350 kg/m3


 6C9 κ = 775 kg/m3

 I=: >C>I>6A

9:CH>IN D; I=: 9GDEA:I >H ;DJC9 ID 7: ρ0 = 1, 007.2 kg/m3
� /=: 8DGG:HEDC9>C< >C>I>6A B6HH D; I=:

9GDEA:I >H I=:C m0 = ρ0V0� $I >H CDI:9 I=6I I=: >C>I>6A �� LI� D; L6I:G 8DCI:CI >H :FJ>K6A:CI ID

6C >C>I>6A �� KDA� D; L6I:G
 L=>8= >H D7I6>C:9 7N BJAI>EAN>C< �� L>I= ρ0/ρw = 1007.2/997 = 1.01�

�DCH:FJ:CIAN
 I=: >C>I>6A � LI� D; H6AI 6C9 EGDI:>C ID<:I=:G >H :FJ>K6A:CI ID DCAN � KDA� D; I=:>G

>C>I>6A KDAJB: 8DCI:CI�

�
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D; I=: 9GDEA:I R0 6C9
 I=JH
 >IH >C>I>6A KDAJB: V0 = 4πR3
0/3
 6G: 6HHJB:9 ID 7: @CDLC� $; I=: G6I:

D; :K6EDG6I>DC >H HE:8>�:9 7N ����	
 I=: KDAJB: D; I=: 9GDEA:I 6I 6C 6G7>IG6GN >CHI6CI D; :K6EDG6I>DC

>H

V (t) =
4π

3
R3(t) , R(t) = R0

(
1− t

τ

)1/2

, τ =
4πR2

0

s
. ����	

/=: 9:CH>IN :MEG:HH>DC L>AA 7: �GHI 9:G>K:9 ;DG I=: HI6<: D; I=: :K6EDG6I>DC EGD8:HH 9JG>C< L=>8=

I=: 8DC8:CIG6I>DC D; 9>HHDAK:9 H6AI >C L6I:G >H 7:ADL I=: H6IJG6I>DC K6AJ: D; ������ �I 6C 6G7>IG6GN

>CHI6CI 9JG>C< I=>H HI6<: D; :K6EDG6I>DC
 I=: B6HH D; I=: 9GDEA:I >H

m = maq
sol +mp = maq

sol + fpm0 , maq
sol = mw +ms = mw + fsm0 . ����	

!JGI=:GBDG:
 I=: KDAJB: D; I=: 9GDEA:I >H I6@:C ID 7: I=: HJB D; I=: KDAJB:H D; I=: EGDI:>C 6C9

I=: 6FJ:DJH H6AI HDAJI>DC
 >�:�


V = V aq
sol + Vp = V aq

sol +
mp

ρp
, ρp = 1, 350 kg/m3 . �����	

/=: B6HH 9:CH>IN D; I=: 9GN EGDI:>C >H ρp = 1, 350 kg/m3

 6H ;G:FJ:CIAN 69DEI:9 >C I=: A>I:G6IJG:

�:�<�
 !>H=:G :I 6A�
 ����	
 6C9 >H 8DCH>9:G:9 ID 7: 8DCHI6CI� /=JH
 ;GDB �����	


V aq
sol = V − fp

ρp
m0 . �����	

/=: >C>I>6A B6HH D; I=: 9GDEA:I m0 >H HI>AA JC@CDLC
 7:86JH: L: 6HHJB:9 I=6I DCAN I=: >C>I>6A

9GDEA:I�H KDAJB: V0 >H <>K:C �6H
 ;DG :M6BEA:
 D7I6>C:9 7N I=: B:6HJG:B:CI D; I=: >C>I>6A 9GDEA:I�H

G69>JH	
 6AI=DJ<= DC: B6N G:6HDC67AN :ME:8I I=6I m0 >H C:6GAN :FJ6A ID ρwV0
 7:86JH: D; I=: HB6AA

>C>I>6A L:><=I E:G8:CIH D; H6AI 6C9 EGDI:>C� �N >CIGD9J8>C< I=: B6HH 9:CH>IN D; I=: 6FJ:DJH H6AI

HDAJI>DC �ρaqsol	
 L: 86C LG>I:

maq
sol = ρaqsolV

aq
sol , �����	

6C9 I=: HJ7HI>IJI>DC D; ����	 6C9 �����	 >CID �����	 <>K:H I=: FJ69G6I>8 :FJ6I>DC ;DG maq
sol


(maq
sol)

2 − bmaq
sol − c = 0 ⇒ maq

sol =
1

2

(
b+

√
b2 + 4c

)
, �����	

L=:G:

b = ρw

(
V − fp

ρ0
ρp

V0

)
, c = κfsρ0V0

(
V − fp

ρ0
ρp

V0

)
. �����	

/D 9:I:GB>C: I=: >C>I>6A 9:CH>IN ρ0
 L: 6EEAN �����	 ID I=: >C>I>6A >CHI6CI L=:C (maq
sol)

0 =

m0 −mp = (1− fp)m0 = (1− fp)ρ0V0� 0EDC HDAK>C< ;DG ρ0
 >I ;DAADLH I=6I

ρ0 =
(1− fp)ρw + κfs

(1− fp)2 + fp(1− fp)ρw/ρp + κfsfp/ρp
. �����	

�N HJ7HI>IJI>C< fs = fp = 0.01
 ρw = 997 kg/m3

 ρp = 1, 350 kg/m3


 6C9 κ = 775 kg/m3

 I=: >C>I>6A

9:CH>IN D; I=: 9GDEA:I >H ;DJC9 ID 7: ρ0 = 1, 007.2 kg/m3
� /=: 8DGG:HEDC9>C< >C>I>6A B6HH D; I=:

9GDEA:I >H I=:C m0 = ρ0V0� $I >H CDI:9 I=6I I=: >C>I>6A �� LI� D; L6I:G 8DCI:CI >H :FJ>K6A:CI ID

6C >C>I>6A �� KDA� D; L6I:G
 L=>8= >H D7I6>C:9 7N BJAI>EAN>C< �� L>I= ρ0/ρw = 1007.2/997 = 1.01�

�DCH:FJ:CIAN
 I=: >C>I>6A � LI� D; H6AI 6C9 EGDI:>C ID<:I=:G >H :FJ>K6A:CI ID DCAN � KDA� D; I=:>G

>C>I>6A KDAJB: 8DCI:CI�

�

 MEG:HH>DCH �����	 6C9 �����	 HE:8>;N I=: B6HH maq
sol = maq

sol(V0, V ) >C I:GBH D; I=: @CDLC V0

6C9 V 
 6C9 6AA I=: DI=:G @CDLC E6G6B:I:GH I=6I 6EE:6G >C I=:H: :MEG:HH>DCH� /=: 9:CH>IN D; I=:

6FJ:DJH H6AI HDAJI>DC ;DAADLH ;GDB ����	 6C9 >H

ρaqsol = ρw + κ fs
ρ0V0

maq
sol

, �����	

L=:G: maq
sol >H <>K:C 7N �����	 6C9 �����	� $C E6GI>8JA6G
 >I ;DAADLH I=6I (ρ

aq
sol)

0 = 1, 004.6 kg/m3
�

!>C6AAN
 I=: IDI6A B6HH D; I=: 9GDEA:I >H D7I6>C:9 7N HJ7HI>IJI>C< �����	 >CID ����	� /=>H <>K:H

m = maq
sol +mp = maq

sol + fpρ0V0 , �����	

L>I= I=: 8DGG:HEDC9>C< 9:CH>IN

ρ =
m

V
=

maq
sol

V
+ fpρ0

V0

V
, �����	

L=:G:
 6<6>C
 maq
sol >H 6H HE:8>�:9 >C �����	 6C9 �����	�

/=: H6IJG6I>DC ED>CI D; I=: 6FJ:DJH H6AI HDAJI>DC >H G:68=:9 L=:C maq
sol 9:8G:6H:H ID I=: K6AJ:

m̂aq
sol
 HJ8= I=6I

ms

m̂aq
sol

= 0.357 ⇒ m̂aq
sol =

ms

0.357
=

fsm0

0.357
= 0.028m0 . �����	

/=: 8DGG:HEDC9>C< 9:CH>IN D; I=: H6IJG6I:9 6FJ:DJH HDAJI>DC >H
 ;GDB ����	


ρ̂aqsol = ρw + κ
ms

m̂aq
sol

= ρw + 0.357κ = 1, 273.7 kg/m3 , �����	

L=>A: >IH KDAJB: >H

V̂ aq
sol =

m̂aq
sol

ρ̂aqsol
= 0.0222V0 . �����	

/=: B6HH
 KDAJB:
 6C9 9:CH>IN D; I=: :CI>G: 9GDEA:I 6I I=>H >CHI6CI 6G:

m̂ = m̂aq
sol +mp =

fsm0

0.357
+ fpm0 = 0.038m0 ,

V̂ = V̂ aq
sol + Vp = V̂ aq

sol +
fpρ0V0

ρp
= 0.03V0 ,

ρ̂ =
m̂

V̂
= 1.2795ρ0 = 1, 288.7 kg/m3 .

�����	

/=: 8DGG:HEDC9>C< G69>JH D; I=: 9GDEA:I 6C9 >IH 7DJC9>C< HJG;68: 6G:

R̂ =

(
3V̂

4π

)1/3

= 0.31R0 , Ŝ = 4πR̂2 = 0.096S0 . �����	

�DCH:FJ:CIAN
 ;GDB ����	
 I=: I>B: 6I I=: >CHI6CI D; H6IJG6I>DC >H

t̂ =
S0 − Ŝ

s
=

0.904S0

s
= 0.904τ , τ = S0/s . �����	

/=: E6G6B:I:G s 9:E:C9H DC I=: G:A6I>K: =JB>9>IN 6H 9:�C:9 >C ����	�

�
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 MEG:HH>DCH �����	 6C9 �����	 HE:8>;N I=: B6HH maq
sol = maq

sol(V0, V ) >C I:GBH D; I=: @CDLC V0

6C9 V 
 6C9 6AA I=: DI=:G @CDLC E6G6B:I:GH I=6I 6EE:6G >C I=:H: :MEG:HH>DCH� /=: 9:CH>IN D; I=:

6FJ:DJH H6AI HDAJI>DC ;DAADLH ;GDB ����	 6C9 >H

ρaqsol = ρw + κ fs
ρ0V0

maq
sol

, �����	

L=:G: maq
sol >H <>K:C 7N �����	 6C9 �����	� $C E6GI>8JA6G
 >I ;DAADLH I=6I (ρ

aq
sol)

0 = 1, 004.6 kg/m3
�

!>C6AAN
 I=: IDI6A B6HH D; I=: 9GDEA:I >H D7I6>C:9 7N HJ7HI>IJI>C< �����	 >CID ����	� /=>H <>K:H

m = maq
sol +mp = maq

sol + fpρ0V0 , �����	

L>I= I=: 8DGG:HEDC9>C< 9:CH>IN

ρ =
m

V
=

maq
sol

V
+ fpρ0

V0

V
, �����	

L=:G:
 6<6>C
 maq
sol >H 6H HE:8>�:9 >C �����	 6C9 �����	�

/=: H6IJG6I>DC ED>CI D; I=: 6FJ:DJH H6AI HDAJI>DC >H G:68=:9 L=:C maq
sol 9:8G:6H:H ID I=: K6AJ:

m̂aq
sol
 HJ8= I=6I

ms

m̂aq
sol

= 0.357 ⇒ m̂aq
sol =

ms

0.357
=

fsm0

0.357
= 0.028m0 . �����	

/=: 8DGG:HEDC9>C< 9:CH>IN D; I=: H6IJG6I:9 6FJ:DJH HDAJI>DC >H
 ;GDB ����	


ρ̂aqsol = ρw + κ
ms

m̂aq
sol

= ρw + 0.357κ = 1, 273.7 kg/m3 , �����	

L=>A: >IH KDAJB: >H

V̂ aq
sol =

m̂aq
sol

ρ̂aqsol
= 0.0222V0 . �����	

/=: B6HH
 KDAJB:
 6C9 9:CH>IN D; I=: :CI>G: 9GDEA:I 6I I=>H >CHI6CI 6G:

m̂ = m̂aq
sol +mp =

fsm0

0.357
+ fpm0 = 0.038m0 ,

V̂ = V̂ aq
sol + Vp = V̂ aq

sol +
fpρ0V0

ρp
= 0.03V0 ,

ρ̂ =
m̂

V̂
= 1.2795ρ0 = 1, 288.7 kg/m3 .

�����	

/=: 8DGG:HEDC9>C< G69>JH D; I=: 9GDEA:I 6C9 >IH 7DJC9>C< HJG;68: 6G:

R̂ =

(
3V̂

4π

)1/3

= 0.31R0 , Ŝ = 4πR̂2 = 0.096S0 . �����	

�DCH:FJ:CIAN
 ;GDB ����	
 I=: I>B: 6I I=: >CHI6CI D; H6IJG6I>DC >H

t̂ =
S0 − Ŝ

s
=

0.904S0

s
= 0.904τ , τ = S0/s . �����	

/=: E6G6B:I:G s 9:E:C9H DC I=: G:A6I>K: =JB>9>IN 6H 9:�C:9 >C ����	�

�

��� ������� ����������� 

��� �
���
���� �
 
������ �
�� ��������

�H I=: L6I:G 8DCI>CJ:H ID :K6EDG6I: 7:NDC9 I=: H6IJG6I>DC I>B: t̂ <>K:C 7N �����	
 6 EDGI>DC D; I=:

IDI6A H6AI 6BDJCIms �9:CDI:9 7Nm
′′
s 	 EG:8>E>I6I:H
 6C9 I=: G:B6>C>C< EDGI>DC D; H6AIm

′
s = 0.357msat

sol

>H 9>HHDAK:9 >C I=: H6IJG6I:9 6FJ:DJH HDAJI>DC
 HD I=6Ims = m′
s+m′′

s � /=: IDI6A B6HH D; I=: 9GDEA:I

6I I=>H HI6<: D; :K6EDG6I>DC >H
 I=JH


m = msat
sol +m′′

s +mp = msat
sol + (ms −m′

s) +mp = 0.643msat
sol +ms +mp . �����	

!JGI=:GBDG:
 I=: KDAJB: D; I=: 9GDEA:I >H

V = V sat
sol + V ′′

s + Vp =
msat

sol

ρ̂aqsol
+

m′′
s

ρs
+

mp

ρp
=

msat
sol

ρ̂aqsol
+

ms − 0.357msat
sol

ρs
+

mp

ρp
, �����	

L=:G: ρ̂aqsol = 1, 273.7 kg/m3

 6H 9:I:GB>C:9 >C �����	
 6C9 ρs = 2, 160 kg/m3

>H I=: 9:CH>IN D; HDA>9

�8GNHI6AA>C:	 )6�A�  FJ6I>DC �����	 86C 7: HDAK:9 ;DG msat
sol ID D7I6>C

msat
sol = ρ̂aqsol

V −ms/ρs −mp/ρp

1− 0.357 ρ̂aqsol/ρs
, �����	

L=:G: ms = fsm0
 mp = fpm0
 m0 = ρ0V0
 6C9 V >H HI>AA <>K:C 7N ����	� 2>I= I=: CJB:G>86A K6AJ:H

HJ7HI>IJI:9
 �����	 7:8DB:H

msat
sol = α1V − β1V0 , α1 = 1, 613 kg/m3 , β1 = 19.559 kg/m3 . �����	

�N HJ7HI>IJI>C< �����	 >CID �����	
 L: D7I6>C

m = αV + βV0 , �����	

L=:G:

α =
0.643ρ̂aqsol

1− 0.357 ρ̂aqsol/ρs
, β = ρ0

(
fs + fp − 0.643 ρ̂aqsol

fs/ρs + fp/ρp

1− 0.357 ρ̂aqsol/ρs

)
. �����	

/=: CJB:G>86A K6AJ:H ;DG α 6C9 β 6G: α = 1, 030 kg/m3
6C9 β = 7.657 kg/m3

� !>C6AAN
 I=: 9:CH>IN

D; I=: 9GDEA:I 9JG>C< I=>H HI6<: D; >IH :K6EDG6I>DC >H
 ;GDB �����	


ρ =
m

V
= α+ β

V0

V
. �����	

��� 	��� �
 ��� ��������� �������

$; 6AA L6I:G :K6EDG6I:H 6C9 DCAN H6AI 6C9 9GN EGDI:>C G:B6>C >C I=:>G DG><>C6A 6BDJCI
 I=: B6HH D;

I=: 9GDEA:I�H G:H>9J: >H m∗ = ms +mp
 6H <>K:C >C ����	� �+GDI:>CH >C 6FJ:DJH HDAJI>DCH 7>C9 HDB:

D; I=: L6I:G BDA:8JA:H K:GN �GBAN
 7JI >C DJG BD9:A L: 8DCH>9:G I=6I 6AA I=: 9GDEA:I�H L6I:G 86C

:K:CIJ6AAN :K6EDG6I: 9JG>C< I=: 9GDEA:I�H BDI>DC >C I=: 6>G�	 �88DG9>C< ID �����	
m∗ BJHI 7: :FJ6A

ID αV∗ + βV0
 L=:G: V∗ >H I=: KDAJB: D; I=: 9GDEA:I�H G:H>9J:
 >�:�


αV∗ + βV0 = (fs + fp)ρ0V0 . �����	

/=JH


V∗ =
1

α
[(fs + fp)ρ0 − β]V0 = 0.0121V0 . �����	

��
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������ �
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�H I=: L6I:G 8DCI>CJ:H ID :K6EDG6I: 7:NDC9 I=: H6IJG6I>DC I>B: t̂ <>K:C 7N �����	
 6 EDGI>DC D; I=:

IDI6A H6AI 6BDJCIms �9:CDI:9 7Nm
′′
s 	 EG:8>E>I6I:H
 6C9 I=: G:B6>C>C< EDGI>DC D; H6AIm

′
s = 0.357msat

sol

>H 9>HHDAK:9 >C I=: H6IJG6I:9 6FJ:DJH HDAJI>DC
 HD I=6Ims = m′
s+m′′

s � /=: IDI6A B6HH D; I=: 9GDEA:I

6I I=>H HI6<: D; :K6EDG6I>DC >H
 I=JH


m = msat
sol +m′′

s +mp = msat
sol + (ms −m′

s) +mp = 0.643msat
sol +ms +mp . �����	

!JGI=:GBDG:
 I=: KDAJB: D; I=: 9GDEA:I >H

V = V sat
sol + V ′′

s + Vp =
msat

sol

ρ̂aqsol
+

m′′
s

ρs
+

mp

ρp
=

msat
sol

ρ̂aqsol
+

ms − 0.357msat
sol

ρs
+

mp

ρp
, �����	

L=:G: ρ̂aqsol = 1, 273.7 kg/m3

 6H 9:I:GB>C:9 >C �����	
 6C9 ρs = 2, 160 kg/m3

>H I=: 9:CH>IN D; HDA>9

�8GNHI6AA>C:	 )6�A�  FJ6I>DC �����	 86C 7: HDAK:9 ;DG msat
sol ID D7I6>C

msat
sol = ρ̂aqsol

V −ms/ρs −mp/ρp

1− 0.357 ρ̂aqsol/ρs
, �����	

L=:G: ms = fsm0
 mp = fpm0
 m0 = ρ0V0
 6C9 V >H HI>AA <>K:C 7N ����	� 2>I= I=: CJB:G>86A K6AJ:H

HJ7HI>IJI:9
 �����	 7:8DB:H

msat
sol = α1V − β1V0 , α1 = 1, 613 kg/m3 , β1 = 19.559 kg/m3 . �����	

�N HJ7HI>IJI>C< �����	 >CID �����	
 L: D7I6>C

m = αV + βV0 , �����	

L=:G:

α =
0.643ρ̂aqsol

1− 0.357 ρ̂aqsol/ρs
, β = ρ0

(
fs + fp − 0.643 ρ̂aqsol

fs/ρs + fp/ρp

1− 0.357 ρ̂aqsol/ρs

)
. �����	

/=: CJB:G>86A K6AJ:H ;DG α 6C9 β 6G: α = 1, 030 kg/m3
6C9 β = 7.657 kg/m3

� !>C6AAN
 I=: 9:CH>IN

D; I=: 9GDEA:I 9JG>C< I=>H HI6<: D; >IH :K6EDG6I>DC >H
 ;GDB �����	


ρ =
m

V
= α+ β

V0

V
. �����	

��� 	��� �
 ��� ��������� �������

$; 6AA L6I:G :K6EDG6I:H 6C9 DCAN H6AI 6C9 9GN EGDI:>C G:B6>C >C I=:>G DG><>C6A 6BDJCI
 I=: B6HH D;

I=: 9GDEA:I�H G:H>9J: >H m∗ = ms +mp
 6H <>K:C >C ����	� �+GDI:>CH >C 6FJ:DJH HDAJI>DCH 7>C9 HDB:

D; I=: L6I:G BDA:8JA:H K:GN �GBAN
 7JI >C DJG BD9:A L: 8DCH>9:G I=6I 6AA I=: 9GDEA:I�H L6I:G 86C

:K:CIJ6AAN :K6EDG6I: 9JG>C< I=: 9GDEA:I�H BDI>DC >C I=: 6>G�	 �88DG9>C< ID �����	
m∗ BJHI 7: :FJ6A

ID αV∗ + βV0
 L=:G: V∗ >H I=: KDAJB: D; I=: 9GDEA:I�H G:H>9J:
 >�:�


αV∗ + βV0 = (fs + fp)ρ0V0 . �����	

/=JH


V∗ =
1

α
[(fs + fp)ρ0 − β]V0 = 0.0121V0 . �����	

��

/=: 6K:G6<: 9:CH>IN D; I=: 9GDEA:I�H G:H>9J: >H

ρ∗ =
m∗

V∗
=

(fs + fp)ρ0α

(fs + fp)ρ0 − β
= 1.6496ρ0 = 1, 661.5 kg/m3 , �����	

L=>A: I=: 8DGG:HEDC9>C< G69>JH 6C9 HJG;68: 6G:6 6G:

R∗ =

(
2V∗

4π

)1/3

=
3
√
0.0121R0 = 0.23R0 , S∗ = 4πR2

∗ = 0.6625S0 . �����	

/=: I>B: 6I I=: >CHI6CI L=:C I=: 9GDEA:I G:68=:H >IH G:H>9J: �CJ8A:JH	 H>O: >H

t∗ =
S0 − S∗

s
= 0.3375τ , τ = S0/s . �����	

2: CDI: I=6I I=: G:H>9J:�H 9:CH>IN 86C 6AHD 7: 9:G>K:9 9>G:8IAN ;GDB I=: 699>I>K: B6HH 6C9

KDAJB: :MEG:HH>DCH

m∗ = ρ∗V∗ = ms +mp = (fs + fp)m0 ,

V∗ = Vs + Vp =
ms

ρs
+

mp

ρp
=

(
fs
ρs

+
fp
ρp

)
ρ0V0,

�����	

;GDB L=>8= >I ;DAADLH I=6I I=: 9:CH>IN D; I=: G:H>9J: E6GI>8A: >H

ρ∗ =
m∗

V∗
=

ms +mp

ms/ρs +mp/ρp
=

fs + fp
fs/ρs + fp/ρp

. �����	

� �!������� ���!� �

!><JG: � H=DLH I=: K6G>6I>DCH D; I=: G69>JH
 HJG;68:
 B6HH
 6C9 9:CH>IN D; 6C :K6EDG6I>C< 9GDEA:I D;

>C>I>6A G69>JH R0 = 25µB JC9:G ;DJG >C9>86I:9 K6AJ:H D; G:A6I>K: =JB>9>IN� /=: >C>I>6A B6HH D; I=:

9GDEA:I >H m0 = 6.592 × 10−11
@< 6C9 >IH 6K:G6<: 9:CH>IN >H ρ0 = 1, 007.2 kg/m3

� /=: >C>I>6A B6HH

D; I=: 6FJ:DJH H6AI HDAJI>DC D; I=: 9GDEA:I >H (maq
sol)

0 = 6.526 × 10−11
@< 6C9 >IH 9:CH>IN (ρaqsol)

0 =

1, 004.6 kg/m3
� 2=:C I=: 6FJ:DJH H6AI HDAJI>DC 7:8DB:H H6IJG6I:9
 >IH B6HH
 KDAJB:
 6C9 9:CH>IN

6G: m̂aq
sol = 1.8465 × 10−12

@<
 V̂ aq
sol = 1.458 × 10−15 m3


 6C9 ρ̂aqsol = 1, 266.5 kg/m3

 G:HE:8I>K:AN�

/=: 8DGG:HEDC9>C< G69>JH
 B6HH
 KDAJB:
 6C9 9:CH>IN D; I=: :CI>G: 9GDEA:I 6I I=6I >CHI6CI 6G:

R̂ = 0.31R0 = 7.745µB
 m̂ = 0.038m0 = 2.506 × 10−12
@<
 V̂ = 0.03V0 = 1.946 × 10−15 m3




6C9 ρ̂ = 1.278ρ0 = 1, 287.5 kg/m3
� �I I=: >CHI6CI L=:C 6AA I=: L6I:G :K6EDG6I:H 6C9 I=: 9GDEA:I

G:9J8:H ID >IH G:H>9J: H>O:
 >IH G69>JH >H R∗ = 0.23R0 = 5.743µB� /=: 8DGG:HEDC9>C< B6HH
 KDAJB:


6C9 9:CH>IN 6G: m∗ = 0.02m0 = 1.318 × 10−12
@<
 V∗ = 0.0121V0 = 7.935 × 10−16 m3


 6C9

ρ∗ = 1.6496ρ0 = 1, 661.5 kg/m3
�

/=: I>B:H ;DG I=: 6FJ:DJH H6AI HDAJI>DC ID G:68= >IH H6IJG6I>DC HI6I: 6C9 ;DG I=: 9GDEA:I ID G:68=

>IH G:H>9J: HI6I: 9:E:C9 DC I=: G:A6I>K: =JB>9>IN� !DG G:A6I>K: =JB>9>I>:H D; ��
 ���
 ���
 ���


I=:H: I>B:H 6G: t̂ =����
 ����
 ����
 ���� H:8DC9H 6C9 t∗ =����
 ����
 ����
 ���� H:8DC9H
 G:HE:8I>K:AN�

/=:H: K6AJ:H 6G: ;DG R0 = 25µB� I=: G:HJAIH ;DG DI=:G K6AJ:H D; I=: >C>I>6A G69>JH ;DAADL H>B>A6GAN�

/=: I>B:H t̂ 6C9 t∗ >C8G:6H: L>I= I=: >C8G:6H: D; I=: >C>I>6A G69>JH� !DG :M6BEA:
 ;DG 6 9GDEA:I D;

>C>I>6A G69>JH R0 = 50µB
 I=: I>B:H 6G: t̂ =����
 �����
 �����
 ����� H:8DC9H 6C9 t∗ =����
 �����


�����
 ����� H:8DC9H
 G:HE:8I>K:AN� �:E:C9>C< DC I=: =:><=I ;GDB L=>8= I=: 9GDEA:I >H :B>II:9
 I=:H:

I>B:H B6N 7: BJ8= ADC<:G I=6C I=: I>B:H >I I6@:H 6 9GDEA:I ID G:68= I=: <GDJC9� /=>H >H 9>H8JHH:9

7:ADL�

��

��� ������� ����������� 

��� �
���
���� �
 
������ �
�� ��������

�H I=: L6I:G 8DCI>CJ:H ID :K6EDG6I: 7:NDC9 I=: H6IJG6I>DC I>B: t̂ <>K:C 7N �����	
 6 EDGI>DC D; I=:

IDI6A H6AI 6BDJCIms �9:CDI:9 7Nm
′′
s 	 EG:8>E>I6I:H
 6C9 I=: G:B6>C>C< EDGI>DC D; H6AIm

′
s = 0.357msat

sol

>H 9>HHDAK:9 >C I=: H6IJG6I:9 6FJ:DJH HDAJI>DC
 HD I=6Ims = m′
s+m′′

s � /=: IDI6A B6HH D; I=: 9GDEA:I

6I I=>H HI6<: D; :K6EDG6I>DC >H
 I=JH


m = msat
sol +m′′

s +mp = msat
sol + (ms −m′

s) +mp = 0.643msat
sol +ms +mp . �����	

!JGI=:GBDG:
 I=: KDAJB: D; I=: 9GDEA:I >H

V = V sat
sol + V ′′

s + Vp =
msat

sol

ρ̂aqsol
+

m′′
s

ρs
+

mp

ρp
=

msat
sol

ρ̂aqsol
+

ms − 0.357msat
sol

ρs
+

mp

ρp
, �����	

L=:G: ρ̂aqsol = 1, 273.7 kg/m3

 6H 9:I:GB>C:9 >C �����	
 6C9 ρs = 2, 160 kg/m3

>H I=: 9:CH>IN D; HDA>9

�8GNHI6AA>C:	 )6�A�  FJ6I>DC �����	 86C 7: HDAK:9 ;DG msat
sol ID D7I6>C

msat
sol = ρ̂aqsol

V −ms/ρs −mp/ρp

1− 0.357 ρ̂aqsol/ρs
, �����	

L=:G: ms = fsm0
 mp = fpm0
 m0 = ρ0V0
 6C9 V >H HI>AA <>K:C 7N ����	� 2>I= I=: CJB:G>86A K6AJ:H

HJ7HI>IJI:9
 �����	 7:8DB:H

msat
sol = α1V − β1V0 , α1 = 1, 613 kg/m3 , β1 = 19.559 kg/m3 . �����	

�N HJ7HI>IJI>C< �����	 >CID �����	
 L: D7I6>C

m = αV + βV0 , �����	

L=:G:

α =
0.643ρ̂aqsol

1− 0.357 ρ̂aqsol/ρs
, β = ρ0

(
fs + fp − 0.643 ρ̂aqsol

fs/ρs + fp/ρp

1− 0.357 ρ̂aqsol/ρs

)
. �����	

/=: CJB:G>86A K6AJ:H ;DG α 6C9 β 6G: α = 1, 030 kg/m3
6C9 β = 7.657 kg/m3

� !>C6AAN
 I=: 9:CH>IN

D; I=: 9GDEA:I 9JG>C< I=>H HI6<: D; >IH :K6EDG6I>DC >H
 ;GDB �����	


ρ =
m

V
= α+ β

V0

V
. �����	

��� 	��� �
 ��� ��������� �������

$; 6AA L6I:G :K6EDG6I:H 6C9 DCAN H6AI 6C9 9GN EGDI:>C G:B6>C >C I=:>G DG><>C6A 6BDJCI
 I=: B6HH D;

I=: 9GDEA:I�H G:H>9J: >H m∗ = ms +mp
 6H <>K:C >C ����	� �+GDI:>CH >C 6FJ:DJH HDAJI>DCH 7>C9 HDB:

D; I=: L6I:G BDA:8JA:H K:GN �GBAN
 7JI >C DJG BD9:A L: 8DCH>9:G I=6I 6AA I=: 9GDEA:I�H L6I:G 86C

:K:CIJ6AAN :K6EDG6I: 9JG>C< I=: 9GDEA:I�H BDI>DC >C I=: 6>G�	 �88DG9>C< ID �����	
m∗ BJHI 7: :FJ6A

ID αV∗ + βV0
 L=:G: V∗ >H I=: KDAJB: D; I=: 9GDEA:I�H G:H>9J:
 >�:�


αV∗ + βV0 = (fs + fp)ρ0V0 . �����	

/=JH


V∗ =
1

α
[(fs + fp)ρ0 − β]V0 = 0.0121V0 . �����	

��
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/=: 6K:G6<: 9:CH>IN D; I=: 9GDEA:I�H G:H>9J: >H

ρ∗ =
m∗

V∗
=

(fs + fp)ρ0α

(fs + fp)ρ0 − β
= 1.6496ρ0 = 1, 661.5 kg/m3 , �����	

L=>A: I=: 8DGG:HEDC9>C< G69>JH 6C9 HJG;68: 6G:6 6G:

R∗ =

(
2V∗

4π

)1/3

=
3
√
0.0121R0 = 0.23R0 , S∗ = 4πR2

∗ = 0.6625S0 . �����	

/=: I>B: 6I I=: >CHI6CI L=:C I=: 9GDEA:I G:68=:H >IH G:H>9J: �CJ8A:JH	 H>O: >H

t∗ =
S0 − S∗

s
= 0.3375τ , τ = S0/s . �����	

2: CDI: I=6I I=: G:H>9J:�H 9:CH>IN 86C 6AHD 7: 9:G>K:9 9>G:8IAN ;GDB I=: 699>I>K: B6HH 6C9

KDAJB: :MEG:HH>DCH

m∗ = ρ∗V∗ = ms +mp = (fs + fp)m0 ,

V∗ = Vs + Vp =
ms

ρs
+

mp

ρp
=

(
fs
ρs

+
fp
ρp

)
ρ0V0,

�����	

;GDB L=>8= >I ;DAADLH I=6I I=: 9:CH>IN D; I=: G:H>9J: E6GI>8A: >H

ρ∗ =
m∗

V∗
=

ms +mp

ms/ρs +mp/ρp
=

fs + fp
fs/ρs + fp/ρp

. �����	

� �!������� ���!� �

!><JG: � H=DLH I=: K6G>6I>DCH D; I=: G69>JH
 HJG;68:
 B6HH
 6C9 9:CH>IN D; 6C :K6EDG6I>C< 9GDEA:I D;

>C>I>6A G69>JH R0 = 25µB JC9:G ;DJG >C9>86I:9 K6AJ:H D; G:A6I>K: =JB>9>IN� /=: >C>I>6A B6HH D; I=:

9GDEA:I >H m0 = 6.592 × 10−11
@< 6C9 >IH 6K:G6<: 9:CH>IN >H ρ0 = 1, 007.2 kg/m3

� /=: >C>I>6A B6HH

D; I=: 6FJ:DJH H6AI HDAJI>DC D; I=: 9GDEA:I >H (maq
sol)

0 = 6.526 × 10−11
@< 6C9 >IH 9:CH>IN (ρaqsol)

0 =

1, 004.6 kg/m3
� 2=:C I=: 6FJ:DJH H6AI HDAJI>DC 7:8DB:H H6IJG6I:9
 >IH B6HH
 KDAJB:
 6C9 9:CH>IN

6G: m̂aq
sol = 1.8465 × 10−12

@<
 V̂ aq
sol = 1.458 × 10−15 m3


 6C9 ρ̂aqsol = 1, 266.5 kg/m3

 G:HE:8I>K:AN�

/=: 8DGG:HEDC9>C< G69>JH
 B6HH
 KDAJB:
 6C9 9:CH>IN D; I=: :CI>G: 9GDEA:I 6I I=6I >CHI6CI 6G:

R̂ = 0.31R0 = 7.745µB
 m̂ = 0.038m0 = 2.506 × 10−12
@<
 V̂ = 0.03V0 = 1.946 × 10−15 m3




6C9 ρ̂ = 1.278ρ0 = 1, 287.5 kg/m3
� �I I=: >CHI6CI L=:C 6AA I=: L6I:G :K6EDG6I:H 6C9 I=: 9GDEA:I

G:9J8:H ID >IH G:H>9J: H>O:
 >IH G69>JH >H R∗ = 0.23R0 = 5.743µB� /=: 8DGG:HEDC9>C< B6HH
 KDAJB:


6C9 9:CH>IN 6G: m∗ = 0.02m0 = 1.318 × 10−12
@<
 V∗ = 0.0121V0 = 7.935 × 10−16 m3


 6C9

ρ∗ = 1.6496ρ0 = 1, 661.5 kg/m3
�
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 ���
 ���
 ���
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 ����
 ����
 ���� H:8DC9H 6C9 t∗ =����
 ����
 ����
 ���� H:8DC9H
 G:HE:8I>K:AN�

/=:H: K6AJ:H 6G: ;DG R0 = 25µB� I=: G:HJAIH ;DG DI=:G K6AJ:H D; I=: >C>I>6A G69>JH ;DAADL H>B>A6GAN�

/=: I>B:H t̂ 6C9 t∗ >C8G:6H: L>I= I=: >C8G:6H: D; I=: >C>I>6A G69>JH� !DG :M6BEA:
 ;DG 6 9GDEA:I D;

>C>I>6A G69>JH R0 = 50µB
 I=: I>B:H 6G: t̂ =����
 �����
 �����
 ����� H:8DC9H 6C9 t∗ =����
 �����


�����
 ����� H:8DC9H
 G:HE:8I>K:AN� �:E:C9>C< DC I=: =:><=I ;GDB L=>8= I=: 9GDEA:I >H :B>II:9
 I=:H:

I>B:H B6N 7: BJ8= ADC<:G I=6C I=: I>B:H >I I6@:H 6 9GDEA:I ID G:68= I=: <GDJC9� /=>H >H 9>H8JHH:9

7:ADL�
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�'%30# �� �&# 20�(#!2-0'#1 -$ "0-.*#21 -$ ','2'�* 0�"'' R0 = 50 �," ��� µ+� #(#!2#" &-0'8-,2�**7

5'2& 2&# 4#*-!'2'#1 v0 = 5� ��� 
� �," �� +
1� 3,"#0 2&# 0#*�2'4# &3+'"'27 RH = 25%	 �.-,

0#�!&',% '21 +�6'+3+ &-0'8-,2�* "'12�,!#� 2&# "0-.*#2 $�**1 4#02'!�**7 "-5,5�0"1	

!><JG: � H=DLH I=: IG6?:8IDG>:H D; I=: 9GDEA:IH D; >C>I>6A G69>> R0 = 50 6C9 ��� µB
 :B>II:9

=DG>ODCI6AAN ;GDB I=: BDJI= L>I= >C>I>6A K:AD8>I>:H v0 = 5
 ��
 ��
 6C9 �� B
H
 >C HI6<C6CI 6>G JC9:G

6 G:A6I>K: =JB>9>IN D; ���� !><JG: � H=DLH I=: EADIH x = x(t) 6C9 y = y(t) ;DG 9GDEA:IH L>I= >C>I>6A

G69>> R0 = 50 6C9 ��� µB JC9:G I=: H6B: G:A6I>K: =JB>9>IN D; ���� /=: K>8>C>IN D; I=: B6M>BJB

=DG>ODCI6A 9>HI6C8: >H G6E>9AN G:68=:9
 L=>8= >H ;DAADL:9 7N 6C :HH:CI>6AAN K:GI>86A 9:H8:CI D; I=:

9GDEA:I� /=: B6M>BJB =DG>ODCI6A 9>HI6C8: >H HIGDC<AN 9:E:C9:CI DC I=: B6<C>IJ9: D; I=: >C>I>6A

=DG>ODCI6A K:AD8>IN v0
 L=>A: I=: I>B: K6G>6I>DC y = y(t) >H DCAN B>A9AN 6�:8I:9 7N v0�

!DG I=: �� µB >C>I>6A G69>JH
 I=: 9GDEA:I :K6EDG6I:H ID >IH ���� µB G69>JH G:H>9J: >C 67DJI ����

H:8DC9H� /=>H >H ;DAADL:9 7N 6C :HH:CI>6AAN K:GI>86A ;6AA D; I=: CDC�:K6EDG6I>C< G:H>9J: IDL6G9 I=:

<GDJC9 �!><� �6	
 L>I= >IH K:AD8>IN 6EEGD68=>C< I=: I:GB>C6A K:AD8>IN (2/9)R2
∗ρg/ηair = 2.62 8B
H�

$; I=: <GDJC9 >H � B 7:ADL I=: ED>CI D; :M=6A6I>DC
 I=:C I=: 9GDEA:I G:68=:H I=: <GDJC9 >C 67DJI ��

H:8DC9H
 >�:�
 67DJI ��� H:8DC9H 6;I:G >I G:68=:H >IH G:H>9J: �CJ8A:JH	 H>O:� *C I=: DI=:G =6C9
 I=: ���

µB >C>I>6A G69>JH 9GDEA:I >H HJ�8>:CIAN A6G<: ID G:68= I=: <GDJC9
 � B 7:ADL I=: ED>CI D; :M=6A6I>DC


>C ?JHI � H:8DC9H
 L=>8= >H ;6G H=DGI:G I=6C �� H:8DC9H I=6I LDJA9 7: C::9:9 ID :K6EDG6I: ID >IH

G:H>9J: H>O: D; 67DJI �� µB G69>JH �!><� �9	�

!><JG:H � 6C9 � 6AHD FJ6CI>;N =DL BJ8= ;JGI=:G I=: 9GDEA:I BDK:H =DG>ODCI6AAN JEDC 8DJ<=>C<

�v0 = 40 B
H	 8DBE6G>C< ID HD;I I6A@>C< �v0 = 5 B
H	� !DG :M6BEA:
 I=: B6M>BJB =DG>ODCI6A G:68=

D; I=: 9GDEA:I L>I= >C>I>6A G69>JH 100µB >H 67DJI �� 8B >C I=: 86H: v0 = 40 B
H
 L=>A: >I >H ?JHI

67DJI �� 8B >C I=: 86H: v0 = 5 B
H �7DI= 6I 6 G:A6I>K: =JB>9>IN D; ���	� !DG I=: >C>I>6A 9GDEA:I�H

G69>JH D; 50µB
 I=: B6M>BJB =DG>ODCI6A G:68= >H 67DJI �� 8B >C I=: 86H: v0 = 40 B
H
 L=>A: >I >H

A:HH I=6C �
� D; I=6I ���� 8B	 >C I=: 86H: v0 = 5 B
H�

!><JG: � H=DLH I=: :�:8I D; I=: G6I: D; :K6EDG6I>DC s0 DC I=: I>B:�K6G>6I>DC D; I=: 9GDEA:I�H

EDH>I>DC� /=G:: K6AJ:H D; s0 6G: JH:9 >C I=: EADIH
 s0 = s• = 3.25 × 10−9 m2/s
 s0 = (2/3)s•
 6C9

s0 = (4/3)s•� /=: =DG>ODCI6A EDH>I>DC �x 8DDG9>C6I:	 >H K:GN A>IIA: 6�:8I:9 7N s0
 6H I=: 9GDEA:I

G6E>9AN ADDH:H �L>I=>C A:HH I=6C ��� H:8DC9H	 >IH =DG>ODCI6A BDB:CIJB 9J: ID 6:GD9NC6B>8 9G6<
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�'%30# �� �&# #�#!2 -$ 2&# 0�2# -$ #4�.-0�2'-, s0 -, 2&# 2'+# 4�0'�2'-, -$ 2&# "0-.*#2�1 (x, y)

!--0"',�2#1	 ��� �&# x !--0"',�2# '1 ��#!2#" 4#07 *'22*#  7 2&# !&�,%# -$ s0	 � � �&# y

!--0"',�2# '1 ��#!2#" 13 12�,2'�**7 �1 2&# "0-.*#2 "#1!#,"1 4#02'!�**7 �," 0#�!&#1 '21 ,3!*#31

1'8# +3!& 1--,#0 $-0 &'%&#0 4�*3#1 -$ s0	 �&# 0#*�2'4# &3+'"'27 '1 RH = 25%	

7:;DG: 6CN HJ7HI6CI>6A :K6EDG6I>DC I6@:H EA68:� /=: K:GI>86A EDH>I>DC �y 8DDG9>C6I:	 >H
 =DL:K:G


6�:8I:9 HJ7HI6CI>6AAN 7N I=: 8=6C<: D; s0
 6H I=: 9GDEA:I 9:H8:C9H K:GI>86AAN 7N I=: 68I>DC D; <G6K>IN


L=>A: >IH H>O: 6C9 L:><=I HJ7HI6CI>6AAN 9:8G:6H: 9J: ID :K6EDG6I>DC� /=: 9GDEA:I G:68=:H >IH CJ8A:JH

H>O: �I=: @>C@ >C I=: 8JGK:H H=DLC >C !><� �	 BJ8= HDDC:G ;DG =><=:G K6AJ:H D; s0� /=: I>B: >I I6@:H

;DG I=: 9GDEA:I D; >C>I>6A G69>JH 50µB
 :?:8I:9 6I I=: HE::9 D; 10 B
H
 ID 9:H8:C9 7N � B >H 67DJI

�� H:8DC9H >C I=: 86H: s0 = (2/3)s•
 �� H:8DC9H >C I=: 86H: s0 = s•
 6C9 �� H:8DC9H >C I=: 86H:

s0 = (4/3)s•� /=: G:A6I>K: =JB>9>IN >C 6AA I=G:: 86H:H >H 6HHJB:9 ID 7: I=: H6B: �-#����	� /=JH


6I =><=:G 6B7>:CI I:BE:G6IJG: �=><=:G K6AJ: D; s0	
 I=: 9GDEA:I G:B6>CH >C I=: 6>G 6I 6 =><=:G =:><=I

ADC<:G
 L=>8= >C8G:6H:H I=: G>H@ D; >C;:8I>DC �BDG: G6E>9AN :K6EDG6I>C< 9GDEA:IH 6G: A><=I:G 6C9 ;6AA

ID I=: <GDJC9 HADL:G	�

!>C6AAN
 !><� � H=DLH I=: IG6?:8IDG>:H D; 6 9GDEA:I D; >C>I>6A G69>JH ��� µB
 :?:8I:9 L>I= >C>I>6A

K:AD8>I>:H v0 = 5
 ��
 �� 6C9 �� B
H JC9:G 6 G:A6I>K: =JB>9>IN D; ��� 6I I=: 6C<A:H φ0 = ±30◦ 6C9

±45◦� /=: G:HJAIH >AAJHIG6I: I=: :�:8I D; I=: >C>I>6A 6C<A: DC I=: =DG>ODCI6A G:68= D; I=: 9GDEA:I�

/=>H >H D; >BEDGI6C8: 7:86JH: 6 E:GHDC 86C
 ;DG :M6BEA:
 HE:6@ L=>A: H>II>C< >C I=: 8=6>G C:MI ID I=:

E:GHDC HI6C9>C< 7N I=: 8=6>G
 DG K>8: K:GH6� �A:6GAN
 I=: B6M>BJB G:68= >C8G:6H:H L>I= I=: 9:8G:6H:

D; I=: B6<C>IJ9: D; I=: 6C<A: φ0
 7:>C< I=: <G:6I:HI ;DG φ0 = 0◦� /=:H: CJB:G>86A G:HJAIH 6G: D;

>BEDGI6C8: ;DG I=: :K6AJ6I>DC D; I=: G>H@H D; >C;:8I>DC 7N IG6CHB>II:9 E6I=D<:C>8 9GDEA:IH 6C9 I=:
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 DG ;GDB 9>�:G:CI

:A:K6I>DCH 6C9 =:><=IH� !DG :M6BEA:
 I=: B6M>BJB K:GI>86A G:68= D; 6 ��� µB�G69>JH 9GDEA:I :?:8I:9

7N HD;I I6A@>C< L>I= v0 = 5 B
H 6I φ0 = 45◦ >H ymax = 11.6 8B
 L=>A: >IH B6M>BJB =DG>ODCI6A G:68=

>H xmax = 19.3 8B� *C I=: DI=:G =6C9
 I=: B6M>BJB K:GI>86A G:68= D; I=: H6B: 9GDEA:I :?:8I:9 7N

8DJ<=>C< L>I= v0 = 40 B
H >H ymax = 51.2 B
 L=>A: >IH B6M>BJB =DG>ODCI6A G:68= >H xmax = 60.3

8B� $; I=: 9GDEA:I L6H :?:8I:9 =DG>ODCI6AAN (φ0 = 0◦	
 I=: B6M>BJB =DG>ODCI6A G:68= LDJA9 =6K:
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6B7>:CI 8DC9>I>DCH L>I=DJI 6CN :MI:GC6A 6>G �DL� /=: :�:8I D; :MI:GC6A 6>G �DL �L>C9 DG K:CI>A6I>DC	

86C 7: G:69>AN >C8AJ9:9 >C I=: 6C6ANH>H� !DG :M6BEA:
 >; I=: L>C9 >H =DG>ODCI6A
 L>I= 6 8DCHI6CI

HE::9 vw
 I=: :FJ6I>DCH D; BDI>DC 6G: <>K:C 7N ����	
 L>I= vx G:EA68:9 7N vx − vw
 6C9 v 7N

[(vx − vw)
2 + v2y]

1/2

 L=>A: I=: -:NCDA9H CJB7:G >C ����	 7:8DB:H Re = 2R[(vx − vw)

2 + v2y]
1/2/νair�
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