
V. Jaćimović
Department of Mathematics, University of Montenegro, Podgorica, Montenegro

Sub-Riemannian geometry, control systems  
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$5DM 25 1 C=??D8 >
49=5>C9?>1< =1>96?<4 1>4 A =
∑

ij aij(x)∂xi
∂xj

C5=9


5<<9@D93 C53?>4 ?B45B ?@5B1D?B ?> MG9D8 D85 @B9>39@1< CI=2?< C5=9
@?C9D9F5

C=??D8 AE14B1D93 6?B= a(x, ξ). *E2
)95=1>>91> CDBE3DEB5 9C $575>4B5 DB1>C

6?B= ?6 D85 AE14B1D93 6?B= a(x, ξ) ?> 3?D1>75>D 2E>4<5 T ∗

xM :

1

2
g(x, v) = sup

ξ∈T ∗
x M(v,ξ)− 1

2
a(x

, ξ) (1)

+85B56?B5	 g = a∗
1>4 a = g ∗ .

!>4554	 45>?D5 2I gx D85 B5CDB93D9?> ?6 g D? TxM 1>4 9>DB?4E35 D85 <9>51B

=1@ ax : T ∗
xM �→ TxM 1CC?391D54 G9D8 D85 AE14B1D93 6?B= a(x). +85> gx 9C

1 @?C9D9F5 45�>9D5 AE14B1D93 6?B= ?> Fx = Im αx = (Ker αx)
⊥
�1>4 5AE1< D?

+∞ ?EDC945 Fx.� �*55	 6?B 9>CD1>35	 /�0��

!6 ?@5B1D?B � 31> 25 GB9DD5> 1C� A =
∑m

i=1 V 2
i 	 D85> a(x, ξ) =∑m

i=1〈Vi(x), ξ〉2 1>4 g(x, v), ?2D19>54 6B?= a(x, ξ) 2I $575>4B5 DB1>C6?B= 9C

D85 CE2
)95=1>>91> =5DB93C 1DD13854 D? F53D?B �5<4C V1, . . . , Vm.
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�	��� �� �������� ����������� �/2 4)& /0&2"4/2 A 7*4) 4)& 02*.$*0",

39-#/, a 4)& �35-3 /' 315"2&3� )90/4)&3*3 "33&243 4)"4 A $". #& 72*44&. "3�

A =
m∑

i=1

V 2
i + W”eqno(2)

7*4) 3-//4) V1, . . . , Vm,W.

!> 3??B49>1D5 D5B=C	 45>?D9>7 2I a(x) = (aij(x)) D85 =1DB9H ?6 D85
AE14B1D93 6?B= a(x, ξ) D85 8I@?D85C9C 9C 5AE9F1<5>D D? D85 5H9CD5>35 ?6 1 n×m
=1DB9H V (x) = (Vij(x)), i = l, m, j = 1, n, 45@5>49>7 C=??D8<I ?> x, CE38 D81D�

a(x) = V (x)T V (x). (3)

*E38 =1DB9H V (x) 4?5C >?D 1<G1IC 5H9CD /��0�  ?G5F5B	 96 D85 rank a(x) 9C
3?>CD1>D	 453?=@?C9D9?> ��� 5H9CDC 1D <51CD <?31<<I�

�C G5 31> C55	 CE2
)95=1>>91> CDBE3DEB5C 1B5 $575>4B5 DB1>C6?B=C ?6 D8?C5

C5=9
5<<9@D93 ?@5B1D?BC D81D 31> 25 GB9DD5> 1C CE= ?6 CAE1B5C�

)531<<	 D81D D85 F53D?B �5<4C V1(x), . . . , Vm(x), 75>5B1D9>7 D85 CE2


)95=1>>91> CDBE3DEB5 C1D9C6I D85 6?<<?G9>7 C?
31<<54 �8?G 3?>49D9?> �?B

2B13;5D 75>5B1D9>7 3?>49D9?>��

4 &"$) 0/*.4 x ∈ M 6&$4/2 �&,%3 V1, . . . , Vm 4/(&4)&2 7*4) ",, 0/33*#,& �*&

#2"$+&43 /' ".9 /2%&2 [Vi, Vj], [Vi, [Vj, Vk]], . . . 30". 4)& 7)/,& 30"$& T ∗
xM.

�5>?D5 2I D 49CDB92ED9?> �?B	 9> 75>5B1< 31C5	 49�5B5>D91< CICD5=�	 75>5B


1D54 2I F53D?B �5<4C V1, . . . , Vm 9�5�

Dx = Lin{V1(x), . . . , Vm(x), [Vi, Vj](x), [Vi, [Vj, Vk]](x), . . . .

�2C?<ED5<I 3?>D9>E?EC 3EBF5 x(t) 9C 14=9CC92<5	 96 9D 8?B9J?>D1< D? 49CDB92ED9?>
D, 9�5� ẋ(t) ∈ Sx(t). �1=?EC �8?G
)1C85FC;9 D85?B5= /�0	 /��0 CD1D5C D81D E>45B
�8?G 3?>49D9?> 1>I DG? @?9>DC 25<?>79>7 D? M31> 25 :?9>54 2I 14=9CC92<5

3EBF5� +85B56?B5	 E>45B �8?G 3?>49D9?>	 CE2
)95=1>>91> CDBE3DEB5 31> 25

9>DB?4E354 2I 45�>9>7 D85 49CD1>35 25DG55> DG? @?9>DC x, y ∈ M 1C 1> 9>�=E=

<5>7D8 1=?>7 1<< 14=9CC92<5 3EBF5C :?9>9>7 x 1>4 y.
&?D5 D81D 9> 31C5 D81D V1, . . . , Vm 1B5 5>?E78 D? C@1> T ∗M G5 81F5 D85

)95=1>>91> CDBE3DEB5 1>4 D89C 9C 5H13D<I 31C5 G85> ?@5B1D?B A 9C E>96?B=<I

5<<9@D93�

.5 31> C55 D81D 9> CE2
)95=1>>91> 31C5 D85B5 5H9CDC 1>1<?7E5 ?6  ?@6


)9>?G D85?B5= 1>4 9D 9C 31<<54 �8?G
)1C85FC;9 D85?B5=� *D9<<	 D85B5 1B5 5C


C5>D91< 49�5B5>35C 25DG55> D85 DG? 75?=5DB95C 1>4 ?>5 ?6 D85= 9C 5H9CD5>35
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?6 C9>7E<1B9D95C 9> D85 C@135 ?6 14=9CC92<5 @1D8C :?9>9>7 DG? �H54 @?9>DC� !>

?D85B G?B4C	 C8?BD5CD 75?45C95C G9D8 B5C@53D D? CE2
)95=1>>91> =5DB93C =1I

>?D 25 @B?:53D9?>C ?6 1>I C?<ED9?> ?6 31>?>931< CICD5= ?6  1=9<D?> 5AE1D9?>C�

�5?45C93C	 D81D >?D ?25I  1=9<D?> 5AE1D9?>C 9> 49�5B5>D91< 75?=5DBI 1B5 31<<54

12>?B=1<� �H9CD5>35 ?6 12>?B=1< CE2
)95=1>>91> 75?45C93C 81C 255> AE5C


D9?>54 9> =1>I @1@5BC 1>4 ?><I 9> /�0	 /��0 5H1=@<5C ?6 12>?B=1< 75?45C93C

81F5 255> 45=?>CDB1D54�

�� ������� �������

'>5 ?6 @?CC92<5 =51>C D? CDE4I CE2
)95=1>>91> CDBE3DEB5 1B5 3?>DB?<<54

CICD5=C� &1=5<I	 G5 31> 5H1=9>5 D85 6?<<?G9>7 CICD5=�

ẋ =
m∑

i=1

uiVi(x), x(0) = a, x(1) = b. (4)

�?>C945B 14=9CC92<5 @19B (x0, u0) ?6 D85 CICD5= ���� �CCE=5 D81D 3?>DB?< u0
9C

@9535G9C5 C=??D8 1D [0, 1]. .5 1<C? =1I 1CCE=5 D81D u0 ≡ 0, 1>4 ?2D19> D85
>5G 3?>DB?<<54 CICD5=�

ẋ = V0(t, x) +
m∑

i=1

uiVi(x), x(0) = a, x(1) = b. (5)

 5B5	 D85 V0(t, x) 9C @9535G9C5 C=??D8 F53D?B �5<4	 25<?>79>7 D? 49�5B5>D91<
CICD5= D 1>4 259>7 D1>75>D D? DB1:53D?BI x0(t). !> D89C 61C89?> D85 @B?2<5=
?6 CE2
)95=1>>91> 75?=5DBI 31> 25 F95G54 1C D85 @B?2<5= ?6 =9>9=9J1D9?> ?6

9>D57B1<� ∫ 1

0

φ(x, u)dt

1D D85 DB1:53D?B95C ?6 D85 CICD5= ����

!>DB?4E35 D85 81=9<D?>91> ?6 D85 CICD5= ����

H(t, x, u, ψ, λ0) = λ0φ(x, u) + 〈ψ, V0(t, x) +
m∑

i=1

uiVi(x)〉.

�9BCD ?B45B >535CC1BI ?@D9=1<9DI 3?>49D9?>C CD1D5 D81D 96 14=9CC92<5 @B?35CC 9C

?@D9=1< D85 6?<<?G9>7 3?>49D9?> 8?<4C�

∂H

∂u
(t, x0(t), u0(t), ψ(t), λ0) = 0, ∀̇t, (6)

Sub-Riemannian geometry, control systems and stochastic flows
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6?B C?=5 λ0 ∈ {0, 1} 1>4 n−49=5>C9?>1< F53D?B 6E>3D9?> ψ(t), 259>7 D85 C?<E

D9?> D? 14:?9>D 5AE1D9?>�

ψ̇(t) = −∂H

∂u
(t, x0(t), u0(t), ψ(t), λ0) = 0, ψ(0) = y1, ψ(1) = −y2. (7)

�5>?D5 2I Φ D85 6E>41=5>D1< =1DB9H ?6 �BCD F1B91D9?> CICD5= 6?B ���	 9�5�

C?<ED9?> ?6 8?=?75>?EC CICD5=�

d

dt
Φ = Φ

(
∂V0(t, x

0(t))

∂x
+

m∑
i=1

u0
i

∂Vi(x
0(t))

∂x

)
, Φ(0) = I, (8)

G85B5 I 9C 945>D9DI =1DB9H� !>DB?4E35 D85 3?>DB?<<129<9DI =1DB9H�

Z = Φ(1)T

∫ 1

0

Φ−1(t)T V (x0)T V (x0)T Φ−1(t)dtΦ−1(1).

+85 3?>49D9?> dimKer Z = 0 9C 5AE9F1<5>D D? 3?>DB?<<129<9DI ?6 �BCD F1B91

D9?> CICD5= 6?B ��� 1>4 >?B=1<9DI ?6 5HDB5=1< @B?35CC (x0, u0).
!> 3?>DB?< D85?BI D85 6?<<?G9>7 D85?B5= 9C ;>?G> �C55 /�0��


������ �� 335-& 4)"4 "#./2-", &842&-", (x0, u0) /' 4)& 3934&- �	� *3

/04*-",� �)&.�

∂

∂ui

d

dt

∂H

∂u
(t, x0(t), u0(t), ψ(t), λ0) = 0 (9)

7)&2& ψ(t) *3 "("*. 4)& 3/,54*/. /' �
��

)56?B=E<1D54 9> $95 2B13;5DC D5B=C	 D85 5AE1D9?> ���	 D?75D85B G9D8 D85

�BCD ?B45B >535CC1BI ?@D9=1<9DI 3?>49D9?>C	 9=@<95C D81D F53D?B �5<4C Vi(x); i =
1,m D?75D85B G9D8 D859B �BCD ?B45B $95 2B13;5DC �9�5� 2B13;5DC ?6 D85 6?B=

[Vi, Vj], 1 ≤ i, j ≤ m) 4? >?D 6?B= B1>; n CICD5= 1D 1>I @?9>D x. +85B56?B5	
D85 �?8 3?>49D9?> �D?75D85B G9D8 D85 �BCD ?B45B ?@D9=1<9DI 3?>49D9?>C� DEB>C

?ED D? 25 B56?B=E<1D9?> ?6 D85 ;>?G> 9> �9�5B5>D91< �5?=5DBI CD1D5=5>D /�0	

/�0 D81D 12>?B=1< 75?45C93C <1I 5>D9B5<I 9> D85 C5D ?6 @?9>DC H G85B5 D85

49CDB92ED9?> D 619<C D? 25 CDB?>7 2B13;5D 75>5B1D9>7�

��� ��#$"��%$� � D �# #��� $ �� #$" �� �"����$ ����"�$��� �$ x �� � " ��( i = 1
dots,m $�� #!��� Lin{V1(x), . . . , Vm(x), [V1; Vi](x), . . . [V m, Vi](x)} �# $�� '� �� $�����$

#!��� �$ x. 
�  "��" ' "�#� $�� ��#$"��%$� � �# #$" �� �"����$ ����"�$���� �� &��$ " ����#

$ ��$��" '�$� $���" �"#$  "��" ��� �"����$# �� �� �"� �� %�� $ #!�� $�� '� �� $�����$

#!���� 
� !�"$��%��"� $�� ��#$"��%$� �� � ""�#! ����� $ � �$��$ #$"%�$%"� ��� �# #$" �� �"����$

����"�$��� �
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�?>C945B D85 F53D?B CD?381CD93 49�5B5>D91< 5AE1D9?> 9> *DB1D?>?F938 6?B=�

Xx0
t = x0 +

∫ t

0

V0(X
x0
t )ds +

m∑
i=1

∫ t

0

Vi(X
x0
t ) ◦ dWs, t ∈ [0, 1], (10)

G85B5 x0 ∈ Rn, Wt 9C 1 m−49=5>C9?>1< �B?G>91> =?D9?>	 V (x) = [Vij(x)] 9C
1 n×m =1DB9H 1>4 V0(x) 9C F53D?B 9> Rn

G9D8 3?=@?>5>DC V k
0 (x). .5 1CCE=5

D81D 6?B 1<< i = 1, . . . , n, j = 0, . . . , m D85 6E>3D9?>C Vij 1B5 CE�395>D<I C=??D8�

�?>C945B D85 9>�>9D5C9=1< 75>5B1D?B ?6 ����

Au =
n∑

i=1

∂

∂xi

(
n∑

j=1

aij(x)
∂u

∂xj

)
−

n∑
i=1

∂(V i
0 (x)u)

∂xi

, (11)

G85B5 aij(x) = 1
2

∑m
k=1 V i

k (x)V j
k (x).

��������� ��  %*�&2&.4*", /0&2"4/2  %&�.&% /. ". /0&. 3&4 O ⊂ Rn
*3

$",,&% )90/&,,*04*$ *'� 7)&.&6&2 u *3 " %*342*#54*/. /. O� u *3 " 3-//4) '5.$4*/.
/. ".9 /0&. 3&4 Õ ⊂ O /. 7)*$) Au *3 3-//4)�

!> (�� D85?BI D85 �8?G 3?>49D9?> 9C ;>?G> 1C  ?�?B=1>45B 3?>49D9?>�

&1=5<I�

��������� �� !& 7*,, 3"9 4)"4 %*�&2&.4*", 3934&- V1, . . . , Vm 3"4*3�&3 4)&

�/�/2-".%&2 $/.%*4*/.� *' '/2 &6&29 x ∈ Rn
6&$4/23

V1(x) . . . , Vm(x), [V i, Vj](x)0≤i,j≤m, [Vi, [Vj, Vk]](x)0≤i,j,k≤m, . . . ,

30". 4)& 30"$& Rn.


������ �� � ?�?B=1>45B /�0�335-& 4)"4 4)& 3934&- V1 . . . , Vm 3"4*3�&3

�/�/2-".%&2 $/.%*4*/.� �)&. 4)& /0&2"4/2 A =
∑m

i=1 V 2
i *3 )90/&,,*04*$�

&?D5 D81D D89C 9C 1<C? >535CC1BI 3?>49D9?> 96 Vi�C 1B5 G9D8 1>1<ID93 3?5�


395>DC� *D9<<	 1C C8?G> 9> /��0 9D 9C @?CC92<5 D? ?2D19> 8I@?5<<9@D939DI 1<C? 6?B

C53?>4 ?B45B 49�5B5>D91< ?@5B1D?BC D81D 31> >?D 25 GB9DD5> 1C CE=C ?6 CAE1B5C�

+85  ?�?B=1>45B D85?B5= 81C 255> @B?F5> 9> /%1<<91F9>0 2I EC9>7 @B?2


129<9CD93 D??<C� !> ?B45B D? B5@B?F5 D85  ?�?B=1>45B D85?B5= %1<<91F9> 9>DB?


4E354 3?F1B91>35 =1DB9H�

Γ = JT
0→1

∫ 1

0

J−1T
0→1V (Xt)

T J−1
0→1dtJ0→1, (12)
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G85B5 (J0→t)t≥0 9C D85 �BCD F1B91D9?> @B?35CC 45�>54 2I�

J0→t = ∂Xx
t ∂x,

1>4 V 45>?D5C D85 n × m =1DB9H (V1, . . . , Vm).
!> /�0 9D 9C C8?G> D81D E>45B  

�

B=1>45B 3?>49D9?> D85 3?F1B91>35 =1DB9H

Γ 9C 9>F5BD92<5 1<=?CD CEB5<I	 G8938 7E1B1>D55C 5H9CD5>35 ?6 C=??D8 DB1>C9D9?>
45>C9D95C 6?B D85 B1>4?= F1B912<5 Xx0

1 1>4 8I@?5<<9@D939DI ?6 ?@5B1D?B A.
+85 C@5391< 31C5 ?6  �?B=1>45B D85?B5=	 G85> V1, . . . , Vm 1B5 1<?>5 5>?E78

D? C@1> Rn
81C 255> ?2D19>54 2I  5B=1>> .5I<� +89C 9C 5H13D<I D85 31C5

G85> A 9C 5<<9@D93	 G8938 <514C D? )95=1>>91> 75?=5DBI�

�� ���������

�B?= /��0 G5 31> C55 D81D CE2
)95=1>>91> 75?=5DBI 9C >?D 5H13D<I 1CC?


391D54 G9D8 1<< 8I@?5<<9@D93 ?@5B1D?BC� !>CD514	 D85 CE2
)95=1>>91> 75?=5DBI

9C >1DEB1<<I 1CC?391D54 G9D8 !D? 49�EC9?>C 45C3B9254 2I CD?381CD93 49�5B5>D91<

5AE1D9?>C ?4 D85 DI@5 ���� +85 9>�>9D5C9=1< 75>5B1D?BC ?6 !D? 49�EC9?>C 1B5

5H13D<I 8I@?5<<9@D93 D81D 31> 25 GB9DD5> 1C CE=C ?6 CAE1B5C� *E2
)95=1>>91>

CDBE3DEB5C 1B9C5 1C $575>4B5 DB1>C6?B=C ?6 D85C5 ?@5B1D?BC� �?B =?B5 45D19<C

C55 /�0� +85 71@ 25DG55>  �?B=1>45B 3?>49D9?> 1>4 8I@?5<<9@D939DI 9C @B539C5<I

45C3B9254 9> @B?2129<9CD93 D5B=C 9> /�0�

�2>?B=1< @1D8C 1B5 9>F5CD971D54 9> CE2
)95=1>>91> 75?=5DBI 1>4 �5?


=5DB93 3?>DB?< D85?BI C9>35 D85 CICD5= 31> 5H1=9>5 F1B9?EC 9>D5B5CD9>7 @85


>?=5>1 9> D859B >59782?B8??4� !> /�0 9D 9C C8?G> D81D CE38 12>?B=1< @1D8

31> 25 �B9794� 9> D85 C5>C5 9D 9C 9C?<1D54 @?9>D 9> D85 C@135 ?6 1<< 14=9CC92<5

@1D8C 9> �� =5DB93C�  ?G5F5B	 1C @B?F5> 9> /�0 E>45B  ?B=1>45B 3?>49D9?> D85

3?F1B91>35 =1DB9H 9C 9>F5BD92<5 1<=?CD CEB5<I	 G8938 9=@<95C D81D B9794 @1D8C 9>

CE2
)95=1>>91> 75?=5DBI 1B5 1<=?CD 9=@?CC92<5 �9> D85 C5>C5 ?6 @B?2129<9DI��

.89<5 12>?B=1< @1D8C =1I 1@@51B 9> CE2
)95=1>>91> 75?=5DBI	 D85I 4?

>?D 5H9CD 9> 1D <51CD DG? 31C5C� 5<<9@D93 31C5 �G85> D85 F53D?B �5<4C 1<?>5 1B5

5>?E78 D? C@1> D85 G8?<5 C@135 
 )95=1>>91> 75?=5DBI� 1>4 D85 CDB?>7 2B13;5D

75>5B1D9>7 31C5 �G85> F53D?B �5<4C D?75D85B G9D8 D859B �BCD ?B45B $95 2B13;5DC

?><I 1B5 5>?E78 D? C@1> D85 G8?<5 C@135 
 3?>D13D 75?=5DBI��

	��������

/�0  � �� 2./,�%� %1D8=1931< =5D8?4C ?6 3<1CC931< =5381>93C	 *@B9>75B
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