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Proving maximum principles using tent method*
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1> 5AE9F1<5>D
 2ED C<978D<I 49�5B5>D 6?B= D81> D8?C5 9>DB?4E354 2I �?<DI1>C;9�

� >5G @B??6 ?6 D85 =19> D85?B5= 9> D5>D D85?BI
 C8?BD5B 1>4 C9=@<5B D81>

D8?C5 9> /�0 1>4 /�0
 9C 79F5>� !> D89C @B??6 G5 EC5 ?><I �B?EG5B�C �H54 @?9>D

D85?B5=
 G89<5 9> D85 ?<4 @B??6C 1 =E38 =?B5 3?=@<931D54 D?@?<?7931< D??< G1C

EC54�

!> (53D9?> � G5 1@@<I D85 D5>D =5D8?4 D? @B?F5 =1H9=E= @B9>39@<5 6?B

D85 ?@D9=1< 3?>DB?< @B?2<5= G9D8 D85 3<1CC ?6 @9535G9C5 3?>D9>E?EC 3?>DB?<C�

$1I5B� C @B?2<5= 9C 3?>C945B54� (9>35 �?<J1�C @B?2<5= 31> 25 B54E354 D?

$1I5B�C @B?2<5=
 D85 ?2D19>54 B5CE<D 9C ?6 75>5B1< >1DEB5�

!> 89C =?B5 B535>D G?B;C �C55 /�0 1>4 /�0	
 �?<DI1>C;9 =?49�54 D85 D5>D

D85?BI 9> ?B45B D? ?2D19> 1 =5D8?4 6?B C?<F9>7 5HDB5=1< @B?2<5=C 9> D85 9>�>9D5

49=5>C9?>1< 31C5�  ?G5F5B
 ?EB 5H@5B95>35 9> 1@@<931D9?>C ?6 D85 �?<4� �>9D5

49=5>C9?>1< D5>D D85?BI 9> @B?F9>7 49�5B5>D =1H9=E= @B9>39@<5C 9C 1 F5BI

C1D9C613D?BI ?>5� )89C 9C D85 B51C?> G8I G5 3?>35>DB1D5 ?EB 1DD5>D9?> ?> 9D�

�� ����� � �������� �� � ��� �! ���

#5D C 25 1 3?>F5H C5D 9> �E3<9451> C@135 X� )85 1�>5 8E<< ?6 1 C5D C 9C

D85 C=1<<5CD �1D
 9> D85 9>3<EC9?> C5>C5
 9> G8938 C 9C 3?>D19>54� !D 9C 45>?D54

2I aff C� )85 B5<1D9F5 9>D5B9?B ?6 1 C5D C 9C 45�>54 2I

ri C = intaff C C.

������� ���� � � *�$�,!.� !&,�*!'* '� � �'&.�0 +�, C !& -�$!���& +(���

X !+ � �'&.�0 &'&�%(,1 +�,�

������ )85 3?>F5H9DI ?6 D85 C5D ri C 6?<<?GC 6B?= D85 613D D81D D85 9>D5B9?B

?6 1 3?>F5H C5D 9C 3?>F5H D??� #5D a0 ∈ C 1>4 <5D a1−a0, a2−a0, . . . , as−a0 25

D85 =1H9=1< CE2C5D ?6 <9>51B<I 9>45@5>45>D F53D?BC ?6 D85 C5D C−a0� � C9=@<5H

S G9D8 F5BD935C 1D @?9>DC a0, a1, a2, . . . , as 9C 1 CE2C5D ?6 C 1>4 ?2F9?EC<I 9D 81C

1 >?>5=@DI 9>D5B9?B G9D8 B5C@53D D? aff C� !D 6?<<?GC D81D ri C �= ∅�

)85 9==5491D5 3?>C5AE5>35 ?6 D85 @B53549>7 D85?B5= 9C
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��!��� ��#�� � ����������  ���� ���� ������ ���

������� ���� ��, C �� � �'&.�0 +�, !& -�$!���& +(��� X� � �&

ri C = coreaff C C.

!D 6?<<?GC D81D a ∈ ri C 96 1>4 ?><I 96 5F5BI <9>5 l
 3?>D19>9>7 D85 @?9>D a
1>4 81F9>7 1D <51CD ?>5 =?B5 3?==?> @?9>D G9D8 D85 C5D C, 3?>D19>C 1> ?@5>
C57=5>D s
 CE38 D81D a ∈ s ⊆ C�

������� ���� ��, Ci� i = 1, 2, . . . , m� �� �'&.�0 +�,+ !& -�$!���& +(���

X� ��

m⋂
i=1

ri Ci �= ∅,

, �&

1	 aff
m⋂

i=1

Ci =
m⋂

i=1

aff Ci�

2	 ri
m⋂

i=1

Ci =
m⋂

i=1

ri Ci�

������ �B?=

⋂m
i=1 Ci ⊆

⋂m
i=1 aff Ci 9D 6?<<?GC D81D

aff
m⋂

i=1

Ci ⊆
m⋂

i=1

aff Ci.

(E@@?C5 x ∈ ⋂m
i=1 ri Ci� #5D l 25 1 <9>5 C1D9C6I9>7 D85 3?>49D9?> x ∈ l ⊆⋂m

i=1 aff Ci� )85B5 5H9CD ?@5> C57=5>DC si ⊆ l
 i = 1, 2, . . . m
 CE38 D81D x ∈
si ⊆ Ci� )85> s =

⋂m
i=1 si 9C 1> ?@5> C57=5>D ?> D85 <9>5 l C1D9C6I9>7 x ∈ s ⊆⋂m

i=1 Ci� !D 6?<<?GC D81D l ⊆ aff
⋂m

i=1 Ci� (9>35
⋂m

i=1 aff Ci 9C D85 E>9?> ?6 <9>5C

<1I9>7 9> 9D 1>4 @1CC9>7 D8B?E78 x
 D85>

aff
m⋂

i=1

Ci ⊇
m⋂

i=1

aff Ci.

)8EC D85 @B??6 ?6 1	 9C 3?=@<5D54� �B?= @B5F9?EC 3?>C945B1D9?>C 9D 1<C? 6?<<?GC

D81D x ∈ ri
⋂m

i=1 Ci
 1>4 C9>35 x 9C 1> 1B29DB1BI @?9>D 6B?=
⋂m

i=1 ri Ci
 D85>

ri
m⋂

i=1

Ci ⊇
m⋂

i=1

ri Ci.
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#5D a ∈ ⋂m
i=1 ri Ci� �?B x ∈ ri

⋂m
i=1 Ci D85B5 5H9CDC 1 @?9>D u ∈ ⋂m

i=1 Ci CE38

D81D x ∈ [a, u)� (9>35 a ∈ ri Ci 1>4 u ∈ Ci D85> x ∈ ri Ci
 i = 1, 2, . . . , m
 1>4
D85B56?B5 x ∈ ⋂m

i=1 ri Ci� !D 6?<<?GC D81D

ri
m⋂

i=1

Ci ⊆
m⋂

i=1

ri Ci.

)85 @B??6 ?6 2	 9C 3?=@<5D54�

������� ���� ��, X �&� Y �� -�$!���& +(���+� $�, A ∈ L(X; Y ) �&� $�,

C �� � �'&.�0 +�, !& X� � �&

1	 aff AC = A aff C�

2	 ri AC = A ri C�

������ �B?= AC ⊆ A aff C 96 6?<<?GC D81D

aff AC ⊆ A aff C.

(E@@?C5 x ∈ ri C
 y = Ax� #5D q 25 1 <9>5 9> Y C1D9C6I9>7 D85 3?>49D9?>

y ∈ q ⊆ A aff C� )85> D85B5 5H9CDC 1 <9>5 p 9> X CE38 D81D x ∈ p ⊆ aff C 1>4

Ap = q� &> D85 <9>5 p D85B5 5H9CDC 1> ?@5> C57=5>D s CE38 D81D x ∈ s ⊆ C�
)85 ?@5> C57=5>D As ?> D85 <9>5 q C1D9C�5C y ∈ As ⊆ AC� !D 6?<<?GC D81D
q ⊆ aff AC� (9>35 A aff C 9C D85 E>9?> ?6 <9>5C <1I9>7 9> 9D 1>4 @1CC9>7 D8B?E78

y
 D85>
aff AC ⊇ A aff C.

)8EC D85 @B??6 ?6 1	 9C 3?=@<5D54� �B?= @B5F9?EC 3?>C945B1D9?>C 9D 1<C? 6?<<?GC

D81D y ∈ ri AC
 1>4 C9>35 y 9C 1> 1B29DB1BI @?9>D 6B?= A ri C
 D85>

ri AC ⊇ A ri C.

#5D a ∈ ri C
 b = Aa ∈ AC� (E@@?C5 y ∈ ri AC� )85> D85B5 5H9CDC 1 @?9>D
v ∈ AC CE38 D81D y ∈ [b, v)� #5D u ∈ C 25 1 @?9>D G8938 C1D9C�5C D85 3?>49D9?>

Au = v� (9>35 A[a, u) = [b, v)
 D85> D85B5 5H9CDC 1 @?9>D x ∈ [a, u) 6?B G8938
Ax = y� (9>35 a ∈ ri C 1>4 u ∈ C
 D85> x ∈ ri C
 1>4 D85B56?B5 y ∈ A ri C� !D
6?<<?GC D81D

ri AC ⊆ A ri C.

)85 @B??6 ?6 2	 9C 3?=@<5D54�

������� ���� ��, X �&� Y �� -�$!���& +(���+� $�, A ∈ L(X; Y ) �&� $�,

C �� � �'&.�0 +�, !& Y � �� , � '(�*�,'* A !+ +-*"��,!.�� , �&

1	 aff A−1C = A−1 aff C�

V. Janković
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��!��� ��#�� � ����������  ���� ���� ������ ���

2	 ri A−1C = A−1 ri C�

������ �B?= A−1C ⊆ A−1 aff C 9D 6?<<?GC D81D

aff A−1C ⊆ A−1 aff C.

(E@@?C5 x ∈ A−1 ri C
 y = Ax� #5D p 25 1 <9>5 9> X C1D9C6I9>7 D85 3?>49D9?>

x ∈ p ⊆ A−1 aff C� !6 Ap = {y}
 D85> ?2F9?EC<I p ⊆ A−1C� #5D Ap = q
 G85B5
q 9C 1 <9>5 9> Y � (9>35 y ∈ q ⊆ aff C 1>4 y ∈ riC
 D85> D85B5 5H9CDC 1> ?@5>
C57=5>D s ?> D85 <9>5 p CE38 D81D x ∈ s ⊆ A−1C �9�5� y ∈ As ⊆ C	� !D 6?<<?GC
�9> 2?D8 31C5C	 D81D p ⊆ aff A−1C� (9>35 A−1 aff C 9C D85 E>9?> ?6 <9>5C <1I9>7

9> 9D 1>4 @1CC9>7 D8B?E78 x
 D85>

aff A−1C ⊇ A−1 aff C.

)8EC D85 @B??6 ?6 1	 9C 3?=@<5D54� �B?= @B5F9?EC 3?>C945B1D9?>C 9D 1<C? 6?<<?GC

D81D x ∈ ri A−1C
 1>4 C9>35 x 9C 1> 1B29DB1BI @?9>D 6B?= A−1 ri C
 D85>

ri A−1C ⊇ A−1 ri C.

#5D a ∈ A−1 ri C� (E@@?C5 x ∈ ri A−1C� )85> D85B5 5H9CDC 1 @?9>D u ∈
A−1C CE38 D81D x ∈ [a, u)� (9>35 Ax ∈ [Aa,Au)
 Aa ∈ ri C 1>4 Au ∈ C
 D85>
Ax ∈ ri C
 9�5� x ∈ A−1 ri C� !D 6?<<?GC D81D

ri A−1C ⊆ A−1 ri C.

)85 @B??6 ?6 2	 9C 3?=@<5D54�

������� ���� ��, Xi �� -�$!���& +(���+ �&� $�, Ci ⊆ Xi �� �'&.�0 +�,+�

i = 1, 2, . . . , m� � �&

1	 aff
m∏

i=1

Ci =
m∏

i=1

aff Ci�

2	 ri
m∏

i=1

Ci =
m∏

i=1

ri Ci�

������ �33?B49>7 D? )85?B5=C ��� 1>4 ��� G5 81F5�

aff
m∏

i=1

Ci = aff
m⋂

i=1

P−1
i Ci =

m⋂
i=1

aff P−1
i Ci =

m⋂
i=1

P−1
i aff Ci =

m∏
i=1

aff Ci.

ri
m∏

i=1

Ci = ri
m⋂

i=1

P−1
i Ci =

m⋂
i=1

ri P−1
i Ci =

m⋂
i=1

P−1
i ri Ci =

m∏
i=1

ri Ci.

�Pi
 i = 1, 2, . . . ,m
 1B5 @B?:53D9?>C ?6 X1 × X2 × . . . × Xm ?>D? Xi�	

Proving maximum principles using tent method
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�� �����������" �� ��� �! ����

#5D Ci
 i = 1, 2, . . . , m
 25 3?>F5H C5DC 9> �E3<9451> C@135 X� )85C5 3?>F5H
C5DC 1B5 C194 D? 25 C5@1B12<5 96 D85B5 5H9CDC 1 8I@5B@<1>5 G8938 C5@1B1D5C ?>5

?6 D85 D85= 6B?= D85 9>D5BC53D9?> ?6 B5=19>9>7 ?>5C�

� �1D 9> 1 F53D?B C@135 9C 1 C5D ?2D19>54 2I DB1>C<1D9?> ?6 C?=5 CE2C@135�

)85 DB1>C<1D9?> 9C >?D E>9AE5
 2ED D85 CE2C@135 9C E>9AE5<I 45D5B=9>54� )89C

CE2C@135 9C 31<<54 D85 49B53D9?> ?6 D85 �1D�

������� ���� �'&.�0 +�,+ Ci� i = 1, 2, . . . , m� !& -�$!���& +(��� X �*�

&', +�(�*��$� !� �&� '&$1 !� , � �'$$'/!&� �'&�!,!'&+ �*� +�,!+���	

1	

m⋂
i=1

ri Ci �= ∅�

2	 Yi +
⋂

j �=i

Yj = X� i = 1, 2, . . . , m� / �*� Yi !+ , � �!*��,!'& '� , � ��&�

 -$$ '� , � +�, Ci� i = 1, 2, . . . , m�

������ #5D H 25 1 8I@5B@<1>5 G8938 C5@1B1D5C C5DC Cm 1>4

⋂m−1
i=1 Ci 1>4

<5D 1	 25 6E<�<<54� (9>35

ri Cm ∩ ri
m−1⋂
i=1

Ci = ri Cm ∩
m−1⋂
i=1

ri Ci =
m⋂

i=1

ri Ci �= ∅,

D85>

Cm ⊆ H,

m−1⋂
i=1

Ci ⊆ H,

1>4 D85B56?B5

aff Cm ⊆ H, aff
m−1⋂
i=1

Ci =
m−1⋂
i=1

aff Ci ⊆ H.

!D 6?<<?GC D81D

Ym +
m−1⋂
j=1

Yj �= X.

(E@@?C5 D81D D85 3?>49D9?> 1	 9C >?D C1D9C�54� #5D k 25 1 >1DEB1< >E=25B
C1D9C6I9>7

k−1⋂
i=1

ri Ci �= ∅,
k⋂

i=1

ri Ci = ∅.

V. Janković
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��!��� ��#�� � ����������  ���� ���� ������ ���

%?> 5=@DI 3?>F5H C5DC ri Ck 1>4 ri
⋂k−1

i=1 Ci =
⋂k−1

i=1 ri Ci 1B5 49C:?9>D 1>4 D85B5�

6?B5 D85B5 5H9CDC 1 8I@5B@<1>5 H C5@1B1D9>7 D85=� )85 8I@5B@<1>5 H C5@1B1D5C

Ck 1>4
⋂

i�=k Ci�

(E@@?C5 D81D D85 3?>49D9?> 1	 9C C1D9C�54 1>4 D81D

Ym +
m−1⋂
j=1

Yj �= X.

)85B5 5H9CDC 1 8I@5BCE2C@135 Y 3?>D19>9>7 Ym 1>4

⋂m−1
j=1 Yj� )85 8I@5B@<1>5

H
 G8938 9C @1B1<<5< D? Y 1>4 G8938 9>D5BC53DC

⋂m
j=1 Cj
 3?>D19>C aff Cm 1>4

aff
⋂m−1

i=1 Ci� )89C 8I@5B@<1>5 C5@1B1D5C C5DC Cm 1>4

⋂m−1
i=1 Ci�

���� ���� ��, Yi� i = 1, 2, . . . , m� �� +-�+(���+ '� -�$!���& +(��� X�

� � �'$$'/!&� �'&�!,!'&+ �*� �)-!.�$�&,	

1	 Yi +
⋂

j �=i

Yj = X� i = 1, 2, . . . ,m�

2	

m∑
i=1

⋂

j �=i

Yj = X�

3	

⋂
i

(xi + Yi)� �'* �&1 xi ∈ X� i = 1, 2, . . . , m�

4	 Y + Z = Xm
� / �*� Y =

m∏
i=1

Yi �&� Z = {(z, z, . . . , z) ∈ Xm | z ∈ X}�

������ ,5 C81<< @B?F5 2I 9>4E3D9?> ?> m D81D 1	 9=@<95C 2	� �?B m = 2,
D85 3?>49D9?>C 1	 1>4 2	 1B5 5AE1<� (E@@?C5 D81D D85 CD1D5=5>D 9C DBE5 6?B

C?=5 9>D575B m − 1
 m > 2� %?G G5 @B?F5 D81D D85 CD1D5=5>D 9C DBE5 6?B

m� (E@@?C5 D81D CE2C@135C Yi
 i = 1, 2, . . . , m
 ?6 �E3<9451> C@135 X C1D9C6I

3?>49D9?> 1	� (E2C@135C Zi = Yi ∩ Ym
 i = 1, 2, . . . , m − 1
 ?6 �E3<9451> C@135
Ym C1D9C6I 3?>49D9?> 1	�

Zi +
m−1⋂
j=1
j �=i

Zj = Yi ∩ Ym +
m−1⋂
j=1
j �=i

Yj ∩ Ym = Yi ∩ Ym +
m⋂

j=1
j �=i

Yj =

=


Yi +

m⋂
j=1
j �=i

Yj


 ∩ Ym = X ∩ Ym = Ym.

Proving maximum principles using tent method



116
��� � �����!���

�I 9>4E3D9?> 8I@?D85C9C G5 ?2D19>

m−1∑
i=1

m−1⋂
j=1
j �=i

Zj = Ym,

9�5�

m−1∑
i=1

m⋂
j=1
j �=i

Yj = Ym.

%?G G5 81F5

m∑
i=1

m⋂
j=1
j �=i

Yj =
m−1∑
i=1

m⋂
j=1
j �=i

Yj +
m−1⋂
j=1

Yj = Ym +
m−1⋂
j=1

Yj = X.

(E@@?C5 D81D 2	 9C 6E<�<<54� )81> G5 81F5

Yi +
⋂

j �=i

Yj ⊇
m∑

k=1
k �=i

⋂

j �=k

Yj +
⋂

j �=i

Yj =
m∑

k=1

⋂

j �=k

Yj = X,

G85B56B?= 9D 6?<<?GC D81D 1	 8?<4C�

(E@@?C5 D81D 1	 8?<4C� #5D xi ∈ X
 i = 1, 2, . . . , m� �138 F53D?B xi
 i =
1, 2, . . . , m
 31> 25 B5@B5C5>D54 1C xi = yi + zi
 G85B5 yi ∈ Yi 1>4 zi ∈

⋂
j �=i Yj�

'ED z = z1 + z2 + . . . + zm� )85> z − xi =
∑

j �=i zj − yi ∈ Yi
 1>4 D85B56?B5

z ∈ xi + Yi
 i = 1, 2, . . . , m� !D 6?<<?GC D81D 3	 9C 6E<�<<54�
(E@@?C5 D81D 3	 8?<4C� #5D x ∈ X� �B?= 3	 G5 ?2D19>

(x + Yi) ∩
⋂

j �=i

Yj �= ∅, i = 1, 2, . . . ,m.

!D 6?<<?GC D81D D85B5 5H9CD F53D?BC yi ∈ Yi 1>4 zi ∈
⋂

j �=i Yj CE38 D81D x+yi = zi�

(9>35 x = −yi + zi
 G5 81F5 D81D x ∈ Yi +
⋂

j �=i Yj� (?
 1	 9C 6E<�<<54�

(E@@?C5 D81D 3	 8?<4C� #5D (x1, x2, . . . , xm) ∈ Xm
� (9>35 D85 C5D

⋂
i(xi +Yi)

9C >?>5=@DI
 D85B5 5H9CDC z ∈ X CE38 D81D z ∈ xi+Yi
 i = 1, 2, . . . , m� !D 6?<<?GC
D81D xi 31> 25 B5@B5C5>D54 1C xi = yi+z
 G85B5 yi ∈ Yi
 6?B 5138 i = 1, 2, . . . , m�
)85B56?B5 (x1, x2, . . . , xm) = (y1, y2, . . . , ym) + (z, z, . . . , z) ∈ Y + Z� !D 6?<<?GC
D81D Y + Z = Xm


 9�5� D81D 4	 8?<4C�

(E@@?C5 D81D 4	 8?<4C� #5D xi ∈ X
 i = 1, 2, . . . , m� (9>35 (x1, x2, . . . , xm) ∈
Y + Z
 D85B5 5H9CD F53D?BC yi ∈ Yi
 i = 1, 2, . . . , m
 1>4 z ∈ X
 CE38 D81D

V. Janković
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xi = yi + z
 i = 1, 2, . . . , m� !D 6?<<?GC D81D D85 F53D?B z 25<?>7C D? 5138 ?6 D85
C5DC xi + Yi
 i = 1, 2, . . . , m� )85B56?B5 D85 C5D

⋂
i(xi + Yi) 9C >?>5=@DI
 9�5� 3	

9C 6E<�<<54�

������� ���� �'&.�0 +�,+ Ci� i = 1, 2, . . . , m� !& -�$!���& +(��� X �*�

&', +�(�*��$� !� �&� '&$1 !� +�,+ C =
∏m

i=1 Ci �&� Z = {(z, z, . . . , z) ∈ Xm |
z ∈ X} �*� &', +�(�*��$��

������ )85 3?>49D9?> 1	 ?6 )85?B5= ��� 6?B D85 C5DC Ci
 i = 1, 2, . . . , m
 9C
5AE9F1<5>D D?

ri C ∩ ri Z =
m∏

i=1

ri Ci ∩ Z �= ∅,

1>4 D89C 9C 9> 613D D85 3?>49D9?> 1	 ?6 )85?B5= ��� 6?B D85 C5DC C 1>4 Z�
�33?B49>7 D? )85?B5= ��� G5 3?>3<E45 D81D Y 9C D85 49B53D9?> ?6 D85 C5D C�
 1F9>7 D89C 613D 9> =9>4 1>4 EC9>7 D85 @B53549>7 <5==1 G5 ?2D19> D81D D85

3?>49D9?> 2	 ?6 )85?B5= ��� 6?B D85 C5DC Ci
 i = 1, 2, . . . , m
 9C 5AE9F1<5>D D?
D85 3?>49D9?> 2	 ?6 )85?B5= ��� 6?B D85 C5DC C 1>4 Z� �B?= @B5F9?EC 613DC

1>4 6B?= )85?B5= ��� 9D 6?<<?GC D81D C5DC Ci
 i = 1, 2, . . . , m
 1B5 C5@1B12<5 96
1>4 ?><I 96 C 1>4 Z 1B5 C5@1B12<5�

������� ���� �'&.�0 +�,+ Ci� i = 1, 2, . . . , m� !& -�$!���& +(��� X �*�

+�(�*��$� !� +�,+

⋂k
i=1 Ci �&�

⋂m
i=k+1 Ci �*� +�(�*��$��

������ (E@@?C5 D81D 3?>F5H C5DC Ci
 i = 1, 2, . . . , m
 1B5 >?D C5@1B12<5�
)85> D85 3?>49D9?> 1	 6B?= )85?B5= ��� 1>4 D85 3?>49D9?> 2	 6B?= #5==1

��� 1B5 C1D9C�54� (9>35

k⋂
i=1

ri Ci �= ∅,
m⋂

i=k+1

ri Ci �= ∅,

G5 81F5

ri
k⋂

i=1

Ci =
k⋂

i=1

ri Ci, ri
m⋂

i=k+1

Ci =
m⋂

i=k+1

ri Ci,

1>4 C?

ri
k⋂

i=1

Ci ∩ ri
m⋂

i=k+1

Ci =
m⋂

i=1

ri Ci �= ∅.

�<C? G5 81F5

aff
k⋂

i=1

Ci =
k⋂

i=1

aff Ci, aff
m⋂

i=k+1

Ci =
m⋂

i=k+1

aff Ci.
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!D 6?<<?GC D81D

⋂k
i=1 Yi 1>4

⋂m
i=k+1 Yi 1B5 49B53D9?>C ?6 1�>5 8E<<C ?6 C5DC

⋂k
i=1 Ci

1>4

⋂m
i=k+1 Ci� (9>35

k⋂
i=1

Yi ⊇
m∑

i=k+1

m⋂
j=1
j �=i

Yj,

m⋂

i=k+1

Yi ⊇
k∑

i=1

m⋂
j=1
j �=i

Yj,

1>4

m∑

i=k+1

m⋂
j=1
j �=i

Yj +
k∑

i=1

m⋂
j=1
j �=i

Yj =
m∑

i=1

m⋂
j=1
j �=i

Yj = X,

G5 81F5

k⋂
i=1

Yi +
m⋂

i=k+1

Yi = X.

�33?B49>7 D? )85?B5= ���
 D85 C5DC

⋂k
i=1 Ci 1>4

⋂m
i=k+1 Ci 1B5 >?D C5@1B12<5�

�!������
 #5D x∗
i = X∗ \ {0}
 i = 1, 2, . . . , m
 25 <9>51B 6E>3D9?>1<C�

�� ��$�+(���+

Ki = {x ∈ X | x∗
i x ≤ 0}, i = 1, 2, . . . , m,

�*� &', +�(�*��$� !� �&� '&$1 !�

m⋂
i=1

int Ki =
m⋂

i=1

{x ∈ X | x∗
i x < 0} �= ∅.

�� �1(�*($�&�+

Ki = {x ∈ X | x∗
i x = 0} = ker x∗

i , i = 1, 2, . . . , m,

�*� &', +�(�*��$� !� �&� '&$1 !� $!&��* �-&�,!'&�$+ x∗
i � i = 1, 2, . . . , m� �*�

$!&��*$1 !&��(�&��&,�

�� �'&�+

Ki = {x ∈ X | x∗
i x ≤ 0}, i = 1, 2, . . . , k,

Ki = {x ∈ X | x∗
i x = 0}, i = k + 1, . . . , m,

�*� &', +�(�*��$� !� �&� '&$1 !� $!&��* �-&�,!'&�$+ x∗
i � i = k + 1, . . . ,m� �*�

$!&��*$1 !&��(�&��&, �&�

k⋂
i=1

int Ki ∩
m⋂

i=k+1

Ki =
k⋂

i=1

{x ∈ X | x∗
i x < 0} ∩

m⋂

i=k+1

{x ∈ X | x∗
i x = 0} �= ∅.
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��!��� ��#�� � ����������  ���� ���� ������ ���

�� 
��� �����

,5 C81<< ?><I 3?>C945B 3?>5C G9D8 F5BD5H 1D J5B?� #5D K 25 1 3?>5 9>

�E3<9451> C@135 X� !DC 4E1< 3?>5 9C 45�>54 9> D85 6?<<?G9>7 G1I�

K∗ = {x∗ ∈ X∗ | (∀x ∈ K)x∗x ≤ 0}.

������� ���� ��, K� K1, K2, . . . , Km �� �'&�+ !& -�$!���& +(��� X�

� �&	

1	 K∗
!+ � �$'+�� �'&.�0 �'&��

2	 K∗∗ = cconv K�

3	 K1 ⊆ K2 ⇔ K∗
1 ⊇ K∗

2 �

4	

(
m⋃

i=1

Ki

)∗

=
m⋂

i=1

K∗
i �

5	 !� �'&�+ Ki� i = 1, 2, . . . , m� �*� �'&.�0 �&� �$'+��� , �&

(
m⋂

i=1

Ki

)∗

= cl
m∑

i=1

K∗
i .

������ 1	 K∗
31> 25 B5@B5C5>D54 1C D85 9>D5BC53D9?> ?6 3<?C54 81<6C@135C�

K∗ =
⋂
x∈K

{x∗ ∈ X∗ | x∗x ≤ 0}.

2	 #5D x ∈ K� �F5BI x∗ ∈ K∗
C1D9C�5C x∗x ≤ 0� )85B56?B5 x ∈ K∗∗

� !D

6?<<?GC D81D K ⊆ K∗∗

 1>4 D89C D?75D85B G9D8 1	 79F5C

cconv K ⊆ K∗∗.

#5D x �∈ cconv K� )85 @?9>D x 1>4 D85 C5D cconv K 31> 25 CDB93D<I C5@1B1D54�

)85B56?B5 D85B5 5H9CDC x∗ ∈ K∗
CE38 D81D x∗x > 0� !D 6?<<?GC D81D x �∈ K∗∗

�

 5>35

K∗∗ ⊆ cconv K.

3	 (E@@?C5 K1 ⊆ K2� )85>

K∗
1 =

⋂
x∈K1

{x∗ ∈ X∗ | x∗x ≤ 0} ⊇
⋂

x∈K2

{x∗ ∈ X∗ | x∗x ≤ 0} = K∗
2 .
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4	

(
m⋃

i=1

Ki

)∗

=
⋂

x∈⋃Ki

{x∗ ∈ X∗ | x∗x ≤ 0} =
m⋂

i=1

⋂
x∈Ki

{x∗ ∈ X∗ | x∗x ≤ 0} =
m⋂

i=1

K∗
i .

5	 #5D 3?>5C Ki
 i = 1, 2, . . . , m
 25 3?>F5H 1>4 3<?C54� )85>

Ki = cconv Ki = K∗∗
i , i = 1, 2, . . . , m.

)85B56?B5 (
m⋂

i=1

Ki

)∗

=

(
m⋂

i=1

K∗∗
i

)∗

=

(
m⋃

i=1

K∗
i

)∗∗

=

= cconv
m⋃

i=1

K∗
i = cl

m∑
i=1

K∗
i .

�!������


�� ��

K = {x ∈ X | x∗x ≤ 0},
/ �*� x∗ ∈ X∗

� x∗ �= 0� , �&

K∗ = {λx∗ | λ ≥ 0}.

�� ��

K = {x ∈ X | x∗x = 0} = ker x∗,

/ �*� x∗ ∈ X∗
� x∗ �= 0� , �&

K∗ = {λx∗ | λ ∈ R}.

�� �����������" �� ��� �! �����

������� ���� �'&.�0 �'&�+ Ki� i = 1, 2, . . . ,m� !& -�$!���& +(��� X �*�

+�(�*��$� !� �&� '&$1 !� , �*� �0!+, $!&��* �-&�,!'&�$+ x∗
i ∈ K∗

i � i = 1, 2, . . . , m�

+-� , �, �, $��+, '&� '� , �% !+ �!��*�&, �*'% 2�*' �&� , �,

∑m
i=1 x∗

i = 0�

������ �33?B49>7 D? )85?B5= ���
 3?>5C Ki
 i = 1, 2, . . . , m
 1B5 C5@1B12<5
96 1>4 ?><I 96 D85 3?>5 K 1>4 D85 CE2C@135 Z ?6 Xm

1B5 C5@1B12<5� )85 3?>5

V. Janković
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��!��� ��#�� � ����������  ���� ���� ������ ���

K 1>4 D85 CE2C@135 Z 1B5 C5@1B12<5 96 1>4 ?><I 96 D85B5 5H9CDC 1 6E>3D9?>1<

x∗ ∈ Xm∗
CE38 D81D x∗ �= 0
 x∗ ∈ K∗

1>4 x∗ ∈ Z⊥
� !6 x∗ ∈ Xm∗


 D85> D85B5

5H9CD 6E>3D9?>1<C x∗
i ∈ X∗


 i = 1, 2, . . . , m
 CE38 D81D x∗x =
∑m

i=1 x∗
i xi
 6?B

x = (x1, x2, . . . , xm) ∈ Xm
� !D 9C 51CI D? C55 D81D

�� x∗ �= 0 96 1>4 ?><I 96 x∗
i �= 0 6?B 1D <51CD ?>5 ?6 i = 1, 2, . . . m�

�� x∗ ∈ K∗
96 1>4 ?><I 96 x∗

i ∈ K∗
i 6?B i = 1, 2, . . . m�

�� x∗ ∈ Z⊥
96 1>4 ?><I 96

∑m
i=1 x∗

i = 0�
)85 @B??6 9C 3?=@<5D54�

�� ����� ��� ����� �����

#5D X 25 �E3<9451> C@135
 <5D M ⊆ X
 <5D a ∈ M 1>4 <5D K 25 1 3?>F5H

3?>5 9> X� )85 3?>5 K 9C C194 D? 25 1 D5>D ?6 D85 C5D M 1D D85 @?9>D a 96 D85B5
5H9CDC 1 3?>D9>E?EC 6E>3D9?> ϕ : K → M CE38 D81D ϕ(0) = a 1>4 ϕ′(0) = I�

������� *CE1<<I
 9> D85 45�>9D9?> ?6 D85 CDB?>7 45B9F1D9F5 ?6 1 6E>3D9?>

f : D → Y 1D D85 @?9>D a ∈ D
 9D 9C 1CCE=54 D81D a 9C D85 9>D5B9?B @?9>D ?6 D85
C5D D� ,5 C81<< >?D B5AE9B5 D89C 1CCE=@D9?> 9> D89C C53D9?>� )85?B5=C B5<1D54
D? D85 45B9F1D9F5 G8938 G5 C81<< EC5 �1 D85?B5= ?> D85 45B9F1D9F5 ?6 1 CE= ?6

6E>3D9?>C
 1 D85?B5= ?> D85 45B9F1D9F5 ?6 1 3?=@?C9D9?> ?6 6E>3D9?>C���	 8?<4

G9D8?ED D85 1CCE=@D9?> D81D 1 6E>3D9?> 9C 45�>54 9> D85 >59782?B8??4 ?6 1

@?9>D 9> G8938 G5 3?>C945B D85 45B9F1D9F5�

#5D X 25 �E3<9451> C@135
 <5D M ⊆ X
 <5D a ∈ M 1>4 <5D K 25 1 3?>F5H

3?>5 9>X� (E@@?C5 D81D D85B5 5H9CD 1 >59782?B8??4 ?6 J5B? U 1>4 1 3?>D9>E?EC

6E>3D9?> ψ : K ∩ U → M CE38 D81D ψ(0) = a 1>4 ψ′(0) = I� ,5 31> 1CCE=5
D81D U = B[0, r]� #5D π : K → K ∩ U 25 45�>54 2I

π(x) =

{
x , x ∈ K ∩ U
rx
‖x‖ , x ∈ K \ U .

)85 6E>3D9?> ϕ = ψ ◦ π : K → M C1D9C�5C 3?>49D9?>C ϕ(0) = a 1>4 ϕ′(0) = I�
(? K 9C 1 D5>D ?6 D85 C5D M 1D D85 @?9>D a�
#5D X 25 �E3<9451> C@135
 <5D M ⊆ X
 <5D a ∈ M 1>4 <5D K 25 1 3?>F5H

3?>5 9> X� )85 3?>5 K 9C C194 D? 25 1 <?31< D5>D ?6 D85 C5D M 1D D85 @?9>D a 96
6?B 5138 @?9>D x ∈ ri K D85B5 5H9CDC 1 D5>D Kx ⊆ K ?6 D85 C5D M 1D D85 @?9>D

a
 CE38 D81D x ∈ ri Kx 1>4 aff Kx = aff K�

������� ���� ��, X �&� Y �� -�$!���& +(���+� $�, M ⊆ X �&� $�, K ��

� $'��$ ,�&, '� , � +�, M �, , � ('!&, a� �-*, �*� $�, f : M → Y �� � �'&,!&-'-+
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�-&�,!'&� �!��*�&,!��$� �, , � ('!&, a� � �& f ′(a)K !+ , � $'��$ ,�&, '� , � +�,

f(M) �, , � ('!&, f(a)�

������ (E@@?C5

y ∈ ri f ′(a)K = f ′(a) ri K.

)85B5 5H9CDC 1 @?9>D x ∈ ri K CE38 D81D f ′(a)x = y� #5DKx ⊆ K 25 1 D5>D ?6 D85

C5D M 1D D85 @?9>D a
 G8938 C1D9C�5C 3?>49D9?>C x ∈ ri Kx 1>4 aff Kx = aff K�
CE@@?C5 ϕ : Kx → M 9C 3?>D9>E?EC
 ϕ(0) = a 1>4 ϕ′(0) = I� (9>35

y ∈ f ′(a) ri Kx = ri f ′(a)Kx,

D85> D85B5 5H9CD <9>51B<I 9>45@5>45>D F53D?BC yi ∈ f ′(a)Kx
 i = 1, 2, . . . , m

75>5B1D9>7 D85 3?>F5H 3?>5 Ky
 CE38 D81D y ∈ ri Ky 1>4 aff Ky = aff f ′(a)Kx =
aff f ′(a)K� (E@@?C5 F53D?BC xi ∈ Kx
 i = 1, 2, . . . ,m
 C1D9C6I f ′(a)xi = yi


i = 1, 2, . . . ,m� #5D A : Ky → Kx 25 D85 <9>51B ?@5B1D?B 45D5B=9>54 2I

Ayi = xi
 i = 1, 2, . . . , m� )85 6E>3D9?> ψ = f ◦ϕ◦A =1@C Ky 9>D? f(M)
 9D 9C
3?>D9>E?EC
 49�5B5>D912<5 1D J5B? 1>4 C1D9C�5C ψ(0) = f(a) 1>4 ψ′(0) = I�

������� ���� ��, Mi� i = 1, 2, . . . , m� �� +-�+�,+ '� -�$!���& +(��� X�

$�,

⋂m
i=1 Mi = {a} �&� $�, Ki� i = 1, 2, . . . , m� �� , �!* $'��$ ,�&,+ �, , � ('!&,

a� �� �, $��+, '&� '� , � �'&�+ Ki� i = 1, 2, . . . , m� !+ &', � ��,� , �& , �1 �*�

+�(�*��$��

������ ,9D8?ED <?CC ?6 75>5B1<9DI G5 C81<< CE@@?C5 D81D a = 0�
(E@@?C5 3?>5CKi
 i = 1, 2, . . . , m
 1B5 >?D C5@1B12<5� �33?B49>7 D? )85?B5=

��� 1>4 D? D85 45�>9D9?> ?6 D85 <?31< D5>D G5 3?>3<E45 D81D 9D 9C 5>?E78 D? 3?>�

C945B D85 31C5 G85> Ki 1B5 D5>DC ?6 D85 C5DC Mi 1D D85 @?9>D 0
 i = 1, 2, . . . , m�
'ED

M = M1 × M2 × . . . × Mm,

K = K1 × K2 × . . . × Km,

Z = {(x, x, . . . , x) ∈ Xm | x ∈ X}.
K 9C 1 3?>F5H 3?>5 9> Xm

1>4 K 9C >?D 1 �1D� Z 9C 1 CE2C@135 ?6 D85 �E3<9451>

C@135 Xm

 M ∩Z = {0}� #5D ϕi : Ki → Mi 25 3?>D9>E?EC 6E>3D9?>C C1D9C6I9>7

ϕi(0) = 0 1>4 ϕ′
i(0) = I� )85 6E>3D9?> ϕ : K → M 45�>54 2I

ϕ(x1, x2, . . . , xm) = (ϕ1(x1), ϕ2(x2), . . . , ϕm(xm))

9C 3?>D9>E?EC 1>4 C1D9C�5C 3?>49D9?>C ϕ(0) = 0 1>4 ϕ′(0) = I� !D 6?<<?GC D81D
K 9C 1 D5>D ?6 D85 C5D M 1D D85 @?9>D 0�

V. Janković
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��!��� ��#�� � ����������  ���� ���� ������ ���

�33?B49>7 D? )85?B5= ��� D85 3?>5K 1>4 D85 CE2C@135 Z 1B5 >?D C5@1B12<5�
�33?B49>7 D? )85?B5= ��� D85B5 5H9CD 1 @?9>D z0 ∈ Z ∩ ri K 1>4 1 CE2C@135

Y ⊆ aff K
 CE38 D81D Y +̇Z = Xm
� &2F9?EC<I z0 �∈ Y �

#5D P : Xm → Y 25 D85 @B?:53D9?> ?@5B1D?B @1B1<<5< D? D85 CE2C@135 Z�
#5D B = B[0, r] 25 1 3<?C54 21<< 9> Y C1D9C6I9>7 z0 + B ⊆ K� �EBD85B
 <5D ε
 δ
1>4 λ 25 @?C9D9F5 >E=25BC C1D9C6I9>7�

ε ≤ r

‖P‖(r + ‖z0‖) , ε < 1,

x ∈ K, ‖x‖ ≤ δ ⇒ ‖ϕ(x) − x‖ ≤ ε‖x‖,

λ =
δ

r + ‖z0‖ .

)85 6E>3D9?> f : B → Y 45�>54 2I

f(y) = y − 1

λ
Pϕ(λ(y + z0))

9C 3?>D9>E?EC� �B?=

‖f(y)‖ =

∥∥∥∥
1

λ
Pϕ(λ(y + z0)) − 1

λ
P (λ(y + z0))

∥∥∥∥

≤ 1

λ
‖P‖‖ϕ(λ(y + z0)) − λ(y + z0)‖

≤ 1

λ
‖P‖ελ‖y + z0‖ ≤ ‖P‖ε(r + ‖z0‖) ≤ r

9D 6?<<?GC D81D f(B) ⊆ B� �33?B49>7 D? D85 �B?EG5B�C �H54 @?9>D D85?B5=

D85B5 5H9CDC y0 ∈ B CE38 D81D f(y0) = y0
 9�5� ϕ(λ(y0 + z0)) ∈ Z� #5D x0 =
ϕ(λ(y0 + z0))� �B?=

‖x0 − λ(y0 + z0)‖ ≤ ε‖λ(y0 + z0)‖ < ‖λ(y0 + z0)‖
9D 6?<<?GC D81D x0 �= 0� (9>35 x0 ∈ M∩Z = {0}
 D85> x0 = 0� �?>DB1493D9?>�

�!������


�� ��, f : D → R �� � �!��*�&,!��$� �-&�,!'& �, , � ('!&, a� �� f(a) = 0
�&� f ′(a) �= 0� , �&

K = {x ∈ X | f ′(a)x ≤ 0}
!+ � $'��$ ,�&, '� , � +�,

M = {x ∈ D | f(x) < 0} ∪ {a}
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�, , � ('!&, a�

������ ,9D8?ED <?CC ?6 75>5B1<9DI G5 31> CE@@?C5 D81D a = 0� #5D z ∈
int K
 9�5� <5D f ′(0)z < 0� (E@@?C5 B 9C 1 3<?C54 21<< G9D8 D85 35>D5B z <1I9>7 9>
D85 int K� )85 6E>3D9?> f ′(0)x/‖x‖ 9C 3?>D9>E?EC ?> B 1>4 D1;5C ?> 9D >571D9F5

F1<E5C ?><I� )85B56?B5 D85B5 5H9CDC 1> ε > 0 CE38 D81D f ′(0)x ≤ −ε‖x‖ 6?B 5F5BI
x ∈ B� )89C 9>5AE1<9DI 8?<4C 1<C? ?> D85 3?>F5H 3?>5 Kz 75>5B1D54 2I D85 21<<

B� #5D U ⊆ D 25 1 >59782?B8??4 ?6 J5B? CE38 D81D

|f(x) − f ′(0)x| < ε‖x‖, x ∈ U \ {0}.

)85> G5 81F5

f(x) < f ′(0)x + ε‖x‖ ≤ −ε‖x‖ + ε‖x‖ = 0.

6?B x ∈ Kz ∩ U 
 x �= 0� !D 6?<<?GC D81D Kz ∩ U ⊆ M �

�� ��, f : D → R �� � +,*!�,$1 �!��*�&,!��$� �-&�,!'& �, , � ('!&, a� ��

f(a) = 0 �&� f ′(a) �= 0� , �&

K = {x ∈ X | f ′(a)x = 0} = ker f ′(a)

!+ � ,�&, '� , � +�,

M = {x ∈ D | f(x) = 0}
�, , � ('!&, a�

������ )85 6E>3D9?> g(x, y) = f(a+x+y) 9C 45�>54 9> D85 >59782?B8??4 ?6
D85 @?9>D (0, 0) 1>4 C1D9C�5C 1<< 1CCE=@D9?>C 6B?= D85 9=@<939D 6E>3D9?> D85?B5=
�C55 L��� 9> /�0	� )85B56?B5 D85B5 5H9CD 1 >59782?B8??4 U ?6 0
 1 3?>D9>E?EC
6E>3D9?> γ : U → X 1>4 1 >E=25B C C1D9C6I9>7

f(a + x + γ(x)) = 0,

‖γ(x)‖ ≤ C‖f(a + x)‖,
6?B 5F5BI x ∈ U � )85 6E>3D9?> ϕ : K∩U → M 
 45�>54 2I ϕ(x) = a+x+γ(x)

9C 3?>D9>E?EC 1>4 C1D9C�5C 3?>49D9?>C ϕ(0) = a 1>4 ϕ′(0) = I�

	� ��"���� ������� �� ������� �������

#5D U 25 1 D?@?<?7931< C@135
 <5D G 25 1> ?@5> C5D 9> R × Rn
1>4 <5D W 25

1> ?@5> C5D 9> R × Rn × R × Rn
� $?B5?F5B
 <5D f(t, x, u) : X × U → Rn

1>4
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��!��� ��#�� � ����������  ���� ���� ������ ���

l(t0, x0, t1, x1) : W → Rm+1
25 3?>D9>E?EC 6E>3D9?>C� )85 3??B49>1D5 6E>3D9?>C

?6 l 1B5 45>?D54 2I li
 i = 0, 1, . . . , m�

)85 C5D ?6 @B?35CC5C P 9C 45�>54 9> D85 6?<<?G9>7 G1I

P = {(x(·), u(·), t0, t1) ∈ C̄1([t0, t1], R
n) × C̄([t0, t1], U) × R × R |

(t0, x(t0), t1, x(t1)) ∈ W}.
,5 45>?D5 2I C̄1([t0, t1], R

n) 1>4 C̄([t0, t1], U) D85 3<1CC ?6 @9535G9C5 C=??D8
6E>3D9?>C =1@@9>7 D85 9>D5BF1< [t0, t1] 9>D? D85 @81C5 C@135 Rn

1>4 D85 3<1CC ?6

@9535G9C5 3?>D9>E?EC 6E>3D9?>C =1@@9>7 D85 9>D5BF1< [t0, t1] 9>D? D85 3?>DB?< C5D
U 
 B5C@53D9F5<I�

$1I5B�C @B?2<5= ?6 ?@D9=1< 3?>DB?< 9C D85 6?<<?G9>7 5HDB5=1< @B?2<5= ?>

D85 C5D ?6 @B?35CC5C P �

l0(t0, x(t0), t1, x(t1)) → inf ; li(t0, x(t0), t1, x(t1)) ≤ 0 6?B i = 1, . . . , k,
li(t0, x(t0), t1, x(t1)) = 0 6?B i = k + 1, . . . ,m,
ẋ(t) = f(t, x(t), u(t)) 6?B 1<< t ∈ T,

G85B5 T 9C D85 C5D ?6 @?9>DC 6B?= D85 9>D5BF1< [t0, t1]
 9> G8938 D85 3?>DB?<
6E>3D9?> u(·) 9C 3?>D9>E?EC�
)85 @B?35CC (x̂(·), û(·), t̂0, t̂1) 9C ?@D9=1< 9> D85 CDB?>7 C5>C5 96 9D 9C 14=9CC92<5

1>4 96 D85B5 5H9CDC 1> ε > 0 CE38 D81D

l0(t0, x(t0), t1, x(t1)) ≥ l0(t̂0, x̂(t̂0), t̂1, x̂(t̂1))

6?B 5138 14=9CC92<5 @B?35CC (x(·), u(·), t0, t1)
 C1D9C6I9>7

|t0 − t̂0|, |t1 − t̂1| < ε,

‖x(t) − x̂(t)‖ < ε 6?B 5F5BI t ∈ [t̂0, t̂1] ∩ [t0, t1].

������� 	��� �-(('+� f(t, x, u)  �+ �'&,!&-'-+ ��*!.�,!.� ���'*�!&� ,'

, � .�*!��$� x �&� l(t0, x0, t1, x1) !+ �'&,!&-'-+$1 �!��*�&,!��$�� �� , � (*'�

��++ (x̂(·), û(·), t̂0, t̂1) !+ '(,!%�$ !& , � +,*'&� +�&+�� , �& , �*� �0!+, λ̂ =
(λ̂0, λ̂1, . . . , λ̂m) ∈ Rm+1∗

� �&� � (!���/!+� +%'', �-&�,!'& p̂(·) : [t̂0, t̂1] → Rn∗
�

+�,!+�1!&� , � �'$$'/!&� �'&�!,!'&+	

� λ̂ �= 0�

�� λ̂i ≥ 0 �'* i = 0, 1, . . . , k�
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�� λ̂ili(t̂0, x̂(t̂0), t̂1, x̂(t̂1)) = 0 �'* i = 1, . . . , k�

��

˙̂p(t) = −p̂(t)fx(t, x̂(t), û(t)) �'* �$$ t ∈ T̂ �

�� p̂(t̂0) = λ̂lx0(t̂0, x̂(t̂0), t̂1, x̂(t̂1))�

�� p̂(t̂1) = −λ̂lx1(t̂0, x̂(t̂0), t̂1, x̂(t̂1))�

�� p̂(t̂0)f(t̂0, x̂(t̂0), û(t̂0)) = −λ̂lt0(t̂0, x̂(t̂0), t̂1, x̂(t̂1))�

�� p̂(t̂1)f(t̂1, x̂(t̂1), û(t̂1)) = λ̂lt1(t̂0, x̂(t̂0), t̂1, x̂(t̂1))�

�� p̂(t)f(t, x̂(t), û(t)) ≤ p̂(t)f(t, x̂(t), u) �'* �$$ t ∈ T̂ � u ∈ U �

/ �*� T̂ !+ , � +�, '� ('!&,+ �*'% , � !&,�*.�$ [t̂0, t̂1] !& / !� , � �'&,*'$ �-&��

,!'& û(·) !+ �'&,!&-'-+�

������ 'ED x̂0 = x̂(t̂0)
 x̂1 = x̂(t̂1)� ,9D8?ED <?CC ?6 75>5B1<9DI G5

31> 1CCE=5 D81D l0(t̂0, x̂0, t̂1, x̂1) = 0� !6 l0(t̂0, x̂0, t̂1, x̂1) �= 0
 G5 31> @ED
l0(t0, x0, t1, x1) − l0(t̂0, x̂0, t̂1, x̂1) 9>CD514 ?6 D85 6E>3D9?> l0(t0, x0, t1, x1)� ,5
31> 1<C? 1CCE=5 D81D 1<< 3?>CDB19>DC 1B5 13D9F5
 9�5� D81D li(t̂0, x̂0, t̂1, x̂1) = 0

i = 1, . . . , k� !6 lj(t̂0, x̂0, t̂1, x̂1) < 0 6?B C?=5 j
 1 ≤ j ≤ k
 D85> G5 31>
B5@<135 D85 C5D W 2I 1> ?@5> CE2C5D 3?>D19>9>7 D85 @?9>D (t̂0, x̂0, t̂1, x̂1) ?>
G8938 D85 6E>3D9?> lj(t0, x0, t1, x1) 9C >571D9F5
 1>4 G5 31> @ED λ̂j = 0 1>4 4B?@
D85 3?BB5C@?>49>7 3?>CDB19>D 6B?= 6EBD85B 3?>C945B1D9?>C� �?>49D9?> � G9<< 25

C1D9C�54�

!6 6?B C?=5 j
 0 ≤ j ≤ m
 G5 81F5 l′j(t̂0, x̂0, t̂1, x̂1) = 0
 D85 1CC5BD9?> ?6 ?EB

D85?B5= 8?<4C� !D 9C 5>?E78 D? D1;5 λ̂j = 1
 λ̂i = 0 6?B i �= j
 i = 0, 1, . . . , m

1>4 p̂(·) = 0� �EBD85B ?>
 G5 1CCE=5 D81D l′i(t̂0, x̂0, t̂1, x̂1) �= 0
 i = 0, 1, . . . , m�
�?>F5H 3?>5C

Ki = {(t0, x0, t1, x1) ∈ R×Rn ×R×Rn | l′i(t̂0, x̂0, t̂1, x̂1)(t0, x0, t1, x1) ≤ 0}

6?B i = 0, 1, . . . , k


Ki = {(t0, x0, t1, x1) ∈ R×Rn ×R×Rn | l′i(t̂0, x̂0, t̂1, x̂1)(t0, x0, t1, x1) = 0}

6?B i = k + 1, . . . , m

1B5 <?31< D5>DC ?6 D85 C5DC

M0 = {(t0, x0, t1, x1) ∈ W | l0(t0, x0, t1, x1) < 0} ∪ {(t̂0, x̂0, t̂1, x̂1)}

Mi = {(t0, x0, t1, x1) ∈ W | li(t0, x0, t1, x1) ≤ 0}
 i = 1, . . . , k


Mi = {(t0, x0, t1, x1) ∈ W | li(t0, x0, t1, x1) = 0}
 i = k + 1, . . . , m


1D D85 @?9>D (t̂0, x̂0, t̂1, x̂1) �C55 (53D9?> �	�
#5D M ⊆ W 25 D85 C5D ?6 ?B45B54 AE14BE@<5C (t0, x(t0), t1, x(t1))
 G85B5

(x(·), u(·), t0, t1) 1B5 @B?35CC5C C1D9C6I9>7 D85 49�5B5>D91< 5AE1D9?>

ẋ(t) = f(t, x(t), u(t)),
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CE38 D81D

|t0 − t̂0|, |t1 − t̂1| < ε,

‖x(t) − x̂(t)‖ < ε 6?B 5F5BI t ∈ [t̂0, t̂1] ∩ [t0, t1].

���� 	��� ��, R(t, τ) �� , � *�+'$.�&, '� , � �!��*�&,!�$ �)-�,!'&

ẋ(t) = fx(t, x̂(t), û(t))x(t).

� � �'&.�0 �'&� K !& R × Rn × R × Rn
� ��&�*�,�� �1 .��,'*+

±(0, 0, 1, f(t̂1, x̂(t̂1), û(t̂1)))�

±(1, 0, 0,−R(t̂1, t̂0)f(t̂0, x̂(t̂0), û(t̂0)))�

(0, x0, 0, R(t̂1, t̂0)x0)� x0 ∈ Rn
�

(0, 0, 0, R(t̂1, τ)(f(τ, x̂(τ), u) − f(τ, x̂(τ), û(τ)))� �'* �$$ τ ∈ T̂ � u ∈ U �

!+ � $'��$ ,�&, '� , � +�, M �, , � ('!&, (t̂0, x̂0, t̂1, x̂1)�

)89C <5==1 G9<< 25 @B?F54 <1D5B�

)85 9>D5BC53D9?> ?6 D85 C5DC M 
 Mi
 i = 0, 1, . . . ,m
 3?>D19>C ?>5 @?9>D
?><I� (t̂0, x̂0, t̂1, x̂1)� �?>F5H 3?>5C K
 Ki
 i = 0, 1, . . . , m
 1B5 D859B <?31< D5>DC
1D D81D @?9>D� )85 3?>5 K0 9C >?D 1 �1D� �33?B49>7 D? )85?B5= ���
 3?>F5H

3?>5C K
 Ki
 i = 0, 1, . . . , m
 1B5 C5@1B12<5� �33?B49>7 D? )85?B5= ���
 D85B5

5H9CD <9>51B 6E>3D9?>1<C x̂∗
i ∈ K∗

i 
 i = 0, 1, . . . , m
 CE38 D81D 1D <51CD ?>5 ?6 D85=
9C 49�5B5>D 6B?= J5B? 1>4 −∑m

i=0 x̂∗
i ∈ K∗

� ,5 81F5 x̂∗
i = λ̂il

′
i(t̂0, x̂0, t̂1, x̂1)


i = 0, 1, . . . ,m
 G85B5 λ̂i ≥ 0 6?B i = 0, 1, . . . , k �C55 5H1=@<5C 9> C53D9?> �	�
)85 F53D?B λ̂ = (λ̂0, λ̂1, . . . , λ̂m) ∈ Rm+1∗

C1D9C�5C D85 3?>49D9?>C  1>4 �� (9>35

−λ̂l′(t̂0, x̂0, t̂1, x̂1) ∈ K∗

 D85>

��	 λ̂lt1(t̂0, x̂0, t̂1, x̂1) + λ̂lx1(t̂0, x̂0, t̂1, x̂1)f(t̂1, x̂(t̂1), û(t̂1)) = 0


��	 λ̂lt0(t̂0, x̂0, t̂1, x̂1) − λ̂lx1(t̂0, x̂0, t̂1, x̂1)R(t̂1, t̂0)f(t̂0, x̂(t̂0), û(t̂0)) = 0


��	 λ̂lx0(t̂0, x̂0, t̂1, x̂1) + λ̂lx1(t̂0, x̂0, t̂1, x̂1)R(t̂1, t̂0) = 0


��	 λ̂lx1(t̂0, x̂0, t̂1, x̂1)R(t̂1, τ)(f(τ, x̂(τ), u)− f̂(τ, x̂(τ), û(τ)) ≥ 0
 6?B 1<< τ ∈
T̂ 
 u ∈ U �

�5�>5 D85 @9535G9C5 C=??D8 6E>3D9?> p̂(·) : [t̂0, t̂1] → Rn∗
2I

p̂(t) = −λ̂lx1(x̂0, x̂1)R(t̂1, t).

&2F9?EC<I 9D C1D9C�5C D85 3?>49D9?>C � 1>4 �� �?>49D9?>C �
 �
 � 9 � 1B5 5AE9F�

1<5>D D? ��	
 ��	
 ��	 9 ��	�
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����� �� ���� 	��� !D 9C 5>?E78 D? @B?F5 D81D
 6?B 1>I �>9D5 61=9<I

?6 @19BC (τj, uj) ∈ T̂ × U 
 j = 1, . . . , q
 D85 3?>F5H 3?>5 9> R × Rn × R × Rn

75>5B1D54 2I F53D?BC (0, x0, 0, R(t̂1, t̂0)x0)
 x0 ∈ Rn



±(1, 0, 0,−R(t̂1, t̂0)f(t̂0, x̂(t̂0), û(t̂0)))


±(0, 0, 1, f(t̂1, x̂(t̂1), û(t̂1)))


(0, 0, 0, R(t̂1, τj)(f(τj, x̂(τj), uj) − f(τj, x̂(τj), ûj(τj)))
 j = 1, . . . , q


9C D85 <?31< D5>D ?6 D85 C5D M 1D D85 @?9>D (t̂0, x̂0, t̂1, x̂1)�
�HD5>4 D85 3?>DB?< û(·) ?>D? D85 G8?<5 C5D ?6 B51< >E=25BC 2I û(t) = û(t0)

6?B t < t0 1>4 û(t) = û(t1) 6?B t > t1� )85B5 5H9CD 1 3<?C54 9>D5BF1< I
 3?>D19>9>7
[t̂0, t̂1] 9> 9DC 9>D5B9?B
 1>4 1> 5HD5>C9?> ?6 x̂(·) 45�>54 ?> I C1D9C6I9>7

ẋ(t) = f(t, x(t), ū(t)) 6?B 1<< t ∈ Î .

,5 31> CE@@?C5 D81D t̂0 < τ1 ≤ τ2 ≤ · · · ≤ τq < t̂1� #5D α = (α1, α2, . . . , αq)
25 1 A�DE@<5 ?6 >?> >571D9F5 B51< >E=25BC
 σ =

∑
αj� !6 α1, α2, . . . , αq 1B5

CE�395>D<I C=1<<
 D85> D85 6?<<?G9>7 9>D5BF1<C

Ij = [τj + jσ, τj + jσ + αj), j = 1, 2, . . . , q,

1B5 49C:?9>D
 1>4 1<< ?6 D85= <95 9> I� )85 3?>DB?< u(·) : I → U 
 45�>54 2I

u(t) =

{
û(t) , t ∈ I\ ∪ Ij

uj , t ∈ Ij

G5 C81<< 31<< D85 >554<5 F1B91D9?> ?6 D85 3?>DB?< ū(·)�
!D 31> 25 @B?F54 D81D�

1	 !6 |t0−t̂0|
 ‖x0−x̂0‖
 α1, α2, . . . , αq 1B5 CE�395>D<I C=1<<
 D85> D85 @B?2<5=

ẋ(t) = f(t, x(t), u(t)), x(t0) = x0

81C 1 C?<ED9?> ?> D85 9>D5BF1< I
 45>?D54 2I x(t, t0, x0, α)�
2	 !6 t0 → t̂0
 x0 → x̂0
 α1, α2, . . . , αq → 0+
 D85> x(t, t0, x0, α) E>96?B=<I

3?>F5B75C D? x̄(t) ?> I�
#5D x(t, τ, ξ) 25 D85 =1H9=1< C?<ED9?> ?6 D85 49�5B5>D91< 5AE1D9?>

ẋ(t) = f(x(t), ū(t))

1>4 <5D xj(t, τ, ξ) 25 =1H9=1< C?<ED9?>C ?6 49�5B5>D91< 5AE1D9?>C

ẋ(t) = f(x(t), uj), j = 1, 2, . . . , q.
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!6 |t1 − t̂1|
 |t0 − t̂0|
 ‖x0 − x̂0‖
 α1, α2, . . . , αq 1B5 CE�395>D<I C=1<<
 D85> D85

6E>3D9?> x(t1, t0, x0, α) 31> 25 B5@B5C5>D54 1C D85 3?=@?C9D9?> ?6 D85 6?<<?G9>7
C5AE5>35 ?6 6E>3D9?>C�

x(τ1 + 1σ, t0, x0),

x1(τ1 + 1σ + α1, τ1 + 1σ, ·),
x(τ2 + 2σ, τ1 + 1σ + α1, ·),

. . .

xq(τq + qσ + αq, τq + qσ, ·),
x(t1, τq + qσ + αq, ·).

,5 31> 3?>3<E45 D81D D85 6E>3D9?> x(t1, t0, x0, α) 31> 25 3?>D9>E?EC<I 5HD5>454
9> C?=5 ?@5> >59782?B8??4 ?6 D85 @?9>D (t̂1, t̂0, x̂0, 0)
 C? D81D D85 5HD5>C9?> 9C
49�5B5>D912<5 1D (t̂1, t̂0, x̂0, 0)� '1BD91< 45B9F1D9F5C ?6 D89C 5HD5>C9?> 1B5 79F5> 2I�

∂

∂t1
x(t̂1, t̂0, x̂0, 0) = f(t̂0, x̂(t̂0), û(t̂0))

∂

∂t0
x(t̂1, t̂0, x̂0, 0) = −R(t̂1, t̂0)f(t̂0, x̂(t̂0), û(t̂0))

∂

∂x0

x(t̂1, t̂0, x̂0, 0) = R(t̂1, t̂0),

∂

∂αj

x(t̂1, t̂0, x̂0, 0) = R(t̂1, τj)[f(τj, x̂(τj), uj) − f(τj, x̂(τj), û(τj))],

G85B5 R(t, τ) 9C D85 B5C?<F5>D ?6 D85 5AE1D9?>

ẋ(t) = fx(t, x̂(t), û(t))x(t).

�9BCD D8B55 6?B=E<1C 1B9C5 6B?= x(t1, t0, x0, α)|α=0 = x(t1, t0, x0)
 1>4 D85 <1CD
?>5 G5 31> 45B9F5 6B?=

x(t̂1, t̂0, x̂0, 0, . . . , 0, αj, 0, . . . , 0) =

= x(t̂1, τj + (j + 1)αj, xj(τj + (j + 1)αj, τj + jαj, x(τj + jαj, t̂0, x̂0))),

9> D85 6?<<?G9>7 G1I�

∂

∂αj

x(t̂1, t̂0, x̂0, 0) = −R(t̂1, τj)f(τj, x̂(τj), û(τj))(j + 1)+
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+R(t̂1, τj)[f(τj, x̂(τj), uj)(j + 1) − f(τj, x̂(τj), uj) · j + f(τj, x̂(τj), û(τj)) · j] =

= R(t̂1, τj)[f(τj, x̂(τj), uj) − f(τj, x̂(τj), û(τj))].

)85B5 5H9CDC δ > 0 CE38 D81D (t1, t0, x0, α) → (t0, x0, t1, x(t1, t0, x0, α)) =1@C
R×R×Rn×[0, +∞)q∩B((t̂1, t̂0, x̂0, 0), δ) 9>D?M � )85 C1=5 6E>3D9?> =1@C D85

@?9>D (t̂1, t̂0, x̂0, 0) D? D85 @?9>D (t̂0, x̂0, t̂1, x̂1)� &2F9?EC<I R×R×Rn× [0, +∞)q

9C 1 D5>D ?6 D85 C5D R × R × Rn × [0, +∞)q ∩ B((t̂1, t̂0, x̂0, 0), δ) 1D D85 @?9>D
(t̂0, x̂0, t̂1, x̂1)� )85 3?>5 R × R × Rn × [0, +∞)q
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