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Wellposedness and regularization of minimizing sequences 
in quadratic programming problems in Hilbert space
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49�5B5>D 6?B=1<9J1D9?>C
  > D89C @1@5B G5 G9<< 451< G9D8 *9;8?>?F�C 3?>35@D ?6

G5<<@?C54>5CC G8938 9C B5<1D54 D? D85 =9>9=9J1D9?> @B?2<5=

J(u) = ‖Au − f‖2 → inf, u ∈ U, ��

G85B5 U ⊆ H 9C 1 3<?C54 3?>F5H C5D 9> 1 �9<25BD C@135 H, A : H �→ F 9C

1 <9>51B 2?E>454 ?@5B1D?B 6B?= H D? �9<25BD C@135 F � 1>4 f ∈ F 9C 1 �H54

5<5=5>D
  > G81D 6?<<?GC D85 C5D U G9<< 25 45�>54 2I <9>51B 1>4 AE14B1D93

3?>CDB19>DC�

U = {u ∈ H : ‖Bu‖2 ≤ r2, 〈c, u〉 ≤ β}, ���

G85B5 B : H → G 9C 1 2?E>454 <9>51B ?@5B1D?B 6?B= H D? �9<25BD C@135 G
1>4 c ∈ H.
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*85 @B?2<5= ?6 =9>9=9J1D9?> ?6 D85 6E>3D9?>C

J1(u) =‖x(T, u) − z‖2
Rn , J2(u) =‖x(t, u) − z(t)‖2

L2
=

∫ T

0

‖x(t, u) − f(t)‖2dt,

G85B5 z ∈ Rn, f ∈ L2[0, T ], 1>4 x = x(t, u) 9C 1 C?<ED9?> ?6 D85 CICD5= ?6

49�5B5>D91< 5AE1D9?>

x′(t) = B(t)x(t) + D(t)u(t), t ∈ (0, T ), x(0) = 0 ∈ Rn,

G9D8 79F5> =1DB935C B(·) = (bij(·))n×n 1>4 D(·) = (dij(·))n×r� aij)·), bij(·) ∈
L∞[0, T ]� 1B5 D85 5H1=@<5C ?6 D89C DI@5 ?6 @B?2<5=
 *85C5 3?>49D9?>C 7E1B1>D55

D85 5H9CD5>35 ?6 D85 C?<ED9?> x(t, u) ∈ H1
n[0, T ] ?6 D85 @B5F9?EC CICD5= 6?B 5138

u ∈ Lr
2[0, T ].  > D85C5 5H1=@<5C� D85 C5DC ?6 =9>9=9J1D9?> 1B5 ECE1<<I 45�>54

2I ?>5 ?B DG? 3?>CDB19>DC ?6 D85 DI@5

‖b(t)u(t)‖2
Lr

2
=

∫ T

0

|b(t)u(t)|2dt ≤ r2, ‖x(t, u)‖2 =

∫ T

0

|x(t, u(t))|2d t ≤ r2,

‖x(T, u)‖2 ≤ r2,

∫ T

0

c(t)x(t) ≤ β, 〈c, x(T, u)〉Rn ≤ β.

�1."+%, ��� )2 )2 2!)$ 3. "% 6%++/.22%$ !##.1$)-' 3. �)*(.-.5 )& %5%18 ,)-�

),)9)-' 2%04%-#% (un) .& 3()2 /1."+%, #.-5%1'%2 3. 3(% -.-%,/38 2%3 .& 2.+4�

3).-2�

�.3% 3(!3 ! 2%04%-#% (un), {un : n ∈ N} ⊆ U )2 ,)-),)9)-' &.1 3(% /1."+%,

J(u) → inf, u ∈ U )& J(un) → inf{J(u) : u ∈ U}.
*85 =9>9=9J1D9?> @B?2<5= ?6 CDB?>7<I 3?>F5H 6E>3D9?> ?> 1 3<?C54 3?>F5H

CE2C5D ?6 1 �9<25BD C@135 9C �*9;8?>?F�C� G5<<	@?C54
 �E>3D9?> J 9> (1) 9C

3?>F5H 2ED 9D 9C >?D >535CC1B9<I CDB?>7<I 3?>F5H 1>4 2?D8 D85 5H9CD5>35 ?6 D85

C?<ED9?> 1>4 2581F9?B ?6 D85 =9>9=9J9>7 C5AE5>35C ?6 D89C @B?2<5= 45@5>4 ?>

D85 @B?@5BD95C ?6 D85 ?@5B1D?B A 1>4 C5D U. #5D EC >?D5 D81D� 9> ?@D9=1< 3?>DB?<

@B?2<5=C� D85 C5D U 9C ?6D5> 79F5> 2I ?>5 ?B DG? <9>51B ?B AE14B1D93 3?>CDB19>DC


 > D89C @1@5B� G5 G9<< 9>F5CD971D5 D85 =9>9=9J9>7 C5AE5>35C ?6 D89C @B?2<5=�

1CCE=9>7 D81D D85 C5D U 9C 79F5> 2I <9>51B 1>4 AE14B1D93 3?>CDB19>DC
 -5

G9<< 1<C? @B5C5>D C?=5 3<1CC5C ?6 B57E<1B9J1D9?> =5D8?4C 6?B 3?>CDBE3D9?> ?6

3?>F5B75>D C5AE5>35C 9> 31C5 G85> D85 C5D U 9C 1 81<6	C@135 ?6 B51< �9<25BD

C@135 1>4 @B?F5 D85 3?>F5B75>35 ?6 D85 B57E<1B9J54 C?<ED9?>
 #5D EC B5=1B;

D81D 9> ?@D9=1< 3?>DB?< @B?2<5= D85 C5D U 9C ECE1<<I 79F5> 2I ?>5 ?B DG? <9>51B

1>4 AE14B1D93 3?>CDB19>DC
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#5D EC 5=@81C9J5 D81D 1<< ?EB B5CE<DC B5<1D54 D? G5<<	@?C54>5CC G5B5 ?2	

D19>54 E>45B D85 1CCE=@D9?> D81D 1<< D85 9>9D91< 41D1 1B5 ;>?G> 5H13D<I� G5<<	

@?C54>5CC B5<1D54 D? 9>5H13D 9>9D91< 41D1 G9<< >?D 25 3?>C945B54 85B5


-9D8 D85 19= D81D ?6 @B5C5>D9>7 D85 3?=@<5D5 B5CE<DC 9> D89C @1@5B G5 81F5

1<C? 9>3<E454 D85 @1BD ?6 D85 B5CE<DC @E2<9C854 9> /�0 1>4 /�0


�� �������������

#5D EC 9>DB?4E35 D85 6?<<?G9>7 >?D1D9?>� A : H �→ F 1>4 B : H �→ G �

2?E>454 <9>51B ?@5B1D?BC 6B?= �9<25BD C@135 H D? �9<25BD C@135C F 1>4 G�

Cu = 〈c, u〉, c ∈ H �D85 <9>51B 6E>3D9?>1< ?> H� L(M) � D85 <9>51B 8E<< ?6

D85 C5D M ⊆ H; I�D85 945>D9DI ?@5B1D?B� R(A) � D85 B1>75 ?6 D85 ?@5B1D?B

A� A(U) = {Au : u ∈ U}; Ker A � D85 >E<<	C@135 ?6 A� M�D85 3<?CEB5 ?6

D85 C5D M ⊆ H; L⊥
� D85 ?BD8?7?>1< 3?=@<5=5>D ?6 D85 CE2C@135 L; P� D85

?BD8?7?>1< @B?:53D9?> ?@5B1D?B 6B?= H D? R(A∗); Q� D85 ?BD8?7?>1< @B?:53D9?>

?@5B1D?B 6B?= H D? R(B∗); Pr� D85 ?BD8?7?>1< @B?:53D9?> ?@5B1D?B 6B?= F D?

D85 3<?C54 1>4 3?>F5H C5D A(U); B1 � D85 B5CDB93D9?>C ?6 D85 ?@5B1D?BC B D?

D85 CE2C@135 Ker A ∩ Ker C 1>4 A1 � D85 B5CDB93D9?> ?6 D85 ?@5B1D?B A D?

D85 CE2C@135 Ker B ∩ Ker C; AB � D85 B5CDB93D9?> ?6 D85 ?@5B1D?B A D? D85

CE2C@135 Ker B 1>4 S = {u ∈ H : ‖Bu‖ = r, 〈c, u〉 = β} � D85 9>D5BC53D9?>

?6 D85 2?E>41B95C ?6 D85 5<9@C?94 U1 = {u ∈ H : ‖Bu‖ = r} 1>4 81<6	C@135

U2 = {u ∈ H : 〈c, u〉 = β.
*85 ?@5B1D?B A @B?4E35C D85 6?<<?G9>7 ?BD8?7?>1< 453?=@?C9D9?>C ?6 D85

C@135C H 1>4 F :

H = R(A∗) ⊕ Ker A, F = R(A) ⊕ Ker A∗. ���

�EBD85B� 6?B 1>I DG? 3<?C54 CE2C@135 L 1>4 M ?6 1 �9<25BD C@135 H� D85 >5HD

453?=@?C9D9?> 8?<4C�

(L ∩ M)⊥ = L⊥ + M⊥, H = L⊥ + M⊥ ⊕ (L ∩ M). ���

��##� ���� �.1 3(% ".4-$%$ +)-%!1 ./%1!3.12 A,B &1., �)+"%13 2/!#%

H 3. �)+"%13 2/!#%2 F !-$ G� !-$ &.1 c ∈ H, Cu = 〈c, u〉 � 3(% &.++.6)-'

$%#.,/.2)3).-2 !1% 314%�

H = R(A∗) ⊕ L((I − P )c) ⊕ R(B∗
1) ⊕ (Ker A ∩ Ker B ∩ Ker C), ���

H = R(B∗) ⊕ L((I − Q)c) ⊕ R(A∗
1) ⊕ (Ker A ∩ Ker C), ���
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Ker B = R(A∗
B) ⊕ (Ker A ∩ Ker B), ���

�'%%�� +C9>7 D85 453?=@?C9D9?>C ��� 1>4 ��� G5 ?2D19>

H = (Ker A)⊥ ⊕ (Ker C)⊥ ⊕ (Ker A ∩ Ker C)

= R(A∗) ⊕ L(c) ⊕ (Ker A ∩ Ker C)

= R(A∗) ⊕ L((I − P )c) ⊕ (Ker A ∩ Ker B ∩ Ker C).

)9=9<1B<I� 1@@<I9>7 ��� D? B1 : Ker A ∩ Ker C → G G5 ?2D19>

Ker A ∩ Ker C = R(B∗
1) ⊕ (Ker A ∩ Ker B ∩ Ker C).

�5>35� G5 81F5 @B?F54 D85 5AE1<9DI ���� ��� 31> 25 @B?F54 9> 1 C9=9<1B G1I


*85 >5HD <5==1 9C B5<1D54 D? >?B=1<<I C?<F12<5 ?@5B1D?BC


#5D EC B5=1B; D81D 1> ?@5B1D?B A : H �→ F 9C C194 D? 25 >?B=1<<I C?<F12<5

96 R(A) = R(A). *89C 9C 5AE9F1<5>D D? R(A∗) = R(A∗). �C
 /�0� @@
 ��
�

��##� ���� ������ &&� �
��  ".4-$%$ +)-%!1 ./%1!3.1 A : H → F )2

-.1,!++8 2.+5!"+% )& !-$ .-+8 )&

µ := inf{‖Au‖ : u ⊥ Ker A, ‖u‖ = 1} > 0.

*85 9==5491D5 3?>C5AE5>35 ?6 D89C #5==1 9C D85 6?<<?G9>7


��##� ���� ������ &&� �
�� �& +)-%!1 ./%1!3.1 A : H → F )2 -.3 -.1�

,!++8 2.+5!"+%� 3(%- 3(%1% %7)232 ! 2%04%-#% (pn) 24#( 3(!3 pn ∈ R(A∗), ‖pn‖ =
1 !-$ Apn → 0 !2 n → ∞.

*85 B5CDB93D9?> ?6 1 >?B=1<<I C?<F12<5 ?@5B1D?B A : H → F D? D85 CE2C@135

R(A∗) 9C 9>F5BD92<5� C? D85B5 5H9CDC M > 0 CE38 D81D

(∀x ∈ R(A∗)) ‖x‖ ≤ M‖Ax‖. ���

 6 A(V ) 9C 3<?C54 6?B 1 3<?C54 C5D V ⊆ H, D85> D85 9>F5BC5 9=175

A−1(AV ) = Ker A + V

9C 3<?C54 C5D
  6 A 9C 1 >?B=1<<I C?<F12<5 ?@5B1D?B� D85> D85 3?>F5BC5 CD1D5=5>D

9C 1<C? DBE5� 96 Ker A + V 9C 13<?C54 C5D� D85> D85 C5D A(V ) 9C 1<C? 3<?C54


%?G� 9D 9C 51CI D? @B?F5 D81D 6?B 1 >?B=1<<I C?<F12<5 ?@5B1D?B A 1>4 6?B

1 3<?C54 CE2C@135 M ⊆ H ?6 1 �>9D5 3?49=5>C9?>� G5 81F5 A(M) = A(M).
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 >4554� codimM < +∞, 9=@<95C D81D dimM⊥ < +∞.  6 G5 45>?D5 D85 ?@5B	

1D?B ?6 ?BD8?7?>1< @B?:53D9?> 6B?= H ?>D? CE2C@135 MT
2I T � D85> 9D 9C 51CI

D? @B?F5 D85 5AE1<9DI M + Ker A = M + T (Ker A)
 �B?= T (Ker A) ⊆ M⊥
�

9D 6?<<?GC D81D dim(T (Ker A) < +∞. )?� G5 75D D81D D85 C5D M + Ker A 9C

3<?C54
 %?B=1< C?<F129<9DI ?6 D85 ?@5B1D?B A 9=@<95C D81D A(M) = A(M)
 �
��##� ��	� �%3 L !-$ M "% #+.2%$ 24"2/!#%2 .& ! �)+"%13 2/!#% H. �&

dimL < +∞, 3(%- A(M) = A(M) )& !-$ .-+8 )& A(L ∩ M) = A(L ∩ M).

�'%%�� �B?= codimL < +∞ 9D 6?<<?GC D81D D85B5 5H9CD h1, . . . , hn 9> H�

CE38 D81D L⊥ = L(h1, . . . , hn), 9
5


H = L(h1, . . . , hn) ⊕ L.

�C 51B<95B� <5D EC 45>?D5 D85 ?@5B1D?B ?6 ?BD8?7?>1< @B?:53D9?> ?>D? M⊥
2I T

%?D5 D81D

M⊥ ⊕ L(h1, . . . , hn) = M⊥ ⊕ L((I − T )h1, . . . , (I − T )hn).

�@@<I9>7 ��� G5 ?2D19>

H = (M⊥ ⊕ L(h1, . . . , hn)) ⊕ M ∩ L =
M⊥ ⊕ L((I − T )h1, . . . , (I − T )hn) ⊕ M ∩ L.

*89C 5AE1<9DI 1>4 453?=@?C9D9?> H = M ⊕ M⊥
9=@<I D81D

M = L((I − T )h1, . . . , (I − T )hn) ⊕ (M ∩ L). ���

 6 A(M ∩ L) = A(M ∩ L) D85>� EC9>7 ���� G5 ?2D19> A(M) = A(M). %?G� <5D

EC 1CCE=5 D81D A(M) = A(M).  D =51>C D81D D85 B5CDB93D9?> ?6 D85 ?@5B1D?B A
D? D85 CE2C@135 M 9C 1 >?B=1<<I C?<F12<5 ?@5B1D?B
 �B?= ���� G5 31> 3?>3<E45

D81D M ∩ L 9C 1 3<?C54 CE2C@135 ?6 1 �>9D5 3?49=5>C9?> 9> D85 CE2C@135 M.
�5>35� A(L ∩ M) 9C 1 3<?C54 CE2C@135 ?6 D85 C@135 H.

��##� ��
� �& Int U = ∅, U = {u ∈ H : ‖Bu‖ ≤ r, 〈c, u〉 ≤ β}� 3(%-
�)� U = S := {u ∈ H : ‖Bu‖ = r, 〈c, u〉 = β};
�))� Ker B ⊆ Ker C, 6(%1% Cu = 〈c, u〉;
�)))� (∀u ∈ U) U = u + Ker B.

�'%%�� �9�  6 ‖Bv‖ < r 1>4 v ∈ U, D85> D85B5 5H9CDC 1> ?@5> C5D V (v)
3?>D19>9>7 v, CE38 D81D ‖Bx‖ < r 6?B 5F5BI x ∈ V (v).  > D89C 31C5� 81F9>7 9>

=9>4 D81D Int U = ∅, G5 31> 3?>3<E45 D81D 〈c, v〉 = β. *85> D85B5 5H9CDC 1
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@?9>D x0 ∈ V (v) CE38 D81D 〈c, x0〉 < β. *89C 3?>DB1493DC Int U = ∅. )?� G5 81F5

‖Bv‖ = r 6?B 5F5BI v ∈ U. )9=9<1B<I� G5 31> @B?F5 D81D 〈c, v〉 = β 6?B 5F5BI

v ∈ U. �5>35� U = S.
�99� -5 C81<< @B?F5 D81D (I −Q)c = 0, G85B5 Q 9C D85 ?BD8?7?>1< @B?:53D9?>

?>D? R(B∗). #5D EC 1CCE=5 D85 3?>F5BC5
 *85> 1 @?9>D v = u + γ(I −Q)c, u ∈
U = S, γ < 0, C1D9C�5C D85 3?>49D9?>C ‖Bv‖ = r 1>4 〈c, v〉 < β. )9>35 U = S,
G5 81F5 1 3?>DB1493D9?>
 �5>35� (I − Q)c = 0, 9
5
 c ∈ R(B∗) ⊥ Ker B.  D

9==5491D5<I 9=@<95C D85 9>3<EC9?> Ker B ⊆ Ker C.
�999� #5D x 1>4 u 25 1B29DB1BI @?9>DC 6B?= U = S. *85> 〈c, x − u〉 =

〈c, x〉−〈c, u〉 = 0. �5>35� x−u ∈ Ker C. )9>35� U = S 9C 1 3?>F5H C5D� 9D 6?<<?GC

D81D ‖B(αu+(1−αx)‖ = r 6?B 1>I α ∈ [0, 1]. *89C 9=@<95C D81D 〈Bx, Bu〉 = r2.
*8EC G5 81F5 ‖B(x − u)‖ = r2 − 2r2 + r2 = 0, 9
5
 x − u ∈ Ker B. *85B56?B5�

G5 @B?F54 D85 9>3<EC9?> U ⊆ u + Ker B ∩ Ker C. *85 3?>F5BC5 9>3<EC9?> 9C

DB9F91<
 %?G� �999� 6?<<?GC 6B?= U = u + Ker B ∩ Ker C 1>4 �99�


��##� ���� �& 3(%1% %7)232 u ∈ S 24#( 3(!3 B∗Bu ∈ L(c) !-$ β < 0, 3(%-
Int U = ∅.

�'%%�� )E@@?C5 D81D B∗Bu = αc, α �= 0. $E<D9@<I9>7 D89C 5AE1<9DI 2I u�

G5 ?2D19> r2 = ‖Bu‖2 = α〈c, u〉 = αβ. )9>35 β < 0, 9D 6?<<?GC D81D α < 0.
�CCE=5 D81D Int U �= ∅. *85> D85B5 5H9CDC v ∈ U CE38 D81D ‖Bv‖ < r 1>4

〈c, v〉 < β. %?G 9D 6?<<?GC D81D 〈Bu, Bv〉 ≤ ‖Bu‖ · ‖Bv‖ < r2. -5 ?2D19>54 D85

3?>DB1493D9?> D81D @B?F5C #5==1


�� ���������� �� ���������� �������� ��� �������� ��

���������

 D 9C 3<51B D81D D85 @B?2<5= �� 81C 1 C?<ED9?> 96 1>4 ?><I 96 D85 @B?:53D9?>

Pr(f) ?6 f ?> A(U) 25<?>7C D? A(U). �1F9>7 9> =9>4 D81D Pr(F ) = A(U), G5

31> 3?>3<E45 D81D D85 @B?2<5= �� 81C 1 C?<ED9?> 6?B 5F5BI f ∈ F 96 1>4 ?><I

96 A(U) = A(U).
%?D5 D81D 3?>F5H9DI 1>4 3?>D9>E9DI ?6 D85 6E>3D9?> J 9=@<I 9DC <?G5B G51;<I

C5=9	3?>D9>E?EC
 *85 C5D U 9C G51;<I 3<?C54� 2531EC5 9D 9C 3?>F5H 1>4 3<?C54


%?G� 9D 9C 51CI D? @B?F5 D81D 96 6?B 1>I f ∈ F D85B5 5H9CDC 1D <51CD ?>5 =9>9	

=9J9>7 C5AE5>35 (un)� D85>� 6?B CE38 1> f � @B?2<5= �� 81C 1 C?<ED9?>


 >4554� D85> D85B5 5H9CD 1 CE2C5AE5>35 (unk
) ?6 (un) 1>4 1 @?9>D u∗ ∈ H�

C? D81D (unk
) G51;<I 3?>F5B75C D? u∗. )9>35 D85 C5D U 9C G51;<I 3<?C54� u∗ ∈ U.

�?D8 D89C 1>4 <?G5B C5=9	3?>D9>E?EC ?6 J 9=@<I

J(u∗) ≤ lim inf J(unk
) = J∗.
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�5>35� J(u∗) = J∗, 9
5
 u∗ ∈ U∗.
%?D5 D81D 96 U∗ �= ∅, D85> 6?B 5F5BI u∗ ∈ U∗,

U∗ = (u∗ + Ker A) ∩ U.

�B?= J(u) = J(v)+〈J ′(v), u−v〉+‖A(u−v)‖2
1>4 6B?= ?@D9=1<9DI 3B9D5B9?> ?6

D85 5<5=5>D u∗ ∈ U∗ �C
 /0� @
 �� *85?B5= �� (∀u ∈ U)〈J ′(u∗), u−u∗〉 ≥ 0,
G5 81F5 ‖Au − Aun‖2 ≤ J(u) − J(u∗).

*89C 9=@<95C D81D Aun → Au∗ 1C n → ∞, 6?B 5F5BI =9>9=9J9>7 C5AE5>35

(un).
 6 ?@5B1D?B A 9C >?B=1<<I C?<F12<5� D85>� 6B?= ��� 1>4 ��� �6?B ?@5B1D?B P

?6 ?BD8?7?>1< @B?:53D9?> 6B?= H D? R(A∗)� G5 81F5

‖P (un − u∗)‖ ≤ m‖AP (un − u∗)‖ = ‖Aun − Au∗‖ → 0 1C n → ∞

9
5
 Pun → Pu∗ 1C n → ∞.

� �%'�# ���� �4//.2% 3(% &.++.6)-' #.-$)3).-2 (.+$�

�)� A )2 ! -.1,!++8 2.+5!"+% ./%1!3.1�

�))� B(Ker A) )2 ! #+.2%$ 24"2/!#% .& G.�
�(%- 3(% 2%3 U∗ .& 3(% 2.+43).-2 .& 3(% /1."+%, ���� ��� )2 -.-%,/38 !-$

%5%18 ,)-),)9)-' 2%04%-#% #.-5%1'%2 3. U∗�

�'%%�� �9BCD� <5D EC @B?F5 D81D 6?B 5138 f ∈ F D85B5 5H9CDC 1 2?E>454

=9>9=9J9>7 C5AE5>35 ?6 D89C @B?2<5=


�?>49D9?> �99� 1>4 #5==1 �
� 9=@<I D81D D85 ?@5B1D?B B1 9C 1<C? >?B=1<<I

C?<F12<5
 *85B56?B5� D85 5AE1<9DI ��� 31> 25 GB9DD5> 1C

H = R(A∗) ⊕ L((I − P )c) ⊕ R(B∗
1) ⊕ (Ker A ∩ Ker B ∩ Ker C)

G85B5 C(u) = 〈c, u〉
 *85 5<5=5>DC ?6 1 =9>9=9J9>7 C5AE5>35 (un) 31> 25

453?=@?C54 9> D85 6?<<?G9>7 G1I

un = Pun + γn(I − P )c + b∗n + bn,
γn ∈ R, b∗n ∈ R(B∗

1), bn ∈ Ker A ∩ Ker B ∩ Ker C.

&2C5BF5 D85 =9>9=9J9>7 C5AE5>35

wn = Pun + γn(I − P )c + b∗n

1>4 >?D5 D81D �9� 9=@<95C

Pun → Pu∗ 1C n → ∞.
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#5D EC 3?>C945B DG? 31C5C


� �  6 D85 C5AE5>35 (γn) 9C 2?E>454 ?B (I−P )c = 0, D85> G5 31> 1CCE=5 D81D

γn → γ∗ ∈ R 1C n → ∞.  D 9C ?2F9?EC D81D 9> D89C 31C5 D85 C5AE5>35C (Pun)
1>4 (b∗n) 1B5 2?E>454
 �5>35� D85 =9>9=9J9>7 C5AE5>35 (wn) 9C 1<C? 2?E>454


�?>C5AE5>D<I� D85 C5D U∗ ?6 D85 C?<ED9?>C ?6 D85 79F5> @B?2<5= 9C >?>5=@DI


)9>35 b∗n + bn ⊥ c G5 81F5

〈Pu∗ + γ∗(I − P )c, c〉 = lim
n→∞

〈Pun + γn(I − P )c, c〉 = lim
n→∞

〈wn, c〉 ≤ β

*85 C5AE5>35 vn = Pu∗+γ∗(I−P )c+b∗n+bn C1D9C�5C D85 9>5AE1<9DI 〈vn, c〉 ≤ β.
*85>� G5 81F5 D? 3?>C945B DG? @?CC929<9D95C� �1� ‖Bvn‖ ≤ r� 1>4 �2�

‖Bvn‖ > r �?D85BG9C5� G5 31> 3?>C945B 1 CE2C5AE5>35 ?6 (vn)
�
 6 ‖Bvn‖ ≤ r� D85> vn ∈ U∗
 *85B56?B5

d(un, U∗) ≤ ‖un − vn‖ ≤ ‖Pun − Pu∗ + (γn − γ∗)(I − P )c‖ → 0, n → ∞.

 > 31C5 ?6 ‖Bvn‖ > 0� G5 81F5 D81D

r < ‖Bvn‖ ≤ ‖B(vn − wn)‖ + ‖Bwn‖
≤ ‖B(Pun − Pu∗ + (γn − γ∗)(I − P )c)‖ + r,

G81D 9=@<95C D81D

lim
n→∞

‖Bvn‖ = r 1>4 lim
n→∞

‖Bwn‖ ≤ r. ���

)9>35 D85 C5AE5>35 (b∗n), b∗n ∈ R(B∗
1) 9C 2?E>454� G5 31> 1CCE=5 D81D (b∗n)

3?>F5B75C G51;<I D? b∗0 ∈ R(B∗
1) 1C n → ∞. *85>� D85 =9>9=9J9>7 C5AE5>35

(wn) 3?>F5B75C G51;<I D? w∗ = Pu∗ + γ∗(I − P )c + b∗0 ∈ U∗.

-9D89> D85 C3?@5 ?6 D89C 31C5� G5 G9<< 1719> 3?>C945B DG? @?CC929<9D95C�

 6 ‖Bw∗‖ = r, D85>

‖B(b∗n − b∗0)‖2 = ‖B(wn − w∗ + Pu∗ − Pun + (γn − γ∗)(I − P )c‖2, ��

9=@<95C D81D ‖B(b∗n − b∗0)‖ → 0 1C n → ∞. �B?= 85B5 ?>� 81F9>7 9> =9>4 D81D

B1 9C >?B=1< C?<F12<5� G5 31> 3?>3<E45 D81D (b∗n) 3?>F5B75C �CDB?>7<I� D? b∗0 1C

n → ∞. *85> wn → w∗ 1C n → ∞, 1>4

d(un, U∗) ≤ ‖un − (w∗ + bn)‖ = ‖wn − w∗‖ 1C n → ∞.

 6 ‖Bw∗‖ < r, D85>

lim
n→∞

‖B(b∗n − b∗0)‖2 = r2 − ‖Bw∗‖2 > 0.
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�?B 5138 n ∈ N, D85B5 5H9CDC αn > 0 CE38 D81D ‖B(w∗ + αn(b∗n − b∗0))‖2 = r2.
%?G� EC9>7 D85 <1CD DG? B5<1D9?>C� 9D 9C 51CI D? @B?F5 limn→∞ αn = 1. )5AE5>35

xn = w∗ + αn(b∗n − b∗0) + bn + b∗0 = Pu∗ + γ∗(I − P )c + αnb∗n + (1 − αn)b∗0 + bn

C1D9C�5C D85 6?<<?G9>7 3?>49D9?>C

Axn = Aw∗, ‖Bxn‖ = r, 〈c, xn〉 = 〈c, w∗〉 ≤ β,

1>4 C? xn ∈ U∗ 6?B 5F5BI n ∈ N. *85>

d(un, U∗) ≤ ‖un − xn‖
= ‖Pun − Pu∗ + (γn − γ∗)(I − P )c + (1 − αn)(b∗n − b∗0)‖ → 0

1C n → ∞. *85B56?B5� 9> 31C5 ?6 � �� 5F5BI =9>9=9J9>7 C5AE5>35 ?6 D85 @B?2<5=

��� ��� 3?>F5B75C D? D85 C5D ?6 9DC C?<ED9?>C


�  � %?G� 1CCE=5 D85 C5AE5>35 (γn) 9C E>2?E>454 1>4 (I − P )c �= 0. *85>

6?B B(I − P )c ∈ G D85B5 5H9CD p0 ∈ R(B∗
1) 1>4 q0 ∈ Ker B∗

1 , CE38 D81D

B(I − P )c = Bp0 + q0.

)9>35 B(γnp0 + b∗n) ⊥ q0, G5 81F5

‖B(γn(I − P )c + b∗n)‖2 = ‖B(γnp0 + b∗n) + γnq0‖2

= ‖B(γnp0 + b∗n)‖2 + γ2
n‖q0‖2.

*85 <1CD 5AE1<9DI 9=@<95C D81D q0 = 0. *85> B((I − P )c − p0) = 0, 1>4 3?>C5	

AE5>D<I� D85B5 9C z0 ∈ Ker B� CE38 D81D

(I − P )c = p0 + z0.

 D 9C 51CI D? @B?F5 D81D z0 ∈ Ker A 1>4 〈c, z0〉 = ‖(I − P )c‖2 �= 0.
%?G� EC9>7 D85 5AE1<9DI

B(γn(I − P )c + b∗n) = B(γnp0 + b∗n),

G5 3?>3<E45 D81D γnp0 + b∗n ∈ R(B∗
1)
 �?>C5AE5>D<I� (γnp0 + b∗n) 9C 1 2?E>454

C5AE5>35
 &2C5BF5 D85 C5AE5>35

vn = Pun + γnp0 + b∗n + γ∗
nz0, G85B5 γ∗

n =
β − 〈Pun + γnp0 + b∗n, c〉

〈c, z0〉 .
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 D 9C ?2F9?EC D81D

Avn = Awn, Bvn = Bwn, 〈c, vn〉 = β,

G8938 =1;5C (vn) 1 2?E>454 =9>9=9J9>7 C5AE5>35 ?6 D85 79F5> @B?2<5=
 *85B5	

6?B5� U∗ �= ∅.
#5D EC ?2C5BF5 1> 1B29DB1BI =9>9=9J9>7 C5AE5>35 (un)
  D 31> 25 GB9DD5> 9>

D85 6?B=

un = Pun + b∗n + γnp0 + bn + γnz0.

#5D EC ?2C5BF5 D85 C5AE5>35C

wn = Pun + b∗n + γnp0 + γnz0 1>4 yn = Pu∗ + b∗n + bn + δnz0,

G85B5

δn =
〈un, c〉 − 〈Pu∗ + b∗n, c〉

〈z0, c〉 =
〈Pun − Pu∗, c〉

〈z0, c〉 + γn,

%?D5 D81D limn→∞(γn − δn) = 0. *85 >E=25BC δn 81F5 255> 38?C5> 9> CE38

G1I D81D 〈yn, c〉 ≤ β.  6 ‖Byn‖ ≤ r, D85> yn ∈ U∗ 1>4 D85B56?B5

d(un, U∗) ≤ ‖un − yn‖ = ‖Pun − Pu∗ + (γn − δn)z0‖ → 1 1C n → ∞.

 6 ‖Byn‖ > r, D85> 6?<<?G9>7 D85 @B5F9?EC @B?354EB5� G5 ?2D19>

lim
n→∞

‖Byn‖ = r, lim
n→∞

‖Bwn‖ = r,

1>4

b∗n = b∗n + γnp0 ⇀ b∗0 ∈ R(B∗
1)1C n → ∞.

 D 6?<<?GC D81D

Pun + b∗n ⇀ w∗ = b∗0 + Pu∗ 1C n → ∞, 1>4 ‖Bw∗‖ ≤ r.

�719> G5 >554 D? 3?>C945B DG? @?CC929<9D95C� ‖Bw∗‖ = r 1>4 ‖Bw∗‖ < r.
 6 ‖Bw∗‖ = r, D85>� :ECD <9;5 9> D85 @B5F9?EC @1BD ?6 D85 @B??6� G5 31>

@B?F5 D85 CDB?>7 3?>F5B75>35 ?6 D85 C5AE5>35 b∗n D? b∗0 1C n → ∞. &2C5BF5 D85

C5AE5>35 zn = w∗ + bn + δ∗nz0 G85B5

δ∗n =
〈un, c〉 − 〈w∗, c〉

〈z0, c〉 .

*85> 〈zn, c〉 ≤ β 1>4

δ∗n − γn =
〈Pun − Pu∗ + b∗n − b∗0, c〉

〈z0, c〉 → 0 1C n → ∞.
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�5C945C� Azn = Aw∗, ‖Bzn‖ = ‖Bw∗‖ = r, CE38 D81D zn ∈ U∗. %?G G5 81F5

d(un, U∗) ≤ ‖un − zn‖ = ‖Pun − Pu∗ + b∗n − b∗0 + (γn − d∗
n)z0‖ → 0 1C n → ∞.

�9>1<<I� G5 81F5 D? 3?>C945B D85 31C5 ?6 ‖Bw∗‖ < r. *85>

lim
n→∞

‖B(b∗n − b∗0)‖2 = r2 − ‖Bw∗‖2 > 0.

 6 αn, n = 1, 2, . . . 1B5 >E=25BC 38?C5> CE38 D81D

‖B(w∗ + αn(b∗n − b∗0))‖2 = r2
G9D8 lim

n→∞
αn = 1,

1>4 (sn) 9C D85 C5AE5>35 45�>54 2I

sn = w∗ + αn(b∗n − b∗0) + bn + rnz0 = Pu∗ + αnb∗n + (1 − αn)b∗0 + bn + ηnz0,

G85B5

ηn =
〈un, c〉 − 〈Pu∗ + αnb∗n + (1 − αn)b∗0, c〉

〈z0, c〉 ,

D85> 〈sn, c〉 ≤ β 1>4

ηn − γn =
〈Pun − Pu∗ + (1 − αn)(b∗n − b∗0), c〉

〈z0, c〉 → 0 1C n → ∞.

�5C945C� Asn = Aw∗, ‖Bsn‖ = ‖Bw∗‖ = r, C? D81D sn ∈ U∗. *85B56?B5

d(un, U∗) ≤ ‖un − sn‖ = ‖Pun − Pu∗ + (1 − αn)(b∗n − b∗0) + (γn − ηn)z0‖ → 0

1C n → ∞. *89C 3?=@<5D5C D85 @B??6


�+�#&"�� *1;5 H = F = G = l2 1>4 3?>C945B DG? 3<?C54 CE2C@135C ?6 l2 :

L = {x ∈ l2 : x = (0, x2, 0, x4, 0, x6, 0, . . . )},

M = {x ∈ l2 : x = (0, x2,
x2

2
, x4,

x4

4
, x6,

x6

6
, . . . )}.

�5�>5 A 1C D85 ?BD8?@B?:53D?B ?6 l2 ?>D? L⊥
1>4 B 1C D85 ?BD8?@B?:53D?B ?6

l2 ?>D? M⊥
� c = 0 ∈ H, β = 0. *85> A = A∗, B = B∗ = B∗B, Ker A =

L, Ker B = M, ?@5B1D?BC A 1>4 B 1B5 >?B=1<<I C?<F12<5 2ED 2?D8 B5<1D9?>C

�9� 1>4 �99� 6B?= *85?B5= �
 1B5 F9?<1D54�

x0 = (1, 0, 0, . . . ) ∈ R(A∗) ∩ R(B∗B) = L⊥ ∩ M⊥ �= {0},
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Ker A + Ker B = L + M �= L + M = Ker A + Ker B = {x0}⊥.

 D =51>C D81D 9> D89C 31C5 D85 @B?2<5= ������ 31> >?D 81F5 1 C?<ED9?> 6?B 5F5BI

f ∈ l2.
*85 >5HD D85?B5= C8?GC D81D 96 D85 �BCD 3?>49D9?> ?6 D85 @B5F9?EC D85?B5=

9C F9?<1D54� D85> D85 @B?2<5= ��� ��� G9<< >?D 25 G5<<	@?C54 1>I=?B5


� �%'�# ���� �4//.2% 3(!3

�)� R(A) �= R(A)�
�))� U∗ ∩ Int{u ∈ H : ‖Bu‖ ≤ r} �= ∅.
�(%- 3(%1% %7)232 ! ,)-),)9)-' 2%04%-#% .& 3(% /1."+%, ���� ��� 3(!3 $.%2

-.3 #.-5%1'% 3. 3(% 2%3 U∗ .& )32 2.+43).-2�

�'%%�� *85 3?>49D9?> �9�� 133?B49>7 D? #5==1 �
�� 9=@<95C D85 5H9CD5>35

?6 1 C5AE5>35 (pn) CE38 D81D

pn ∈ R(A∗), ‖pn‖ = 1, lim
n→∞

Apn = 0.

)9>35 U∗ ∩ Int U1 �= ∅, G5 31> 9>65B D81D D85B5 9C 1> 5<5=5>D u∗ ∈ U∗ CE38 D81D

‖Bu∗‖ < r. �8??C5 1> ε0 > 0 CE38 D81D ‖B(u∗ ± ε0pn)‖ < r. �?>C945B D85

C5AE5>35 (vn)�

vn =

{
u∗ + ε0pn, 96 〈pn, c〉 ≤ 0
u∗ − ε0pn, 96 〈pn, c〉 > 0

.

�5>35� vn ∈ U 1>4 C5AE5>35 (vn) 9C =9>9=9J9>7
 )9>35 U∗ = {u∗ + Ker A)∩U,
9D 6?<<?GC D81D 6?B 5F5BI v∗ ∈ U∗ D85B5 5H9CDC x(v∗) ∈ Ker A CE38 D81D v∗ =
u∗ + x(v∗). �B?=

‖vn − v∗‖2 = ‖u∗ ± ε0pn − u∗ − x(v∗)‖6 = ε2
0 + ‖x(v∗)‖2 ≥ ε2

0

9D 6?<<?GC D81D D85 C5AE5>35 (d(un, U∗)) 4?5C >?D 3?>F5B75 D? 0 1C n → ∞. *89C

3?=@<5D5C D85 @B??6 ?6 D85 *85?B5=


� �%'�# ���� �4//.2% 3(!3 3(% -%73 #.-$)3).-2 !1% 2!3)2�%$�

�)� B : H → G )2 -.1,!+ 2.+5!"+% ".4-$%$ +)-%!1 ./%1!3.1�

�))� A(Ker B) = A(Ker B).
�(%- 3(% 2%3 U∗ .& 3(% 2.+43).-2 .& 3(% /1."+%, ���� ��� )2 -.-%,/38�

�&� )- !$$)3).-� U∗ ⊆ {u ∈ H : ‖Bu‖2 = r2, 〈c, u〉 = β}� 3(%- %5%18 ,)-)�

,)9)-' 2%04%-#% .& 3(% /1."+%, ���� ���� #.-5%1'%2 3. 3(% 2%3 .& )32 2.+43).-2�

�'%%�� -5 G9<< @B?F5 ?><I D85 3?>F5B75>35 ?6 =9>9=9J9>7 C5AE5>35C �C53?>4

@1BD ?6 *85?B5=�
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#5==1 �
� 1>4 3?>49D9?> �99� 9=@<I D81D D85 ?@5B1D?B A1 9C >?B=1<<I C?<F	

12<5
 *1;9>7 9>D? 133?E>D D85 3?>49D9?> �9� D85 5AE1<9DI ��� 31> 25 GB9DD5>

1C

H = R(B∗) ⊕ L((I − Q)c) ⊕ R(A∗
1) ⊕ (Ker A ∩ Ker B ∩ Ker C),

*85 5<5=5>DC ?6 D85 =9>9=9J9>7 C5AE5>35 (un) 31> 25 GB9DD5> 9> D85 6?B=

un = xn + γn(I − Q)c + a∗
n + an,

G85B5

xn ∈ R(B∗), γn ∈ R, a∗
n ∈ R(A∗

1), an ∈ Ker A ∩ Ker B ∩ Ker C.

�B?= 3?>49D9?> �9�� B5<1D9?>C ‖Bun‖ = ‖Bxn‖ ≤ r, 2I 1@@<I9>7 ��� D? D85

?@5B1D?B B, G5 31> 3?>3<E45 D81D D85 C5AE5>35 (xn) 9C 2?E>454
 -5 31>

1CCE=5 D81D D89C C5AE5>35 G51;<I 3?>F5B75C D? C?=5 x0 ∈ R(B∗) 1C n → ∞.
� � )E@@?C5 D81D D85 C5AE5>35 (γn) 9C 2?E>454 ?B D81D (I−Q)c = 0.  > 2?D8

31C5C G5 31> 1CCE=5 D81D γn → γ∗ ∈ R 1C n → ∞. )9>35 (un) 9C 1 =9>9=9J9>7

C5AE5>35� 9D 6?<<?GC D81D

(∀u∗ ∈ U∗)Au∗ = lim
n→∞

Aun = lim
n→∞

A(xn + γn(I − Q)c + a∗
n). ���

)9>35 D85 C5AE5>35 (xn+γn(I−Q)c) 9C 2?E>454 1>4 D85 ?@5B1D?B A1 9C >?B=1<<I

C?<F12<5� 2I 1@@<I9>7 D85 B5<1D9?> ��� D? A1, G5 ?2D19> D81D D85 C5AE5>35 (a∗
n)

9C 2?E>454
 -5 31> 1CCE=5 D81D (a∗
n) G51;<I 3?>F5B75C D? a∗

0 1C n → ∞. *85

C5AE5>35 (vn), vn = xn + γn(I − Q)c + a∗
n 9C 1<C? =9>9=9J9>7 1>4 (vn) G51;<I

3?>F5B75C D? v∗ = x0 + γ∗(I − Q)c + a∗
0 1C n → ∞.  D 9C 3<51B D81D v∗ ∈ U∗.

*85>� EC9>7 �999�� G5 81F5 r = ‖Bv∗‖ = ‖Bx0‖. �1F9>7 9> =9>4 D85 613D D81D

‖Bx0‖ = r 1>4 D81D D85 C5AE5>35 (xn) G51;<I 3?>F5B75C D? x0 ∈ R(B∗) 1C

n → ∞, C9=9<1B D? D85 @B??6 ?6 �121� ?6 *85?B5= �
� G5 31> @B?F5 D81D (xn)
3?>F5B75C D? x0. �EBD85B� EC9>7 ���� G5 81F5 D81D lim

n→∞
Aa∗

n = Aa∗
0. )9>35

a∗
n − a∗

0 ∈ R(A∗
1), 1@@<I9>7 D85 B5<1D9?> ��� D? D85 ?@5B1D?B A1� G5 ?2D19> D81D

D85 C5AE5>35 (a∗
n) 3?>F5B75C D? a∗

0 1C n → ∞.
%?G� <5D EC ?2C5BF5 D85 C5AE5>35 (wn), wn = x0 + γ∗(I −Q)c + a∗

0. -5 31>

>?D5 D81D wn ∈ U∗ 6?B 5F5BI n ∈ N. *85>

d(un, U∗) ≤ ‖un − wn‖ = ‖xn − x0 + (γn − γ∗)(I − Q)c + a∗
n − a∗

0‖ → 0

1C n → ∞. �5>35� 9> D85 31C5 �1� D85 @B?2<5= 9C G5<<@?C54
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�  � %?G� CE@@?C5 D85 C5AE5>35 (γn) 25 E>2?E>454 1>4 (I − P )c �= 0.  >

D85 C9=9<1B G1I 1C 9> D85 @B??6 ?6 ��� 9D 9C @?CC92<5 D? @B?F5 D81D

(I − P )c = p0 + z0, 〈z0, c〉 �= 0, p0 ∈ R(A∗
1), z0 ∈ Ker A ∩ Ker B.

-5 31> GB9D5 D85 5<5=5>DC ?6 D85 =9>9=9J9>7 C5AE5>35 (un) 9> D85 6?<<?G9>7

6?B=

un = xn + a∗
n + an + γnz0,

G85B5 a∗
n = γnp0 +a∗

n ∈ R(A∗
1). -5 81F5 1<B514I @B?F54 D81D D85 C5AE5>35 (xn)

G51;<I 3?>F5B75C D? x0 ∈ R(B∗) 1C n → ∞. *85> 6B?=

lim
n→∞

A(xn + a∗
n) = Au∗, u∗ ∈ U∗,

*1;9>7 9>D? 133?E>D D81D D85 ?@5B1D?B A1 9C >?B=1<<I C?<F12<5� 1>4 1@@<I9>7

��� D? A1� G5 ?2D19> D81D D85 C5AE5>35 (a∗
n) 9C 2?E>454
 -5 31> 1CCE=5 D81D

D85 G8?<5 C5AE5>35 (a∗
n) G51;<I 3?>F5B75C D? a∗

0 ∈ R(A∗
1). �5>35� D85 C5AE5>35

(wn), wn = xn+a∗
n� G51;<I 3?>F5B75C D? w∗ = x0+a∗

0. )9>35� Awn = Aun → Au∗
1C n → ∞, 9D 6?<<?GC D81D Aw∗ = Au∗.  > 1449D9?>� ‖Bwn‖ = ‖Bun‖ ≤ r
9=@<95C ‖Bw∗‖ ≤ r. �5�>9>7 1 B51< C5AE5>35 (rn) 2I

rn =
〈un, c〉 − 〈w∗, c〉

〈z0, c〉 + γn =
〈xn − x0 + a∗

n − a∗
0, c〉

〈z0, c〉 + γn,

9D 6?<<?GC D81D

rn − γn =
〈un, c〉 − 〈w∗, c〉

〈z0, c〉 =
〈xn − x0 + a∗

n − a∗
0, c〉

〈z0, c〉 + γn → 0 1C n → ∞.

*85> D85 C5AE5>35 (zn), zn = w∗ + rnz0 + an C1D9C�5C D85 3?>49D9?>C�

〈zn, c〉 = 〈c, un〉 ≤ β, Bzn = Bw∗, Azn = Aw∗ = Au∗.

�5>35� zn ∈ U∗ 6?B 5F5BI n ∈ N. %?G� EC9>7 D85 3?>49D9?> �999�� 1C 9> D85 @B??6

?6 D85 �BCD @1BD ?6 D85 *85?B5=� G5 31> @B?F5 D81D

lim
n→∞

xn = x0, lim
n→∞

a∗
n = a∗

0.

�9>1<<I� G5 81F5

d(un, U∗) ≤ ‖un − zn‖ = ‖xn − x0 − a∗
n − a∗

0 + (γn − rn)z0 − a∗
n − a∗

0‖ → 0

1C n → ∞. *89C 3?=@<5D5C D85 @B??6 ?6 *85?B5=
 �
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 6 3?>49D9?> �9� 9> *85?B5= �
� 9C >?D C1D9C�54� D85> D85 @B?2<5= ������

G9<< >?D 25 G5<<@?C54


� �%'�# ��	� �4//.2% 3(!3 3(% &.++.6)-' #.-$)3).-2 !1% 2!3)2�%$�

�)� A(Ker B) �= A(Ker B)�
�))� U∗ ⊆ S.
�(%- 3(%1% %7)232 ! ,)-),)9)-' 2%04%-#% .& 3(% /1."+%, ���� ��� 3(!3 $.%2

-.3 #.-5%1'% 3. 3(% 2%3 U∗ .& )32 2.+43).-2�

�'%%�� �9BCD� <5D EC >?D5 D81D D85 3?>49D9?> �99� 9=@<95C D85 5AE1<9DI ����


�EBD85B� #5==1 �
� 1>4 D85 3?>49D9?> �9� 9=@<I D81D R(A∗
1) �= R(A∗

1). �@@<I9>7

#5==1 �
� D? D85 ?@5B1D?B A1� G5 3?>3<E45 D81D D85B5 5H9CDC 1 C5AE5>35 (pn)�
CE38 D81D

pn ∈ R(A∗
1), ‖pn‖ = 1, lim

n→∞
Apn = 0.

&2C5BF5 D85 C5AE5>35 un = u∗ + pn. )9>35 pn ∈ R(A∗
1) ⊆ Ker A ∩ Ker B,

G5 ?2D19> Bun = Bu∗ 1>4 〈c, un〉 = 〈c, u∗〉 = β. *85 5<5=5>DC un C1D9C�5C D85

3?>49D9?> limn→∞ Aun = Au∗+limn→∞ Apn = Au∗. �5>35� (un) 9C 1 =9>9=9J9>7

C5AE5>35
 *85> 6?B 5F5BI

v∗ = u∗ + x(v∗) ∈ U∗ = u∗ + Ker A ∩ Ker B ∩ Ker C,

G5 81F5

‖un − v∗‖2 = ‖pn − x(v∗)‖2 = ‖pn‖2 + ‖x(v∗)‖2 ≥ 1.

�5>35� D85 C5AE5>35 d(un, U∗)) 4?5C >?D 3?>F5B75 D? �
 *89C 3?=@<5D5C D85

@B??6 ?6 D85 D85?B5=


*85 >5HD D85?B5= 79F5C >535CC1BI 1>4 CE�395>D 3?>49D9?>C 6?B 3?>F5B75>35

?6 =9>9=9J9>7 C5AE5>35C ?6 ?>5 3<1CC ?6 =9>9=9J1D9?> ?6 AE14B1D93 6E>3D9?>


� �%'�# ��
� �& Int U = ∅ 3(%- %5%18 ,)-),)9)-' 2%04%-#% .& 3(% /1."+%,
���� ��� #.-5%1'%2 3. 3(% 2%3 U∗ .& )32 2.+43).-2 )& !-$ .-+8 )& A(Ker B) =
A(Ker B).

�'%%�� )E@@?C5 D81D A(Ker B) 9C 1 3<?C54 CE2C@135 ?6 C@135 F. *85> D85

?@5B1D?B AB 9C >?B=1<<I C?<F12<5 1>4 D85 5AE1<9DI ��� 31> 25 GB9DD5> 1C

Ker B = R(A∗
B) ⊕ (Ker A ∩ Ker B)

*89C 5AE1<9DI 1>4 #5==1 �
� 9=@<I D81D

(∀u∗ ∈ U∗) U = u∗ + R(A∗
B) ⊕ (Ker A ∩ Ker B).
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*85 5<5=5>DC ?6 =9>9=9J9>7 C5AE5>35 (un) 31> 25 GB9DD5> 9> D85 6?B=

un = u∗ + a∗
n + bn,

G85B5

a∗
n ∈ R(A∗

B), bn ∈ Ker A ∩ Ker B.

*85> Aun → Au∗ 1C n → ∞, 9=@<95C D81D Aa∗
n → 0 1C n → ∞. )9>35 a∗

n

25<?>7C D? R(A∗
B)� 1@@<I9>7 ��� D? D85 ?@5B1D?B AB, G5 ?2D19> D81D a∗

n → 0 1C

n → ∞


�EBD85B� 2I 1@@<I9>7 #5==1 �
�� 9D 9C 51CI D? @B?F5 D81D

(∀u∗ ∈ U∗) U∗ = u∗ + (Ker A ∩ Ker B).

&2C5BF5 D85 C5AE5>35 (vn) 45�>54 2I vn = u∗ + bn ∈ U∗. *85>

d(un, U∗) = ‖un − vn‖ = ‖a∗
n‖ → 0 1C n → ∞.

%?G� 1CCE=9>7 D81D 5F5BI =9>9=9J9>7 C5AE5>35 ?6 D85 @B?2<5= ��� ��� 3?>	

F5B75C D? D85 C5D U∗ G5 C81<< @B?F5 D81D A(Ker B) = A(Ker B). &D85BG9C5� G5

G?E<4 81F5 R(A∗
B) �= R(A∗

B). #5==1 �
� 9=@<95C D81D D85B5 5H9CDC 1 C5AE5>35

(pn) CE38 D81D

pn ∈ R(A∗
B), ‖pn‖ = 1, lim

n→∞
Apn = 0.

*85> (vn), vn = u∗ + pn 9C 1 =9>9=9J9>7 C5AE5>35
 $?B5?F5B� 5F5BI 5<5=5>D

v∗ ∈ U∗ = u∗ + (Ker A ∩ Ker B) 31> 25 GB9DD5> 1C v∗ = u∗ + x(v∗), G85B5

x(v∗) ∈ Ker A ∩ Ker B. %?G� G5 81F5

‖vn − v∗‖ = ‖pn − x(v∗)‖ = ‖pn‖8 + ‖x(v∗)‖2 ≥ 1.

 D =51>C D81D D85 C5AE5>35 (d(un, U∗)) 4?5C >?D 3?>F5B75 D? �
 �?G5F5B D89C 9C

9> ?@@?C9D9?> D? ?EB 1CCE=@D9?> D81D 5F5BI =9>9=9J9>7 C5AE5>35 ?6 D85 @B?2<5=

��� ��� 3?>F5B75C D? U∗. *8EC� A(Ker B) = A(Ker B). �
#5D EC >?D5 D81D 6?B C = 0, β ≥ 0� G5 G9<< ?2D19> D85 3?BB5C@?>49>7 D85	

?B5=C B5<1D54 D? @B?2<5= ?6 =9>9=9J1D9?> ?6 AE14B1D93 6E>3D9?> ?> D85 C5D

{u ∈ H : ‖Bu‖2 ≤ r2}� 1>4 1C 6?B B = 0� G5 G9<< ?2D19> D85 D85?B5=C B5	

<1D54 D? D85 @B?2<5= ?6 =9>9=9J1D9?> ?6 AE14B1D93 6E>3D9?> ?> 1 81<6	C@135

{u ∈ U : 〈c, u〉 ≤ β}.
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#5D EC 3?>C945B @B?2<5= ?6 =9>9=9J1D9?> ?6 AE14B1D93 6E>3D9?> J(u) =
‖Au − f‖2

?> D85 C5D U = {u ∈ H : 〈c, u〉 ≤ β}.
 > @B13D935� 9>CD514 ?6 D85 5H13D ?@5B1D?B A 1>4 D85 5<5=5>DC f, c, G5 451<

G9D8 D859B 1@@B?H9=1D9?>C Aµ ∈ L(H,F ), fδ ∈ F, 1>4 cσ ∈ H, CE38 D81D

‖A − Aµ‖ ≤ µ, ‖f − fδ‖ ≤ δ, ‖c − cσ‖ ≤ σ,

G85B5 µ, δ 1>4 σ 1B5 C=1<< @?C9D9F5 B51< >E=25BC


�5>5B1<<I C@51;9>7� D89C @B?2<5= 9C E>CD12<5 G9D8 B5C@53D D? D85 @5BDEB	

21D9?>C ?6 D85 9>9D91< 41D1 A, f, c 1>4 9D B5AE9B5C 1@@<931D9?> ?6 B57E<1B9J1D9?>

=5D8?4 /�0�/�0� /�0� /�0� /�0


 > 6EBD85B D5HD� G5 G9<< CE@@?C5 D81D D85 C5DC ?6 C?<ED9?>C ?6 D85 79F5>

@B?2<5=C 1>4 ?6 D85 3?BB5C@?>49>7 1@@B?H9=1D5 @B?2<5=C 1B5 >?D 5=@DI
 #5D

EC 45>?D5 D85 C?<ED9?> ?6 D85 C?EB35 @B?2<5= G9D8 =9>9=1< >?B= 2I u∞


�33?B49>7 D? D85 ?@D9=1<9DI 3?>49D9?>C� G5 81F5 D81D u∞ C1D9C�5C D85 ?@	

5B1D?B 5AE1<9DI�

A∗Au∞ = A∗f, ���

1C 6?B D85 5<5=5>D u∗
D85B5 5H9CDC λ∗ ≥ 0 CE38 D81D

A∗Au∗ − A∗f + λ∗c = 0 ���

λ∗(〈c, u∗〉 − β) = 0 ���

 > 133?B49>7 G9D8 *9;8?>?F�C 9451 ?6 B57E<1B9J1D9?> ?6 E>CD12<5 @B?2<5=� G5

31> D1;5 D85 �E>9AE5� C?<ED9?> ?6 D85 @B?2<5=

Qα(u) = ‖Aµu − fδ‖ + α‖u‖2 → inf, u ∈ H ���

6?B C=1<< @?C9D9F5 B51< >E=25B α = α(δ, µ), δ, µ, 1C 1> 1@@B?H9=1D9?> ?6 1

C?<ED9?> ?6 ?EB @B?2<5= 
 #5D EC >?D5 D81D D85 C?<ED9?> ?6 D85 @B?2<5= ���

31> 25 B5@B5C5>D54 2I

uα = gα(A∗
µAµ)A∗

µfδ,

G85B5 gα(t) = (α + t)−1

 -5 31> C1I D81D D85 =5D8?4 ��� 9C 75>5B1D54 2I D85

CICD5= ?6 6E>3D9?>C {gα}

*85 75>5B1<9J1D9?>C ?6 D85 @B5F9?EC =5D8?4 B571B49>7 D85 @B?2<5= ��� ���

G9D8 B = 0� G5B5 ?2C5BF54 9> /�0
 *85C5 75>5B1<9J54 =5D8?4C G5B5 75>5B1D54

G9D8 D85 CICD5= ?6 3?>D9>E?EC 6E>3D9?>C gα : [0, a] → R, α > 0, CE38 D81D

(∀t ∈ [0, a])(∀α > 0) 1 − tgα(t) ≥ 0 ���
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sup{tp(1 − tgα(t)) : t ∈ [0, a]} ≤ γpα
p, (0 ≤ p ≤ p0, p0 > 0, γp ≡ 3?>CD) ���

(51< >E=25B p0 9C 31<<54 D85 AE1<9�31D9?> ?6 D85 CICD5= {gα}
 *85 6E>3D9?>C

gα(t) = (α + t)−1
C1D9C6I D85 3?>49D9?>C ���	��� G9D8 p0 = 1. �?G5F5B� D85

=5D8?4 ��� 75>5B1D54 G9D8 D85 6E>3D9?>C gα 9C >?D CE9D12<5 6?B 45C3B929>7

C?=5 1<7?B9D8=C 6?B 38??C9>7 D85 @1B1=5D5B α 1>4 6?B CDE4I9>7 C?=5 9D5B1D9F5

=5D8?4C ?6 B57E<1B9J1D9?>
  > ?B45B D? CDE4I D85C5 @B?2<5=C G5 C8?E<4 3?>C945B

D85 CICD5= ?6 6E>3D9?>C {gα}� G8938 C1D9C6I D85 3?>49D9?>C ���	��� G9D8 D85

AE1<9�31D9?> p0 > 1.
%?D935 D81D D85 B57E<1B9J1D9?> =5D8?4C 21C54 ?> D85 6E>3D9?>C {gα} 6?B D85

=9>9=9J1D9?> @B?2<5= G9D8?ED 3?>CDB19>DC G5B5 @B?@5B<I ?2C5BF54 9> /�0 1>4

/�0
 -5 C8?G D81D D85 C9=9<1B 3<1CC ?6 D85 6E>3D9?>C 31> 25 1<C? EC54 6?B D85

B57E<1B9J1D9?> ?6 D85 @B?2<5= ��


	��� �"�%'!) #( %� ()��!"!,�)!%$�

 D DEB>C ?ED D81D 6?B CDE4I9>7 D85 5HDB5=1< @B?2<5=C G9D8 3?>CDB19>DC� 25	

C945 ���� ���� G5 >554 1> 1449D9?>1< 3?>49D9?>

(∃β > 0)(∀t ∈ [0, a])(∀α > 0) (t + βα)−1 ≤ gα(t) ≤ (βα)−1
���

*85 5H1=@<5C ?6 D85 6E>3D9?>C D81D C1D9C6I ��� 31> 25 6?E>4 9> /�0


)9>35

βα‖u − v‖2 ≤ 〈g−1
α (A∗

µAµ)(u − v), u − v〉, u, v ∈ H,

9D 6?<<?GC D81D D85 5HDB5=1< @B?2<5=

Tα(u) =‖ g
− 1

2
α (A∗

µAµ)u − g
1
2
α (A∗

µAµ)A∗
µfδ ‖2→ inf, u ∈ H

81C D85 E>9AE5 C?<ED9?> wα
 *85> T ′
α(wα) = 0 9
5
 wα = gα(A∗

µAµ)Aµfδ
 -5

C81<< @B?F5 D81D D85 6?<<?G9>7 5CD9=1D5 9C DBE5

‖ Aµ(wα − u∞) ‖2≤ k(α + µ)‖wα − u∞‖, k > 0. ����

+C9>7 D85 3?>49D9?>C J ′(u∞) = 0 1>4 T ′
α(wα) = 0, G5 81F5 D81D

g−1
α (A∗

µAµ)wα − A∗
µfδ − A∗Au∞ + A∗f = 0.

$E<D9@<I9>7 D85 @B5F9?EC 5AE1<9DI 2I wα − u∞ 1>4 EC9>7 D85 @B?@5BD95C ?6 D85

6E>3D9?> gα, G5 ?2D19> D85 9>5AE1<9DI

‖ Aµ(wα − u∞) ‖2≤ 〈(A∗
µAµ − g−1

α (A∗
µAµ))u∞, wα − u∞〉+
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〈(A∗A − A∗
µAµ)u∞, wα − u∞〉 + 〈(A∗

µfδ − A∗f, wα − u∞〉
D81D 9=@<95C D85 5CD9=1D9?> ����


 > /�0� *85?B5= �
�� @
 ��� 9D 9C @B?F54 D81D 96 @1B1=5D5B α = α(δ, µ)
C1D9C�5C

α(δ, µ) → 0,
µ + δ2

α(δ, µ)
→ 0, (δ, µ → 0)

D85>

wα(δ,µ) → u∞, (δ, µ → 0)

��##� 	��� �4//.2% 3(!3 3(% /!1!,%3%1 α = α(µ) )2 24#( 3(!3

α(µ) → 0,
µ

α(µ)
→ 0, (µ → 0)

�(%-� &.1 !++ x ∈ H, 6% (!5%
(i) (I − A∗

µAµgα(A∗
µAµ))Px → 0, !2 µ → 0,

(ii) βαgα(A∗
µAµ)x → (I − P )x, !2 µ → 0.

�'%%�� �9� *85 @B??6 ?6 D89C @1BD ?6 #5==1 31> 25 6?E>4 9> /�0� #5==1

�
�
� @
 ��


�99� *85 61=9<I ?6 ?@5B1D?BC {βαgα(A∗
µAµ)} 9C E>96?B=<I 2?E>454� 2531EC5

‖ βαgα(A∗
µAµ) ‖≤ sup{βαgα(t) : t ∈ [0, a]} ≤ 1.

*85 5<5=5>DC u = A∗Aw, w ∈ H� 75>5B1D5 1 45>C5 CE2C@135 9> R(A∗A) 1>4

‖βαgα(A∗
µAµ)A∗Aw‖ ≤‖ βαgα(A∗

µAµ)(A∗A − A∗
µAµ)w ‖ +

‖βαgα(A∗
µAµ)A∗

µAµw‖ ≤ k(µ + α) → 0

G85> µ, δ, σ → 0.
�I F9BDE5 ?6 �1>138	)D59>81EC D85?B5=� G5 81F5

βαgα(A∗
µAµ)Px → 0, (µ, δ, σ → 0).

)9>35� 0 ≤ 1 − βαgα(t) ≤ t
βα

, 9D 6?<<?GC D81D

‖ (I − βαgα(A∗
µAµ))(I − P )x ‖≤ ‖ A∗

µAµ(I − P )x ‖
βα

=

‖ (A∗
µAµ − A∗A)(I − P )x ‖

βα
≤ k

µ

α
→ 0 (µ → 0).
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�9>1<<I� G5 ?2D19>

βαgα(A∗
µAµ)x = βαgα(A∗

µAµ)Px + βαgα(A∗
µAµ)(I − P )x → (I − P )x,

1C µ → 0.

��##� 	��� �& 3(% /!1!,%3%1 α = α(µ, σ) )2 #(.2%- 24#( 3(!3

α(µ, σ) → 0,
µ + σ

α(µ, σ)
→ 0 (µ, σ → 0)

3(%-

(i) βαgα(A∗
µAµ)cσ → (I − P )c (µ, σ → 0)

(ii) �& c = A∗Ah, h ∈ R(A∗A), 3(%- gα(A∗
µAµ)cσ → h (µ, σ → 0).

�'%%�� -5 81F5 D81D

gα(A∗
µAµ)cσ = gα(A∗

µAµ)(cσ − c) + gα(A∗
µAµ)c.

*89C 5AE1<9DI� D85 5CD9=1D5

‖ gα(A∗
µAµ)(cσ − c) ‖≤ k

µ

α
,

1>4 #5==1  9=@<I �9�


-5 =1I 1<C? GB9D5

gα(A∗
µAµ)cσ − h = gα(A∗

µAµ)(cσ − c) + gα(A∗
µAµ)c − h =

gα(A∗
µAµ)(cσ − c) + gα(A∗

µAµ)(A∗A − A∗
µAµ)h − (I − A∗

µAµgα(A∗
µAµ)h.

*85B56?B5� G5 ?2D19> D85 9>5AE1<9DI

‖gα(A∗
µAµ)cσ − h‖ ≤

‖gα(A∗
µAµ)‖ · ‖cσ − c‖ + ‖gα(A∗

µAµ)‖ · ‖A∗A − A∗
µAµ‖ · ‖h‖+

‖(I − A∗
µAµgα(A∗

µAµ))h‖ ≤ k

(
µ + σ

α
+ ‖I − A∗

µAµgα(A∗
µAµ)h‖

)
.

*89C 9>5AE1<9DI� #5==1 �
 �9� 1>4 D85 @B?@5BD95C ?6 D85 6E>3D9?>C gα, 9=@<I

�99�


*1;9>7 9>D? 133?E>D D85 ?@D9=1<9DI 3?>49D9?>C ���	��� 1>4 #5==1 �
��

9D 9C 51CI D? @B?F5 D85 6?<<?G9>7 B5<1D9?>C89@ 25DG55> >?B=1< C?<ED9?>C u∗ 1>4

u∞.
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��##� 	��� �)� �& c ∈ R(A∗A)� )�%� c = A∗Ah &.1 2.,% h ∈ R(A∗A)�
3(%- u∗ = u∞ − λ∗h� 6(%1%

λ∗ =

{
0, 〈u∞, c〉 ≤ β
〈u∞,c〉−β
‖(I−P )c‖2 , 〈u∞, c〉 > β

�))� �& c �∈ R(A∗A)� 3(%- u∗ = u∞ − γ∗(I − P )c� 6(%1%

γ∗ =

{
0, 〈u∞, c〉 ≤ β .1 (I − P )c = 0
〈u,∞,c〉−β
‖(I−P )c‖2 , 〈u∞, c〉 > β !-$ (I − P )c �= 0

�C 1> 1@@B?H9=1D9?> ?6 D85 C?<ED9?> ?6 D85 @B?2<5= ��� ?>5 31> D1;5 D85

5<5=5>D

uα = gα(A∗
µAµ)(A∗

µAµfδ − λαcσ)

G85B5

λα =

{
0, 〈wα, cσ〉 ≤ β

〈wα,cσ〉−β
〈gα(A∗

µAµ)cσ ,cσ〉 , 〈wα, cσ〉 > β

1>4 wα = gα(A∗
µAµ)A∗

µfδ� 9C D85 C?<ED9?> ?6 D85 5HDB5=1< @B?2<5= Tα(u) →
inf, u ∈ H
 *85 5<5=5>D uα C1D9C�5C D85 5AE1<9D95C

T ′
α(uα) + λαcσ = 0

λα(〈cσ, uα〉 − β) = 0.

*85B56?B5� 2I F9BDE5 ?6 "E8>	*E3;5B D85?B5=� G5 454E35 D81D uα 9C D85 C?<ED9?>

?6 D85 6?<<?G9>7 5HDB5=1< @B?2<5=

Tα(u) → inf, u ∈ Uσ = {u ∈ H : 〈cσ, u〉 ≤ β}.

	��� %$*�'��$�� �$� '�)� %� �%$*�'��$���

� �%'�# 	��� �%3 cσ, c ∈ H, f, fδ ∈ F,A, Aµ ∈ L(H,F )� !1% 24#( 3(!3

‖A − Aµ‖ ≤ µ, ‖Aµ‖2 ≤ a, ‖f − fδ‖ ≤ δ, ‖c − cσ‖ ≤ σ.

224,% 3(!3 3(% 2823%, .& 3(% &4-#3).-2 {gα} 2!3)2�%2 3(% #.-$)3).-2 ��	����
��
�& 3(% /!1!,%3%1 α = α(µ, δ, σ) )2 #(.2%- 24#( 3(!3

α(µ, δ, σ) → 0,
µ + δ2 + σ

α(µ, δ, σ)
→ 0 (µ, δ, σ → 0)

Wellposedness and regularization of minimizing sequences in quadratic…



196
�� �� ��!�����!� �� ����! ��� 	� 	�������!

3(%-

uα(µ,δ,σ) → u∗ (µ, δ, σ → 0) ���

�&� )- !$$)3).-� 3(% %+%,%-32 u∞ !-$ Pc #!- "% 1%/1%2%-3%$ )- 3(% &.1,

u∞ = (A∗A)pv, Pc = (A∗A)q+1w, v, w ∈ H, 0 < p, q ≤ p0 ����

3(%- &.1

α = d(µ + δ + σ)min{ 1
p+1

, 1
q+1

, 1
2
}, d ≡ #.-23 > 0 ����

3(% &.++.6)-' )-%04!+)38 )2 5!+)$

‖u∗ − uα‖ ≤ dp(µ + δ + σ)min{ p
p+1

, q
q+1

, 1
2
}. ����

�'%%�� )E@@?C5 D81D (I − P )c = 0 1>4 c �∈ R(A∗A). *85> 〈u∞, c〉 ≤ β�

9
5
 u∗ = u∞
 #5D EC 45>?D5 2I vα D85 C?<ED9?> ?6 D85 5HDB5=1< @B?2<5=

Tα(u) → inf, u ∈ U. #5D EC 5CD9=1D5 D85 F1<E5 ‖ vα − uα ‖ . *85 5<5=5>D vα 9C

45D5B=9>54 2I

vα = gα(A∗
µAµ)(A∗

µfδ − sαc)

G85B5

sα =

{
0, 〈wα, c〉 ≤ β

〈wα,c〉−β
〈gα(A∗

µAµ)c,c〉, 〈wα, c〉 > β

�5>35

g−1
α (A∗

µAµ)vα − A∗
µfδ + sαc = 0 ����

sα(〈vα, c〉 − β) = 0 ����

g−1
α (A∗

µAµ)uα − A∗
µfδ + λαcσ = 0 ����

λα(〈uα, cσ〈−β) = 0 ����

+C9>7 D85 5AE1<9D95C ���	��� 1>4 D1;9>7 9>D? 133?E>D D85 @B?@5BD95C ?6 D85

6E>3D9?>C gα G5 ?2D19> D85 6?<<?G9>7 9>5AE1<9DI

‖ vα − uα ‖≤ k
σ

α

$E<D9@<I9>7 D85 5AE1<9D95C

vα − u∗ = wα − u∞ − sαgα(A∗
µAµ)c
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2I gα(A∗
µAµ)−1(vα − u∗) 1>4 EC9>7 1719> D85 @B?@5BD95C ?6 D85 6E>3D9?>C Gα,

G5 81F5

βα ‖ vα − u∗ ‖2≤‖ Aµ(wα − u∞) ‖2 +βα ‖ wα − u∞ ‖2 .

�?=29>9>7 D85C5 9>5AE1<9D95C G5 ?2D19>

‖ uα − u∗ ‖≤‖ uα − vα ‖ + ‖ vα − u∗ ‖≤
1√
αβ

‖ Aµ(wα − u∞) ‖ + ‖ wα − u∞ ‖ +k
σ

α
.

 D 6?<<?GC 6B?= ���� 1>4 ��� D81D uα(µ,δ,σ D5>4 D? u∗ G85> µ, δ, σ → 0.
#5D EC 3?>C945B D85 31C5 c ∈ R(A∗A)
 *85> D85 3?>F5B75>35 ���� 6?<<?GC

6B?= D85 5AE1<9DI

uα − u∞ = wα − u∞ +
〈u∞, c〉 − β

‖ Ah ‖2
h − 〈wα, cσ) − β

〈gα(A∗
µAµ)cσ, cσ〉gα(A∗

µAµ)cσ,

#5==1 �
�
 �99� 1>4 ���


�9>1<<I� <5D (I −P )c �= 0. *85> D85 3?>F5B75>35 ��� =1I 25 45B9F54 1C D85

3?>C5AE5>35 ?6 D85 5AE1<9DI

uα − u∞ = wα − u∞ +
〈u∞, c〉 − β

‖(I − P )c‖2
(I − P )c−

〈wα, cσ) − β

〈αβgα(A∗
µAµ)cσ, cσ〉αβgα(A∗

µAµ)cσ,

#5==1 �
�
 �9� 1>4 D85 B5<1D9?> ���


 D B5=19>C D? @B?F5 D85 9>5AE1<9DI ����� E>45B D85 1449D9?>1< 1CCE=@D9?>C
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